Advanced
Selected topics on perturbative

approaches to large-scale structure




Perturbation theory (PT) of
large-scale structure

Power spectrum / correlation function

Bispectrum / three-point correlation function
Power spectrum covariance
Modeling redshift-space distortions

Modeling galaxy bias

As long as we are interested in weakly nonlinear scales, PT
calculation can be applied to a practical use of theoretical template

However,...




UV problem in PT




Basic eqgs. for perturbation theory
‘Starting point

single-stream approximation of collisionless Boltzmann eq.

Phase-space distribution function

flz, v; t) — p(t) {1 +Hef@st)} op (v — v(z: t))

Basic egs. PT expansion
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PT kernels

initial density field

Pk - Pk, /
5<n>(k;t):/ .

(27‘(‘)3("_1) (5[)(’6 — kl?---n)Fn(kl, 5o 7kn§ t) 5O(k1) ce 50(]4”),

(n) Pk - dPky,
0 (I{t, t) — (27‘(‘)3(n_1) (5])(’4 — klg...n)Gn(kﬁl, s ,kin; t) (So(kl) s 50(kn),

. . D .1
EdS approximation: + :linear growth factor

~ dIln .
F, — [D+(t)]n Fn(kl, . 7kn) f= WDJ : growth rate

Kernels (F,, G,) are derived from recursion relations
Goroff et al. ('86)

» used to compute power spectrum, bispectrum, ....
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Power spectrum

P(k) — Plin(k;t) -+ Plg(k;t) -+ P22(k;t) 4+ ...

Linear |-loop

_ [ dq
Pra(ks) = (D4 (1)) Po(k) f,= ] oy
Palk) = 2 [ Pita)Punllk — a) P (.~ ),

Prs(k) = 6Pyn(k) / Pinlq) Fo(k, @, —q)),

q

Diagrams
F2 F2 in




Asymptotic properties

k2 k2
‘ qlig)lo Fg(q,k—Q) X q_2 qli{go F3(k7q7 _q) X ?

Low-k behavior of |-loop corrections:

2 high-q limit
Pas (k) x K / dq q° leLL(Q)
q—00 q
Pin
Puk)| - OC P(k) K / dq ¢° lq2(Q)

Pi3 becomes dominant at k<<I and scales as k"2
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UV sensitive terms

For higher-loops,

Pi5, P17, Pio, --- become dominant at low-k and scale as kA2

# Pn—loop(k) ~ P1(2n—|—1)(k>

Prant1y(k) = 2- (2n + D! B (k)

X /d3q1 t o d3qn F2n+1<k7 qgi, =41, " ,4,, _qn) Plin(Ql) e X Phn(Qn)

logarithmically divergent (g>>1)
k< g

X k2 P P 2(n—1) . 2 _ 1 dq/ q,2 P /
hn hn Q)] 9 [O-L (Q)] — hn(q )
0

Blas et al. ('14)
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Loop corrections at z=0

Blas et al. JCAP Ol ('14) 010

0) [(hMpc) ]

P(k,z

T - T 1000 T T T
— Plin T 1-loop
100 N [imaan >0 SN ¥ I {
E H -100p E -l00p Kygf=
Linear 3-100p K =k —— 3-loop log measure IzﬂI H
—— 3-loop log measure -
ll,gtlnlﬂii f FZ
P “‘.’ - I o &
10 - 1% 100} * .
: s o, ;
s 3-loop T
~ = M" ‘x k2
~ N
+- i 4\\- ¥: £ k3
AR S & [ e J—
ST =) P e
) RrAany 2-|00P ) o p I 2-|00P
Ry H =3 - n NN <
PI I n (I )04 /l !_/» ‘.:' "\ o \ i ,'vl\\‘", ‘\\\.ﬁ/\ \,\_\
+/ J i ~ | b L - \',‘ ™ ‘.“_\_ RS N,
R ! S AY: | i
01 A ‘ A |
R \ ! v
v I Yo
. f ¥ L |-loop
«/! 7 \ :.5 il
0.01 :/’ ‘/I \\\ 1 I Wl ; : I 1
' 0.001 0.01 0.001 0.01 0.1 1 10
k [h/Mpc]

Figure 4: Ratidl Pr_jo0p(k, 2 = 0)/Piin(k,z = 0)/k? for the one- two- and three-

loop contributighs (line styles as in Fig. [1).

spectrum from CAMB [20] using the ACDM model with WMAP5 parameters
For the three-loop order, the error bars show an estimate for the numerical error
obtained by multiplying the error output of the CUBA routine Suave by a factor
of two. The rclative crror is < 0.002 for & < 0.55 h/Mpc. The black diamonds
and grey crosses correspond to two different parametrizations of the absolute loop

momenta (see App.[A).

P13,PI15,P17 give a major
contribution




P(k)/Pnowiggle(k)

P(k)/Pnowiggle(k)
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Ubiquitous UV sensitivity
For bispectrum, -

B(kla k27 kS) B112 + [3114 + B123 + B123 -+ B222] + ...

II
B114 3123 Brin B222

For ki ~ ko ~ k3, low-k behavior is dominated by Biis and Bis;

and scales as kA2 (Baldauf et al.’ | 5a)
ki < 1

n- loop 11
In general, B"7°P ~ Biy(ans2), Biagans -

X kz le /—Phn L(Q)]2(n_1)




Mitigating UV sensitivity

UV sensitivity is not a real physical effect
— needs to be cured for an improved prediction

U add counter terms to mitigate UV sensitivity
approach
free parameter
For P(k) at |-loop order, / °

counter term to be added : —¢5 k* Fiin(F)

This corresponds to adding —c>V § at RHS of Euler eq.

effective pressure — Cs :’sound velocity’

— o N 1 N _ N 1 _ 1
a—V+ﬁV+—(V’V)V=——V(I) —— VT
o0 a a a Pm

3,

c2v 2
Tz’j = Pm [(CS(S— % V- ’U) (5ZJ — ZCLH {@m +(‘9in — g(V . ’0)52]}]
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Power spectrum in EFT

’
Baldauf et al. (' 15b)
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P(k)/Pno—wiggle(k)

RegPT including next-to-next-to-leading order

(c.f.) resummed PT w/o EFT

Liox = 2,048 b~ Mpc
# of particles :1,024°

# of runs : 60

1.2 0
£ 2=3  Power spectrum . —CORelEY o W2
i . e - Correlation function
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r’¢(r)
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i
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AT, Bernardeau, Nishimichi & Codis ('12)
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Critical comments

* The size of each counter term is unknown, and it needs to be
calibrated with N-body simulations

e.g., cs ~1h ' Mpc (but, it generally depends on time & cosmology)

* At 2-loop order, counter terms for sub-leading corrections also
need to be considered, increasing # of free parameters

* For bispectrum at |-loop order, we generally need 3 types of
counter terms, in addition to the one introduced in P(k)

(Baldauf et al.’ | 5a)

Physical origin or meaning of each counter term is unclear

15




Response function of
large-scale structure to small-
scale fluctuations

Nishimichi, Bernardeau & AT, Phys.Lett.B 762 (2016) 247
arXiv:1411.2970

16




3-loop : source of trouble

Further including 3-loop (i.e., next-to-next-to-next-to-leading order),
PT calculations start to get worse !!

1.4
z=1.75

N-body simulations
Standard PT 2-loop A
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P(k)/Pnowiggle(k)
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3-loop : source of trouble

Further including 3-loop (i.e., next-to-next-to-next-to-leading order),
PT calculations start to get worse !!

P(k)/Pnowiggle(k)

P(k)/Pnowiggle(k)

=175

1.3 — N-body simulations
""" Standard PT 2-loop A
12f 0000 Standard PT 3-loop 5%

In€ar
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1 L k=0.1h Mpc-! 3-loop -
F " Alarge UV ]
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10-2 10-1 1
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Nature of nonlinear mode-coupling

How the small-scale fluctuations affect the evolution
of large-scale modes ? (or vice versa)

How the small disturbance added in initial power spectrum can
contribute to each Fourier mode in final power spectrum ?

18~1



Nature of nonlinear mode-coupling

How the small-scale fluctuations affect the evolution
of large-scale modes ? (or vice versa)

How the small disturbance added in initial power spectrum can
contribute to each Fourier mode in fing

Response
function

Final (nonlinear)
% /




Measurement of kernel

Definition in terms of 6 P (k)
Kk, q) =
functional derivative : (k,q) =q

Estimator for mode-coupling kernel (discretized):

~ . Prji(kz) o Prﬁ(kz) Alng
Ml niidn = Aln PyAlng ' =Ingj —Ing

P*(k) : Final output of non-linear power spectrum, for which a small
perturbation P(fj(k) is added in initial power spectrum, Py(k)

Poj,tj(Q)
In Py(q)

1 :
. 0 . otherwise

:{ +5AIP, ;5 ¢ <q< g

19




Measurement of kernel

» initial power spectrum Py(k) © ACDM by wmap5

- initial perturbation (Aln Py) * 1% of Py(k)

» divide k=0.006~0.12 [h/Mpc] into logarithmicl5 (or |3)-bins :
initial k-bin : ¢1 = 0.006 hMpc ™' (or ¢; = 0.012h Mpc™ )

width of k-bin : Alng = In(v2) Tables

Simulation parameters. Box size (box), softening scale (soft) and mass of the parti-
cles (mass) are respectively given in unit of h~! Mpc, h~! kpc and 10'°h~'M,. The
number of g-bins is shown in the “bins” column, for each of which we run two sim-
ulations with positive and negative perturbations in the linear spectrum. The “runs”
column shows the number of independent initial random phases over which we re-
peat the same analysis. The total number of simulations are shown in the “total”

column. A~
name box particles  Zgtart soft  mass bins runs / total
. . L9-N10 512 10243 63 25 0.97 5 1 10
Run many simulations... oo 12 s12 31 50 774 15 4 | 120
L9-N8 512 2563 15 100 6195 13 4 104
L10-N9 1024 5123 15 100 61.95 15 1 30
high_ns 512 5123 31 50 774 5 4 40
. . ° ° 1 12 ‘123 ‘l 7.74 4 4
T.Nishimishi owns 512 5 31 %0 5 <

20




Measurement results

- 2=0,035,1,2,3,7
- (from top to bottom) T
! ! ! Lo | ! L1 ! Lo
0.1 1
q [h Mpc™]

Response of power spectrum at k K(k,q;2) —
. to a small initial variation at g Y

Nishimichi, Bernardeau & AT (’16)
S P (k; 2)
- q(SPlin

Measured at
k=0.162 [h/Mpc]

A O —— :positive

------- : negative




Comparison with PT prediction

1000

IK(k,q)| Piin(q)

Response of power spectrum at k Kk g ») —
L (k,q; 2)
to a small initial variation at q

I

- z=1

- k=0.161 h Mpc"

100F

10k .-,

T

— 0+1-loop
— (0+1+2)-loopt

negative |

Nishimichi, Bernardeau & AT (’16)
S P (k; 2)
- q5Plin

Even for low-k modes,
Standard PT gets a
(g-modes):
2-loop > I-loop > N-body

In other words,

low-k mode in simulation
is UV-insensitive

protected against small-scale uncertainty
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Comparison with PT prediction

Nishimichi, Bernardeau & AT (’16)
5Pnl k-
Response of power spectrum at k K(k,q;2) = (k; 2)

. .. . L — (q -
to a small initial variation at g dPn(q; 2)
k=0.162 ["Mpcl 4. Normalived .
[WMpCly. Normalized | Black solid : Standard PT I-loop
[ kernel | -i

S| : | (z-indept.)
2 ’ "2 =\ 1| Blue Green Red
PR I A RN 1o BN

S ! =\ 3 R

ia: I ] A e '

! O SPT 1-loop A ] . .
_ z-indep. | - q<k : reproduce simulation well
< 210°c SPT [42-loop {f -

S eIt g~k : discrepancy is manifest

3x10°F ® T T AT s -
a z=035 | ] I -
S 220 T N-body sim (particularly large at low-z)
—4x10° b ——— _—
0.1 1
. [ . "
o [ Mpe] UV contribution is suppressed !!
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Refined measurement

Nishimichi, Bernardeau & AT ('16 &'17 in prep.)

Response of power spectrum at k
to a small initial variation at g

- - _ 1 lin lin

10%8 e ——— 1,400 simulations T(k’q?: [K(k>€l) 'K‘ (7% Q)]/[qp (k)

—2=1.00 E =
107"~ -
—----- 2-loop SPT t - 05t
| ‘ — 0.25F
10+3- 'l _ -
G — — < 125
o - | A
g 107 h
= - = 025F

< . .1F Vg T o — A

10%" [ Vo] 1.25F o k=008 hMpc'| 1

B v% 1 & k=0.161hM1;c'1 ]

— % j ® k=0.323hMpc'| 3

100 /’ I 0.5F ]
_T/ * - |

0—1 jl’l ||| I | 1 | | |||| | | | |||| E
0.0050.01 0.02 005 01 02 05 1.0
g [h Mpc~'] UV suppression is seen at various k
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Refined measurement

Nishimichi, Bernardeau & AT ('16 &'17 in prep.)

Response of power spectrum at k
to a small initial variation at g

- - _ 1 lin lin

10%8 e ——— 1,400 simulations T(k’q?: [K(k>€l) 'K‘ (7% Q)]/[qp (k)

—2=1.00 E =
107"~ -
—----- 2-loop SPT t - 05t
| ‘ — 0.25F
10+3- 'l _ -
G — — < 125
o - | A
g 107 h
= - = 025F

< . .1F Vg T o — A

10%" [ Vo] 1.25F o k=008 hMpc'| 1

B v% 1 & k=0.161hM1;c'1 ]

— % j ® k=0.323hMpc'| 3

100 /’ I 0.5F ]
_T/ * - |

0—1 jl’l ||| I | 1 | | |||| | | | |||| E
0.0050.01 0.02 005 01 02 05 1.0
g [h Mpc~'] UV suppression is seen at various k
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Reconstructing nonlinear P(k)

simulation Response funcion
Ptarget(k) — Pﬁducial(k) + /dll’l q K(ka Q) {PO,target (Q) _ PO,ﬁducial(Q)}

Linear power spectrum

fiducial: Planck 15

target: wmap3 = — , |
5 r——mnuuwal (N-body) - -
— I - target (N-body) — 90 — 140}
© 40t —— reconstruction < B E 3
=~ [ --- linear (target) =~ ERE AA =
% ------ linear (fiducial) % 80 [: % '%rw % 130y
Qo 5 —-— RegPT (target) Qo ! T o
= 30[{i = RS = 120
= SN = 70 3N = N,
i \;.“\‘ - N v i\
= | = | Ul & 110} |: 5 '
X 201 <—~}\ 1 = Al < | . %3 PL15 -> WM3
< i PL15 -> WM3 SN < 60[|; =) PLL5 -> WM3{ = [} %
X 3 SN X |} S ~ 100} (; YA _
3 =20 g p o Nboz=l0) g 1, 2705
'é 1.05: - 7 - 'é 1.05: — - g 1.05: - 7 - -
i i ./ L
% 1.00F % 1.00 v VP A -E’ 1.00 s ;
_8 O 9 : M R T ‘‘‘‘‘‘ 1 . _8 O 9 i . . . .T . . . I . . . _8 O 9 L T ““““““““
2090 02 04 06 o0s8=2%0 0.2 0.4 0622280 01 02 03 04 0.5

k[hMpc~1] k[hMpc~1] k[hMpc™1]

Nishimichi et al. (in prep)
Response func. with damping gives a better agreement with simulation
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Summary

* Higher-order mode-coupling gets a larger UV contribution
However Blas, Garny & Konstandin (’14), Bernardeau, AT & Nishimichi (’14)

* |In simulation, actual UV contribution is suppressed
Nishimichi, Bernardeau & AT ('16,’17 in prep.)

Breakdown of single-stream PT treatment
can be seen even at large scales

What is a role of small-scale dynamics ?

Is there a way to go beyond single-stream PT ?

Multi-stream flows Suto et al. (2016)




Beyond single-stream approx.:
lesson from |D cosmology

AT & Colombi, arXiv:1701.09088




Vlasov-Poisson: back to the source

A more fundamental description :

a_(z v -0 0p O
ot

+E'a—m—a%'% flx,v;t) =0

(collisionless Boltzmann) V2gb(x; t) = 47TG&2/d3’U f(:c, v, t)

* N— oo limit of self-gravitating N-body system

* Reduced to a (pressureless) fluid system for single-stream flow:

f(@, v; ) — p(t) {1+ d(x; 1)} op (v — v(w; 1))

Single-stream flow is initially correct, but will be later violated
(at small scales)

28~1




Vlasov-Poisson: back to the source

A more fundamental description :

aﬁ o oo 0
ot

+E.8_:B_a8_az.3_v flx,v;t) =0

(collisionless Boltzmann) v2¢($; t) = 47TG&2/d3’U f(:c, v, t)

Cold collapse in 1D gravity (simulation)

Ap=0.01 t=0
T T T

velocity
&
velocity
veloiity T
&
velocity

/ ONNNER
L

' development of | =
shell crossing _multi-valued region  formation of halo
position ] ] position position position

28~2



Vlasov-Poisson: back to the source

A more fundamental description :

- 2
(collisionless Boltzmann) \Y
8,85
Cold collapse in 1D gravit
e
2 oy
9] SE— ‘O o -8.85
o o
§ W
 shell
-2 -1 -8.1 . . .
position P 8.1 8.2 8.3 8.4 8.5 8.6 8.7 8.8 8.9
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|D cosmology

Simplification may help us to understand what’s going on

Vap(z) = 4r Gpa” 6(x)

Force X (# of sheets at RHS) - (# of sheets at LHS)

* Generic features of nonlinear mode-coupling :

Response function
* Perturbative description beyond shell-crossing: Post-collapse PT

Learn something in simple /D cosmology




|D Zeldovich solution

(Zel'dovich ’70)

~ Exact z(¢;7) = g+ ¥(q) D+(7) D+(7) : linear growth factor
single-stream dD4 (T)
solution v(g;T) = 9¥(q) T 1(q) : displacement field
Shell crossing
s =
. y
O« > . > . Solution is exact until

1 JL 2 ‘J shell crossing
o — | of | of |




Power spectrum in |D

L ! ! T TTTT ! ! T ||||| ! ! T ||||_
L 270 _| IMlInitial > Planck ACDM
S = CDM-like E e
~ F . Pip(k) = — Psp(k
S Wl 7o) = - Pio(k)
8107t E 2
~ : E ; : chiniis
i il Dimensionless initial power
- | | |1 | | | I I I . .
o= Eampeecsaull spectrum is the same as in 3D
1 & '
S -
I~ : ; :
< 0 manifestation of the
& 10t |
0 limitation of single-
1072 | :O. e —— stream treatment
7= -
1 & Ee i
S -
§ B Zel'dovich L = 1,000 Mpc
& 107t E # of particles (sheets) : 200, 000
= - # of runs : 50
10—2 | | 1| ||||| | | 1 1 ||||| | | I I | .
102 [0-1 | Lot by Vlafroid (PM code)
k [Mpc!] http://www.vlasix.org/uploads/Main/froid | D.1.5.tar.gz
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w/ A. Halle, S. Colombi & T. Nishimichi (in progress)
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3D case

,/—|——|— SimUIation 1°+6.o| Ll Io!1l Ll |0!2| Ll |0!3| Ll Io!4| Ll I0.5
— Zel'dovich

q[h Mpc]
TTTTTTTTTTTTTTTTITTITTTT ]

10+6

I
=
o
S

10+

ST T T

Fol o

NN NN
0.2 0.3
q [h Mpc]

L = 100, 000Mpc
# of particles (sheets) : 107
# of runs : 2, 000 for each g-mode



Post-collapse PT:beyond shell-crossing

AT & Colombi (17)

2

- velocity

2

velocity

Cold collapse in |1-D simulation

-
T

shell crossing

=

-2

position

-1 0 1

position

2

velocity

\

_multi-stream flow

4

velocity
|

-2 -1 0

position

Computing back-reaction to the Zeldovich flow:

2

o
T

_formation of halo

N

-2 -1 0 1 2

position

Lagrangian

|. Expand the displacement field around shell-crossing point, ‘

x(q;7) ~ A(qo; ) — Blqo; 7)(q — q0) + Cqo; 7)(q — q0)°

2. Compute force F(z(q;7)) = =V, ®(z(g; 7)) at multi-stream region

polynomial function of Q=.q-qo up to /th order
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Post-collapse PT: single cluster

AT & Colombi (‘17)

Post-collapse PT basically fails after next shell-crossing, but it still

gives reasonable prediction for density profiles Simulation

Zel’dovich
Post-gollllal

| EXLELE

B

Shell cro

]
Fa=0.16y"

Phase-space ssing

pse PT

———
0.05 [.2=0-10 .01

1 0.05

> o

1-0.05 F

-0.05 [ F
= 4 -0.1 b P

100 PR S T T N TR T T o e v v v v 1 i b ey

0.5 1 0 0.5 1 (4] 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

Density profile
100

N 100:--------= LI BB =iiii'iiii=
IO;- 1 10: aAn E 3 . . ] 3 ) E
1’ 1 1}
0.4 B '

Q

Of course, this does not guarantee the accuracy of power

spectrum prediction at small scales (— next slide)



Post-collapse PT: ACDM

Adaptive smoothing

— (Dimensionless) power spectrum appll.ed 0 il ey pe.aks
— ! . (with filter scales determined
Linear 7 ime. _ : :
s / Rl by first-barrier crossing)
E Z—O 600 :_IIIIIIIIIIIIIIIIIIIIIIIIIPhase_SPace
- 400 F =
- - < 200F E
o T S C 7,0
1071 = £ _F E
- 4 — -200 | -
m . . 3 > : -
B Simulation - -400 =
B Zel'dovich ] —600 = =
L P _ ”a SePT_ _lllllllllllllllllllIllllllll[lllllll u
| ost-co |P 400 420 440 460 480
-2 L 1 11111 L 1 1111l [ 1 1
e 10! 1 x [Mpe]
k [Mpc] AT & Colombi (‘17)
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Implication to 3D

Combination of the two methods are rather crucial:

PT scheme beyond shell crossing & Coarse-graining
(post-collapse PT) (adaptive smoothing)

But, idea & technique are very promising and can be extended to 3D

Issues to be addressed 2D collapse with Vlasov code
+ Accurate pre-collapse descripton ¥

v Zeldovich approx. is inaccurate

Vx
¥ Various topologies of shell crossing [ y
X

* Tractable analytical calculation of Vy is color coded
StatiStical quantities http://www.vlasix.org/index.php?n=Main.ColDICE
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Implication to 3D

Combination of the two methods are rather crucial:

PT scheme beyond shell crossing & Coarse-graining
(post-collapse PT) (adaptive smoothing)

But, idea & technique are very promising and can be extended to 3D

Issues to be addressed

* Accurate pre-collapse description

v Zeldovich approx. is inaccurate

v Various topologies of shell crossing

* Tractable analytical calculation of
statistical quantities

Log,o( d/L )




State-of-the-art cosmological Vlasov code

b. 323 + two level dynamic adaptive refinement

DIRECT INTEGRATION OF THE COLLISIONLESS BOLTZMANN EQUATION
IN SIX-DIMENSIONAL PHASE SPACE: SELF-GRAVITATING SYSTEMS

KoHst YOosHIKAWA !, NAOKI YOSHIDA??, AND MASAYUKI UMEMURA !
I Center for Computational Sciences, University of Tsukuba, 1-1-1 Tennodai, Tsukuba, Ibaraki 305-8577, Japan;
2 Department of Physics, The University of Tokyo, Tokyo 113-0033, Japan
3Rav i Institute for the Physics and Mathematics of the Universe, The University of Tokyo, Kashiwa, Chiba 277-8583, Japan
64 é Received 2012 June 18; accepted 2012 November 23; published 2012 December 20

2,3

An adaptively refined phase-space element method for 0. 5125 Niserly
cosmological simulations and collisionless dynamics SN

: *
Oliver Hahn*! and Raul E. Angulot?
L Department of Physics, ETH Zurich, CH-8093 Ziirich, Switzerland
2Centro de Estudios de Fisica del Cosmos de Aragén, Plaza San Juan 1, Planta-2, 44001, Teruel, Spain.

Cold initial condition 2016

ColDICE: a parallel Vlasov-Poisson solver using moving adaptive simplicial
tessellation

Thierry Sousbie®™*, Stéphane Colombi® 20 I 6

4Institut d’Astrophvsiaue de Paris. CNRS UMR 7095 and UPMC, 98bis, bd Arago, F-75014 Paris, France
isics, The University of Tokyo, Tokyo 113-0033, Japan

CO I d | n |t| al CO n d |t| O n rse, School of Science, The University of Tokyo, Tokyo 113-0033, Japan

Analytic treatment helps to understand
Vlasov simulations




Sousbie & Colombi (’16)
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Describing shell-crossing in 3D

Motivation

* Post-collapse PT treatment needs an accurate analytical
description of shell-crossing structure

*In 3D, Zel'dovich solution is no longer exact
even before shell-crossing

In a specific initial condition,
v Higher-order Lagrangian PT

v Comparison with 6D Vlasov simulation

39




Lagrangian PT

Basic equations 1

L=-ma*c* —mao(x)
. . 1 - 2

V2 é(x) = 41 Ga’p, 6(x).

Lagrangian coordinate (q): x(q,t) = q + ¥(q,1)

In Lagrangian coordinate, mass density is assumed to be uniform:

pm(m)—]_: 8_w_1_1

Om oq

P d’a = pu(@) " ——— §(x) =

Rewriting quantities in Eulerian space with
those in Lagrangian quantities
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Lagrangian PT

Matsubara (’15)
Vo - [a: + 2H:b} — 4GP, 4,

V. x |&+2H3| = 0. Tr) = f(t) + 2Hf ()
Longitudinal: (7’ — 47 Gﬁm) Wk
' = —€ijk€ipg Yj,p (7' — 27 Gﬁm)%,q
1 A A G
— €ijk€pgr VipWi g (T -2 pm) Vi,r,

2 3

Transverse: €ijx T Vi = —€ijx Yp ;T Vp k.

"N Levi-Civita symbol

PT expansion: ¥(q, t) = (g, )+ 83D (q, t)+ TP (g, t) + -
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Lagrangian PT

Matsubara (’15)

Under Einstein-de Sitter approximation: (") (q; ¢(t)) — ™ (q; D;(t))

EdS
o 2 19 3 n = 1In D1(t)
Longitudinal: ((9_772 + 550 5)@%
= —mlJrz:mQ_n €ijk€ipg \P(ml) (86: + %(% — i)w(mQ)
Transverse: ;i (88—7722 + %(%) ) = ml%_n eijr WU (88—1722 + ;aan)qﬂmz),
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Zel'dovich solution: | st-order LPT

o) — g 4 gUD) 5 = In Di (t)

0 1 0 3 (1L)
9 429 2\ glh
<0772 20y 2) ok

0? 1 0 (1T)
<8772+2877) kin

Zel'dovich approximation : ¥{7) — () and take growing-mode only

o) = o) = —Di(a) Vep(q), Vie(q) = b(q)
: initial density field

1
J




N_particle = 25673
L=200Mpc/h
ACDM

Neyrink (| 3)

P(k) [(Mpc/h)’ ]

10*

10° |

10°

10’

107

N-body
Linear
Zel'dovich
2LPT

SsC

SC, amplitude correction

107

k [Mpc/h]

10°

Initial conditions
Zel'dovich

2LPT

SC

SC, ampl. correc

tion

0.0

101

k [Mpc/h]
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Particle trajectories in ZA
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Figure 3. A family of trajectories corresponding to the model pre-

sented in Fig. 1 is shown for the first-order (upper panel} and

second-order (lower panel) approximations. The trajectories end in

the Eulerian space-time section {y=0.5, ¢) centred at a cluster,

These plots illustrate that the three-stream system that develops

after the first shell-crossing performs a self-oscillation due to the

Buchert & Ehlers (’93) action of self-gravity.
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Higher-order solutions

For specific initial condition at to,

€x SIN Qg
‘I’(l)(qa to) = Di(to) €y SIn gy

€, SIn q
v =0, for n>2

We derive LPT solutions at

2nd, 3rd, and 4th order
(W/ S. Saga)

(see Moutarde et al.’91 for similar work,
but up to 3rd order)
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2nd-order LPT

Longitudinal part only : Ve x 3 =0

€x Sin gz (€y COS qy + €, COS Q)
U (g, t) = Dy(t) | e singy(escosq. + excosqs)
€, Sin g, (ex COS gz + €y COS qy))

(Time-dependent) growth function:

Da(t) = — 2214 3 gntno _ 3 —@/2mt(7/2m0

14 10 35
N = In D1 (t)
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3rd-order LPT

W) — \P(3L)—|—\IJ(3T)

Longitudinal
¥ (g, t) = Ds(t) d”(q) + Es(t) e (q);

| [ €singa (€ cos® gy + € cos” q:) 1 Eg sin 2q (ey cos gy + €, cos g:)
d® = = €y SIN qy (eﬁ cos® ¢, + €5 cos” dz) + 5 €y 8in 2qy (€, COS ¢ + €x COS ¢x)
€,5in ¢ (€2 cos® gz + 63 cos® q,) €2 sin 2¢. (€x COS gz + €y COS qy )
5 (€5 + €) ex sin gu )
+S (e +e)eysinqy +e®
(e + € ) €, SN g

2€x€y €, SIN Gy COS @y COS G

3 )
e® = 2€x€y €, COS (Qz SIN Gy COS G
2€x€y €, COS(Qz COSQy SIN Q.

Transverse
v (g, t) = Fs(t) £ (q);
, ! € sin 2q,. (€, cos gy + €, cos qz) | €x SIN ¢z (632, cos 2q, + €2 cos 2q.)
f( ) = 10 632, sin 2q, (€, COS q» + €x COS ¢x) | & sin g, (€2 cos 2q. + € cos 2q.)
€5 5in 2. (€x cos @z + €y cOs qy ) €,5in ¢, (€2 cos 2q, + 632, cos 2qy)
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3rd-order LPT

Growth functions

l)g(n) = fi_e3n ___El_€2n+ﬂk)__ ji_e—~n/2+(7/2)no _F_é%_e—(3/2)n+(9/2)n07

42 70 35
L 3 1 2 2 _(3/2 9/2
E _ = 3n 4 = _nt2n0 _ 2 _—(3/2)n+(9/2)no
3(1) 8¢ T10°¢ 15 € >
1 1 3 _
Fs3(t) = 12 e’ — 5 e 4 - e~ 1/2+(7/2)n0

n = 1n D (1)
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4th-order LPT (x-component)

Longitudinal
T (q, 1) = Da(t)dV(q) + Ea(t) e (q) + Fu(t) £ (@) + Ga(t) g (g) + Ha(t) R (g);
dgf) = %ex sin gz (2€X COS qz (2€y COS Qy€z COS Q. + ei + 63) + €y€s (ey(cos(qu) + 3) cos g

+ €, cos gy (cos(2q:) + 3)))

el = 1006 Sin gz (20€x cos g (10ey cos gye, cos g + €2 + ¢ cos(2qy) + € + ¢ cos(2qz))

+ €, cos(qz) (296)2( + 365 cos(2¢z) + 150€5 + 50€; cos(2qy) + 27z + €, cos(2g-))
+ €y COS gy (2963( + 32 cos(2qx) + 27€; + ez cos(2qy) + 150€; + 50¢; cos(2q:)))

1
m(4) = EGX sin g€y €, (2 COS qy (4ex COS @ COS q- + €2(cos(2q) + 3)) + 2ey cos” qy COS q>

+ €y (cos(2qy) + 5) cos C]z)
1 i
(4) _ — 56 Sin g (—5ex cos gz (‘53 cos(2qy) + €, cos(2q:) + €5 + 63) + €y COS qy

X (36)2( cos(2qz) + ef, cos(2qy) + 4ex + 2632,: + €, COS q (363( cos(2¢.) + €, cos(2q.)
+ dex + 2¢;))

1
Eexeyez sin gy (2 COS qy (4ex COS (z COS >+ € (cos(2qz) + 3)) + 2¢y cos> Qy COS Q>

+ €y (cos(2qy) + 5) cos ¢:)

W =
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4th-order LPT (x-component)

Transverse

T (q, t) = L(t) i (q) + Ja(t) 5 () + Ka(t) K (q);

. 1 :
i) = 150 & Sl de (ey cos gy (100exe, cos gz cos g + 3¢z cos(2q.) — 9ea cos(2qy) — 50€, cos(2¢.)

+ 9¢e5 — 363,) ~+ €, COS @ (36)2( cos(2qy) — 5063, cos(2qy) — e cos(2q.) + 9e2 — 363))

(0 _ 1

Jo = gexéyes Sin g (2€x COS o €OS gy COS - — €y COS(2qy) COS Gz — €, COS gy cos(2g:))
1
kY = 1006 sin gz (€, cos ¢ (ei cos(2¢z) — 3€, cos(2q.) + 3e2 — 63) — €y COS @y

x (€3 cos(2q.) + 3¢5 cos(2qy) — 3€5 + €5))
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4th-order LPT (time dependence)

ol 4 L sny 27 opyo 3 n+3 9 n/24(7/2) 9 —n/2+(9/2)
D - n ., ~ _3n+no _ n+2n0 _ 2 m+3n0 , 7 m no _ Y _-n 0
i) =—ppe’ tge 1400 © 10°¢ * 98¢ 350°
2 _@/2m+01/2)n0 9 st
* 385¢ 9800 €
5 4n 1 3n+no 2 —n/24+(9/2)no 1 —(3/2)n+(11/2)no
E4(77):—%6 +ﬁ€ +ﬁ€ —ﬁe
T an 3 ont2 2 _n/2+4(9/2) 4 _(3/2)n+011/2)
F _ A 9 2n+2n9 4 -7 no . * n U
1) = 798¢~ 70° 15°¢ t e
1 1 3 _
G4(’I’]> = _E 6477 + 1_0 n+3no _ % e (3/2)n+(11/2)ng
13 a4 1 any L 43 9 n/2+(7/2) 2 _3/2)n+(11/2)
H —_ n_ - n-70 _—.n no _ <~ .M 170 - n 70
1) = 308¢ "~ 30° T 10¢ 70° * 55
5 3 9 3 10 _
Ii(n) = ~ % e 4 =5 eSNtno 5 e(L/2)n+(7/2)no 4+ 164% - e n/24(9/2)n0
L 4 L 4 2 _y/24(9/2)
J. — oM _ %Mo 4 Z M 10
1(n) = gge’ — g+ ge
1 3 —
Ka(n) = _2_18 o ey g /AT 2m0 3 gt n = 1n D (1)
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Comparison with Vlasov simulation

Vlasov simulation:

S. Colombi a=0.005
0.3 ;_ ! | ! ! ! | ! ! ! | ! ! 2
0.2F
0.1F
: (v, 2)=(0, 0)
S5 0.0F
é ~ Order 4
_O 1 E_ ~ QOrder 3
’ é ~ Order 2
é ~ Order 1
_0’25_ ~ Simulation: N,=128
E__ Simulation: N,=512 -
_03 — ) | ) ) ) | ) ) ) | ) ) ) | «. ) ) | )
—-0.4 -0.2 0.0 0.2 0.4
X




Comparison with Vlasov simulation

Vlasov simulation:
S. Colombi a=0.015
o6-

0.4

0.2}

> 0.0f

. Order 4

0.2 [ Order 3
i Order 2

04 I O?rder 1.
B Simulation: N,=128
[ Simulation: N,=512

-0.6 R B H N S S S

04  -0.2 0.0 0.2 0.4
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Comparison with Vlasov simulation

Vlasov simulation:
S. Colombi a=0.025
IR

0.5

[ Order 4
: ~ Order 3
Order 2
—0.5 __ Order 1
Simulation: N,=128
[ ___ Simulation: N,=512

_]..O I 1 ] 1 1 1 ] 1 1 1 ] 1 1 1 ] 1 1 1 ] 1
-0.4 —-0.2 0.0 0.2 0.4




Comparison with Vlasov simulation

Vlasov simulation:
S. Colombi a=0.030

1.0F

0.5F

B ~ Order 4
05 :_ ~ Order 3
i Order 2
T _ Order 1
—-1.0 Simulation: N,=128
| ___ Simulation: Ng:512

_1.5 - L ] L L L ] L L L ] L L L ] L L L | L
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Comparison with Vlasov simulation

Vlasov simulation:

S. Colombi :
4 e -

-~  Order 4
- Order 3
Order 2
—2r ~ Order 1
: Simulation: N,=128
| — Simulation: N =512




Vlasov simulation

Vlasov simulation:
S. Colombi a=0.040

6 |

Simulation: Ng: 128

_ Simulation: Ng:5 12
L I L L L I L L L I

—0.04 —0.02 0.00 0.02 0.04




Summary

Perturbation theory (PT) of large-scale structure has been
developed as a precision tool, but it needs to be renovated

v UV issue in single-stream PT: Do not go to 3-loop !

v Response function:  Characterizing nature of mode coupling

v Post-collapse PT with adaptive smoothing in |D:
Novel scheme beyond shell crossing

v Roadmap to 3D: pre-collapse evolution from LPT and
Vlasov simulation

Stay tuned, and
do not stick to Effective-field-theory approach !
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