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S, = —ﬁfd% [{p(x,v)}q —p(X,V)}
[ q— 1: Boltzmann-Gibbs —fd6z’ p(x,v)In p(x,Vv) J

Tsallis (1988) ; Tsallis, Mendes & Plastino (1998)

* probability p(x,V) s.t. fd61: p(x,v) =1

_ {p(x,v)}q
Pq(X,V)—fd@c {p(X,V)}q

* escort distribution
 normalized g-value <Ol.>q =fd617 ONACRY

el

(pseudo-additivity) Sq (4,B) = Sq (4)+ Sq (B)+(1-9) Sq (4) Sq (B)




Antonov problem
[BEEXRATZFOEHENERE
5 HRDHTEIREE R RN ?
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. =0.335
(-E)

Antonov (‘62), Lynden-Bell & Wood ('68)
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Non-equilibrium extension

of Antonov problem
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HCOENZNRDED

e.g., Binney & Tremaine (’87,’08)
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FHDOARNRIEEIS

FHmHIAT —Iichlc> THFERET 2EENMDIE—HKRIE
o~ A HI8—t 7 (Mpc) ~F 1/\—1t 7 (Gpc)
% | Mpc= 1076 pc ~3005 )54

E
BENHORFEIF/BICWEEYE (Cold Dark Matter, CDM)
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A section of galaxy 3D map

120,000 galaxies

http://www.sdss.org/press-releases/astronomers-map-a-record-
breaking- | -2-million-galaxies-to-study-the-properties-of-dark-energy/




N 7V BHEIRE)

(BAO)

(Baryon Acoustic Oscillations)
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I RZBZER D HY A (RSD)

(Redshift-Space Distortions)
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» e.g., Linder ('08); Guzzo et al. ("08);
Alam et al. (16) 51 [»7 Mpc] Yamamoto et al. (08); Percival & White ('09)
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N RIBZER D HY (RSD)

(Redshift-Space Distortions)
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Cosmological constraints

Alam et al.
30— Geometric distances ___Growth of structure
6dFGS
: S(DSS MGS 0.7} assuming Planck ACDM cosmology ,
A SDSS DR7 ® DRI2 final consensus
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Cosmological constraints

Alam et al.
30— Geometric distances ______ Growth of structure
6dFGS
: SDSS MGS 0.7k assuming Planck ACDM cosmology
A SDSS DR7 § DR12 final consensus
. — Planck ACDM
o WiggleZ 06k
0 ¢ BOSS Galaxy DR12
= 20| ® BOSS Lya-auto DR11 .
o *  BOSS Lya-cross DR11 % 0.5 ]
= S =
3 “
&= 0.4
— Dy(2)/rav/z Du(z) = (1 + 2)Da(z) B T GAMA
10t . — s D2 1/3 0-3F T 6dFGS 8 WiggleZ |
— Dy(2)/rav/z Dv(z) = [CZDM (Z)/H(Z)] 6 .1gg e
— zDg(2)/ra/z Du(z) = c/H(z) : | | | [ S‘tDSS M‘GS | Ylpers

Planck + BAO +FS
* Curvature
* Dark energy EoS
* Hubble parameter (+SNe data)
(at z=0)

—»consistent with Planck ACDM model

but tension with local Hubble measurement & weak lensing
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Large-scale structure as self-
gravitating collisionless system

Cold dark matter (CDM)

Main oo (invisible matter component)
ingredients

Gravity & Cosmic expansion

Cosmological many-body system  ta S fage(= 13.8Gyr)

a(t) :cosmic scale factor m :mass of CDM particle

(expansion of the Universe) (G :Newton const.




Large-scale structure as self-
gravitating collisionless system

Cold dark matter (CDM)

Main oo (invisible matter component)
ingredients

Gravity & Cosmic expansion

Cosmological Vlasov-Poisson system

: 0 p O ov 0
Vlasov equation o —
| [(% T ma2ox | om ap] f(@,p) =0
: . m
Poisson equation V*¥(z) = 47 G a” [@ / &p f(x,p) — pm

Single-stream flow
(initial condition)

f(z,p) =na’ {1+ dn(z)} dp|p — mav(z)]
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Theoretical tools of LSS

cold dark matter (CDM)

(Newtonian) » statistical properties
gravity & cosmic expansion of LSS

Cosmological Perturbation theory (PT)
N body simulation e ~ (based on fluid aPP"OX)

1L1E

1 R ;"
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1
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11E
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http://www.prdjet-ho'r‘izc‘}n.fr/ %0005 o 015[ 0.2 0}25 03 035 04 NANEIEINEPA
o k |[h Mpc!

On top of the gravitational evolution, observational effects (redshift-
space distortions, galaxy bias, ... ) also need to be considered




Regime of our interest

Most of interesting cosmological information (BAO, RSD,
sighature of massive neutrinos, ...) lies at k<0.2-0.3 h/Mpc

» Weakly nonlinear regime

lllllll T T | R LB

: TX Based on linear theory e Dimensionless
Nonlinear : power spectrum

t

Weakly nonlinear

1 = ¢ % - wx“‘*.ﬁ z=0
: _ : 7= 1 ‘*””*«n
: Z=O-5// : : - ﬁ‘!‘,’ﬁ

3

Al

P(k) [Mpc?]

Linear theory

l / g
/‘v /
v
/
/
/

N-body simulations
by T. Nishimichi
| | Io.l)5l IH
k [Mpc!]




Perturbation theory (PT): reloaded

Single-stream approx. of Vlasov-Poisson system

CDM + baryon — pressureless & irrotational fluid

Juszkiewicz (’81),Vishniac (’83), Goroff et al.
(’86), Suto & Sasaki ('91), Makino, Sasaki &
Suto (’92), Jain & Bertschinger ('94), ...

| Standard PT (6, < 1)

?VZ(I)=47IGﬁm6 5:51+52+53+

Recent progress

* Improving accuracy by resummation or renormalized PT treatment

2-loop (next-to-next-
to leading order)

» Higher-order calculation & fast PT code (RegPT)

* Incorporating other systematics (massive vV, modified gravity, halo bias,...)




Performance of resummed PT

fast resummed PT code (http://ascl.net/1404.012) [Ebox = 2,048 A== Mpec

. . s - -1 0243
including 2-loob (next-to-next-to-leadine) order
g p (next-to-next-to-leading) orde 2 of runs : 60

il cosmology - wmap5

- Correlation function
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2 U,
] [op]
o g,
5
=]
[l
>~
= ;
A 102; z=3

[ Linear | | e |
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0.9 B l“.l L |‘:| L |||| | |AA;-‘| ' TR R B SN B .E
0 005 ol °'1k5 [hojpc_?]‘% RS AT, Bernardeau, Nishimichi & Codis ('12)
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Cosmic propagators

Propagator should carry information on
non-linear evolution & statistical properties

Evolved (non-linear) density field Crocce & Scoccimarro ('06)

< > = op(k — k)TN (k: t) Propagator

N

Initial density field Ensemble w.r.t randomness of initial condition

Contain statistical information on evolution

(Non-linear extension of Green’s function)




Multi-point propagators

Bernardeau, Crocce & Scoccimarro ('08)

Matsubara ('l |) — integrated PT
As a natural generalization,

Multi-point propagator
0 v

kl) Ce 550(kn)

With this multi-point prop.

* Building blocks of a new perturbative theory (PT) expansion

[-expansion or Wiener-Hermite expansion

* A good convergence of PT expansion is expected
(c.f. standard PT)




Power SPeCtrum Initial power spectrum

P(kst) = [F“ (ki )] Po(k) +2 / (;i')lg 1O(g.k — ;)] Pola)Po(lk — al

+6/d6pd [F(?’)(p,q,k p— qt)} Po(p)Po(q)Po(lk —p—q|) +---

(27)°
|n|t|aI P(k) |-loop 2-loop

e

+
-k
(k-q) (k-p-q)
Bispectrum

B(ky, ko, ks) = 2T (k1 ko) TW (k1) TW (ky) Py(k1) Py (ko) + cye.

+ [S/dgq I®(k; — q,q)T? (ko + q, —q)T'® (q — k1, ~ks — q) P (k1 — q]) P (k2 + ql) Po(q)

+ 6/d3q I (—ks, —ks +q, —q)T'® (ky — q, q)T"" (k3) Py (|kz — qf) Po(q) Po(ks) + CYC-} :

ki ks ki

B Sl b,

B(ki, k2, k3) = 2 Y + 8 ® +6 g T levie)
ke kzY ko g

tree | -loop




Generic property of propagators

Crocce & Scoccimarro 06, Bernardeau et al.’08

() k_>_+o>o e k) o ka2 ;

Log (I'®W/I{L )

0.1
k® [(Mpc h~1)?] k? [(Mpc h™!)?]
21




Origin of Exp. damping

For Gaussian initial condition, 7 Py(k)

(6m (ks t) 0o (K')) = INSERE) (00 (K)o (K))

initial power spectrum

Cross correlation between initial & evolved density fields




Why improved PT works well?

AT, Bernardeau, Nishimichi, Codis (’12)
AT et al. ('09)

* All corrections become
comparable at low-z. Corrections are positive & localized,

e Positivity is not guaranteed. shifted to higher-k for higher-loop

Standard PT

P(k) [(h~'Mpc)?]

108 & 1-loop Linear
[ negative /.-~ o 2-loop
Ve N
102 ',/// 2—100p \|__ 102 :—

positive

lll 1

102 10-! 10-% 10-1
k [h Mpc!] k [h Mpc!]
23




3-loop : source of trouble

Further including 3-loop (i.e., next-to-next-to-next-to-leading order),
PT calculations start to get worse !!

1.4
z=1.75

N-body simulations
Standard PT 2-loop A

2

1.2F 0000 dard PT 3-|
Stl:zzaf } ’\OOP/,O%—%,OO
: 4 EFue®

£

0
A
W 4
{ e~ -5
4 3

=
Qo
()]
2
=
<)
o
o
=
=
o

next-to-next-to-next-to-leading
order (3-loop)

P(k)/Pnowiggle(k)

0.15 0.20 0.25 0.30
k [h/Mpc] Blas et al. ('14)




3-loop : source of trouble

Further including 3-loop (i.e., next-to-next-to-next-to-leading order),
PT calculations start to get worse !!

P(k)/Pnowiggle(k)

P(k)/Pnowiggle(k)

=175

1.3 — N-body simulations
""" Standard PT 2-loop A
12f 0000 Standard PT 3-loop 5%

In€ar

ord

T T T T |||| T T T TT T T T T T TTT
1 L k=0.1h Mpc-! 3-loop -
F " Alarge UV ]
[ ~contribution !! ]
107! & =
- . 1-loop ]
102/ -
_‘;’Bernardealu,AT & Nishlimichi ( -

10-2 10-1 1

24~2
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Nature of nonlinear mode-coupling

How the small-scale fluctuations affect the evolution
of large-scale modes ? (or vice versa)

How the small disturbance added in initial power spectrum can
contribute to each Fourier mode in final power spectrum ?

25~1



Nature of nonlinear mode-coupling

How the small-scale fluctuations affect the evolution
of large-scale modes ? (or vice versa)

How the small disturbance added in initial power spectrum can
contribute to each Fourier mode in finz

Response
function

Final (nonlinear)

Initial




A measurement result

Nishimichi, Bernardeau & AT (’16)
S P (k; 2)
§ Plin

Response of power spectrum at k
P POWEE Spec K(k,q;2) = q
to a small initial variation at g

T L R |

-z =1 — 0+1-loop

Even for low-k modes,

Standard PT gets a
(g-modes):

2-loop > [-loop > N-body

1000

- k=0.161 h Mpc” —  (0+1+2)-loop;

negative |

100F

IK(k,q)| Piin(q)

USRI T (SRR  In other words,

low-k mode in simulation
is UV-insensitive
o T il protected against small-scale uncertainty
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Refined measurement

Nishimichi, Bernardeau & AT ('16 &'17 in prep.)

Response of power spectrum at k
to a small initial variation at g

- - _ 1 lin lin

10%8 e ——— 1,400 simulations T(k’q?: [K(k>€l) 'K‘ (7% Q)]/[qp (k)

—2=1.00 E =
107"~ -
—----- 2-loop SPT t - 05t
| ‘ — 0.25F
10+3- 'l _ -
G — — < 125
o - | A
g 107 h
= - = 025F

< . .1F Vg T o — A

10%" [ Vo] 1.25F o k=008 hMpc'| 1

B v% 1 & k=0.161hM1;c'1 ]

— % j ® k=0.323hMpc'| 3

100 /’ I 0.5F ]
_T/ * - |

0—1 jl’l ||| I | 1 | | |||| | | | |||| E
0.0050.01 0.02 005 01 02 05 1.0
g [h Mpc~'] UV suppression is seen at various k

27~1



Refined measurement

Nishimichi, Bernardeau & AT ('16 &'17 in prep.)

Response of power spectrum at k
to a small initial variation at g

- - _ 1 lin lin

10%8 e ——— 1,400 simulations T(k’q?: [K(k>€l) 'K‘ (7% Q)]/[qp (k)

—2=1.00 E =
107"~ -
—----- 2-loop SPT t - 05t
| ‘ — 0.25F
10+3- 'l _ -
G — — < 125
o - | A
g 107 h
= - = 025F

< . .1F Vg T o — A

10%" [ Vo] 1.25F o k=008 hMpc'| 1

B v% 1 & k=0.161hM1;c'1 ]

— % j ® k=0.323hMpc'| 3

100 /’ I 0.5F ]
_T/ * - |

0—1 jl’l ||| I | 1 | | |||| | | | |||| E
0.0050.01 0.02 005 01 02 05 1.0
g [h Mpc~'] UV suppression is seen at various k
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What'’s wrong ?

Short summary

* Higher-order mode-coupling gets a larger UV contribution
However ! Blas, Garny & Konstandin (’14), Bernardeau, AT & Nishimichi (’14)

* |In simulation, actual UV contribution is suppressed
Nishimichi, Bernardeau & AT ('16,’17 in prep.)

Most likely

Breakdown of single-stream PT treatment
(even at large scales)

What is a role of small-scale dynamics ?

Is there a way to go beyond single-stream PT !

Multi-stream flows Suto et al. (2016)
(formation/merger of halos)




|D cosmology

Simplification may help us to understand what’s going on

Vap(z) = 4r Gpa” 6(x)

Force X (# of sheets at RHS) - (# of sheets at LHS)

* Generic features of nonlinear mode-coupling :
Response function
* Perturbative description beyond shell-crossing: Post-collapse PT

Learn something in simple /D cosmology




Progress  Yamashiro, Gouda & Sakagami ('92)

Origin of Core-Halo Structure
in One-Dimensional Self-Gravitating System

Toshinobu YAMASHIRO, Naoteru GOUDA and Masa-aki SAKAGAMI*

'Department of Physics, Kyoto University, Kyoto 606-01
*Department of Education, Fukui University, Fukui 910

(Received March 23, 1992)

The relaxation process of self-gravitating systems is examined by using one-dimensional numeri-
cal simulation. We get the asymptotic distribution function which disagrees with that proposed by
Lynden-Bell. Our distribution function has two peaks in low and high energy regions and a valley
in the medium energy region. This characteristic core-halo structure in phase space has been
observed in many simulations. We clarify the dynamical mechanism which generates this ‘core-halo’
structure. The essence of this mechanism is that the elements of the system are accelerated (or
decelerated) very effectively by the evolving gravitational potential in a specific energy region,
reflecting the initial conditions.

Progress of Theoretical Physics, Vol. 81, No. 3, March 1989

Non-Linear Growth of One-Dimensional Cosmological
Density Fluctuation and Catastrophe Theory

Naoteru GOUDA and Takashi NAKAMURA*

Department of Physics, Kyofo University, Kyoto 606
* National Laboratory for High Energy Physics, Tsukuba 305 Gouda & Nakamura (,89)
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|D Zeldovich solution

(Zel'dovich ’70)

~ Exact z(¢;7) = g+ ¥(q) D+(7) D+(7) : linear growth factor
single-stream dD4 (T)
solution v(g;T) = 9¥(q) T 1(q) : displacement field
Shell crossing
s =
. y
O« > . > . Solution is exact until

1 JL 2 ‘J shell crossing
o — | of | of |




Post-collapse PT:beyond shell-crossing

AT & Colombi (17)

2

- velocity

2

velocity

Cold collapse in |1-D simulation

-
T

shell crossing

=

-2

position

-1 0 1

position

2

velocity

\

_multi-stream flow

4

velocity
|

-2 -1 0

position

Computing back-reaction to the Zeldovich flow:

2

o
T

_formation of halo

N

-2 -1 0 1 2

position

Lagrangian

|. Expand the displacement field around shell-crossing point, ‘

x(q;7) ~ A(qo; ) — Blqo; 7)(q — q0) + Cqo; 7)(q — q0)°

2. Compute force F(z(q;7)) = =V, ®(z(g; 7)) at multi-stream region

polynomial function of Q=.q-qo up to /th order
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Post-collapse PT: single cluster

AT & Colombi (‘17)

Post-collapse PT basically fails after next shell-crossing, but it still

gives reasonable prediction for density profiles Simulation

Zel’dovich
Post-gollllal

| EXLELE

B

Shell cro

]
Fa=0.16y"

Phase-space ssing

pse PT

———
0.05 [.2=0-10 .01

1 0.05

> o

1-0.05 F

-0.05 [ F
= 4 -0.1 b P

100 PR S T T N TR T T o e v v v v 1 i b ey

0.5 1 0 0.5 1 (4] 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

Density profile
100

N 100:--------= LI BB =iiii'iiii=
IO;- 1 10: aAn E 3 . . ] 3 ) E
1’ 1 1}
0.4 B '

Q

Of course, this does not guarantee the accuracy of power

spectrum prediction at small scales (— next slide)



Post-collapse PT: ACDM

12 Planck ACDM
Pip (k) = —PgD(k)/

T (Dimelnsionlelss) power sEectrum L = 1,000 Mpc
Linear 7 soome. # of particles (sheets) : 2 x 10°
= . # of runs : 50
E Z_O 600 :_Il Frrrrrii I rrrrrrrri I rrr IPhase_SPace
_ 400 | '
- <200 F
10-1|— E  of
- — 200 F
B Simulation —400 : /
L Zel’dOVICh _600 :l | I I | | I | | I Liitil I
| Post-collapse PT 400 420 440 460 480
10-7 L 1 I 1111l [ R L 111 [M ]
10-2 10-! 1 * LAPC
k [Mpc—1] AT & Colombi (‘17)
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Post-collapse PT: ACDM

Adaptive smoothing

— (Dimensionless) power spectrum appll.ed 0 il ey pe.aks
— ! . (with filter scales determined
Linear 7 ime. _ : :
s / Rl by first-barrier crossing)
E Z—O 600 :_IIIIIIIIIIIIIIIIIIIIIIIIIPhase_SPace
- 400 F =
- - < 200F E
o T S C 7,0
1071 = £ _F E
- 4 — -200 | -
m . . 3 > : -
B Simulation - -400 =
B Zel'dovich ] —600 = =
L P _ ”a SePT_ _lllllllllllllllllllIllllllll[lllllll u
| ost-co |P 400 420 440 460 480
-2 L 1 11111 L 1 1111l [ 1 1
e 10! 1 x [Mpe]
k [Mpc] AT & Colombi (‘17)
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Implication to 3D

Combination of the two methods are rather crucial:

PT scheme beyond shell crossing & Coarse-graining
(post-collapse PT) (adaptive smoothing)

But, idea & technique are promising and can be extended to 3D

Issues to be addressed

* Accurate pre-collapse description
v Zel'dovich approx. is inaccurate

¥ Various topologies of shell crossing

* Tractable analytical calculation of
statistical quantities
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State-of-the-art cosmological Vlasov code

b. 323 + two level dynamic adaptive refinement

DIRECT INTEGRATION OF THE COLLISIONLESS BOLTZMANN EQUATION
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An adaptively refined phase-space element method for 0. 5125 Niserly
cosmological simulations and collisionless dynamics SN

: *
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Cold initial condition 2016

ColDICE: a parallel Vlasov-Poisson solver using moving adaptive simplicial
tessellation
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Analytic treatment helps to understand
what is going on in Vlasov simulations




Approaching shell-crossing in 3D

W/ S. Saga & S. Colombi (in progress)

In 3D, even the description of pre-collapse phase is non-trivial

Lagrangian PT treatment is the only way to analytically capture
the shell-crossing
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Summary
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