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We discuss fundamental theories with maximal 
supersymmetry: M-theory, Superstring theory and 
maximally extended supergravity and their symmetries. 
Some of these symmetries play an important role in 
improved ultraviolet behaviour of extended 
supergravities. 

When maximal supersymmetry is spontaneously broken 
to minimal supersymmetry we deduce phenomenological 
models interesting for observational cosmology. These 
models, called alpha-attractor models, are in good 
agreement with CMB and LSS observations, and provide 
targets for future satellite missions designed for detection 
of primordial gravitational waves



Introduction

Part I, formal. M-theory d=11, superstring theory d=10, 
maximal supergravity d=4

Part II, cosmology. From the sky to the  fundamental 
physics
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According to the famous Lyth bound, one can confirm large field inflation by finding tensor modes
with su�ciently large tensor-to-scalar ratio r. Here we will try to answer two related questions: Is
it possible to rule out all large field inflationary models by not finding tensor modes with r above
some critical value, and what can we say about the scale of inflation by measuring r? However, in
order to answer these questions one should distinguish between two di↵erent definitions of the large
field inflation and three di↵erent definitions of the scale of inflation. We will examine these issues
using the theory of cosmological ↵-attractors as a convenient testing ground.

1. INTRODUCTION

There is a lot of interest in the search of gravitational
waves produced during inflation. Discovery of such gravita-
tional waves would be tremendously important not only as
an additional confirmation of inflationary theory, but also
as a direct confirmation of predictions of quantum gravity
at enormous energies. But even a non-discovery of infla-
tionary gravitational waves would be very important since
it would rule out large families of inflationary models. It al-
ready played this role by ruling out the simplest model with
the quadratic potential m

2

2 '2, and by ruling out or placing
under pressure many other popular inflationary models [1].

One of the tools helping to approach these issues is the
famous Lyth bound [2]. To derive it, one can use the slow-
roll approximation and equation for the inflaton field as a
function of the number of e-foldings N remaining until the
end of inflation:

d'

dN
=

V 0

V
, (1.1)

where V 0/V is related to the tensor to scalar ratio r and the
slow-roll parameter ✏,

r = 16✏ = 8

✓
V 0

V

◆2

. (1.2)

Here and throughout the paper, we work in Planck units
Mp = 1. Integrating the first equation shows that during
inflation when the universe grows eN times the scalar field
decreases by

�' =

Z
N

0
dN

⇣r
8

⌘1/2
. (1.3)

Assuming that N > 30 and that r monotonously grows dur-
ing inflation (which is often the case), one finds the bound

�' & 10
p
r . (1.4)

One can tweak this bound a bit, but it is di�cult to get
around its consequences [3]. In particular, if the cosmologi-
cal observations find that r & 10�2, they will demonstrate,
or at least strongly indicate, that the universe experienced

large field inflation, during which the inflaton field changed
by more than the Planck value, �' > 1. This result would
have profound implications for the development of inflation-
ary cosmology, and for evaluation of various theoretical ideas
related to quantum gravity and string theory.

One may wonder whether it is possible to use similar con-
siderations to rule out all large field models with ' > 1 by
not finding tensor modes with r & 10�2, or r & 10�3, or per-
haps r & 10�4. The short answer to this question is “No”,
but the long answer is more nuanced; it depends on what ex-
actly do we mean by large field inflation. Indeed, there are
at least 2 very di↵erent definitions of the large field inflation
and 3 di↵erent definitions of the scale of inflation:

A. Global definition of large field inflation. From the point
of view of the foundations of inflationary theory, one of the
main issues is whether the canonically normalized inflaton
field ' may have a super-Planckian value ' > 1 at any stage

of the cosmological evolution, or it is always sub-Planckian
in accordance with various conjectures often debated in the
literature.

B. Large field inflation during the last 50-60 e-foldings.
From the point of view of the observational cosmology, one
may want to know whether the canonically normalized field
' was large during the last 50-60 e-foldings of inflation.

C. Characteristic scale of the inflaton field. One may won-
der whether the characteristic scale of the inflaton field, de-
scribing a typical range �' in which the inflaton potential
changes in a significant way, can be super-Planckian. For ex-
ample, the characteristic scale for the theory with a potential
V = V0(1� e�'/M ) as defined in [3] is �' = M .

D. The energy scale of inflation. There is an important
relation between the inflaton potential V and r [4]

V 1/4 ⇠ 1.04⇥ 1016 GeV
⇣ r

0.01

⌘1/4
. (1.5)

Some authors use this relation to argue that the discovery of
the tensor modes would give us access to physics at energy
scales more than 1011 times higher than those probed at the
LHC collider. However, the comparison with the LHC col-
lider may suggest, incorrectly, that during inflation the uni-
verse consisted of colliding particles with energies V 1/4, com-
parable with the grand unification energy scale ⇠ 1016 GeV.
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Fundamental idea following the discovery of General Rela8vity: local supersymmetry

Einstein’s dream of unifying electromagne4sm and gravity was realized star8ng 
with extended N=2 supergravity. The model does so by adding two real gravi4no to 
the photon and the graviton. The first breakthrough into finiteness of quantum 
supergravity occurred via this unifica8on: an explicit calcula8on of photon—photon 
sca=ering which was known to be divergent in the coupled Maxwell—Einstein 
system yielded a drama8c result : the new diagrams involving gravi8nos cancelled 
the divergences found previously, 1976.

More such cancella8on were found later in higher N. 

LHC did not discover low-energy N=1 supersymmetry yet, nor gave evidence of extra 
dimensions.
However, the idea of a maximal supersymmetry, spontaneously broken to 
minimal supersymmetry, can be tested in cosmology

N=8 in d=4 supergravity, 

M-theory , N=1 in d=11

Superstring theory, N=2 in d=10

B-mode targets

Hidden symmetries



• B-mode detec*on, if it takes place, will probe energies at about 1013 GeV,  billion *mes 
higher than the energies probed at LHC 

Whereas • LIGO discovery of gravita*onal waves confirms General Rela*vity, a discovery of 
primordial  gravita*onal waves will confirm our understanding of Quantum Gravity, up to 
energies of infla*on, since we describe infla*onary perturba*ons using both
General Rela*vity and Quantum field Theory

The range of B• -mode space detectors   10-3 <  r  <  10-2 is par*cularly interes*ng since 
it has targets from the fundamental physics: string theory, M-theory, maximal supergravity

N=55 e-foldings

r ⇡ 3↵
4

N2
ns ⇡ 1� 2

N

3a= 7,6,5,4,3,2,1

a-aWractor models

Starobinsky and Higgs,  
a=1

Seven values scanning the range between  10-3 and 10-2

Short summary

ns ⇡ 0.963
Example



From the Executive Summary of the CDT Report

https://cmb-s4.org/CMB-S4workshops/index.php/
File:CMBS4_CDT_final.pdf

From the Executive Summary of the CDT Report

https://cmb-s4.org/CMB-S4workshops/index.php/
File:CMBS4_CDT_final.pdf

Concept Definition Task force (CDT)

Working from CMB-S4 Science Book, earlier documents, 
and new simulation work, the NSF & DOE-sponsored 
Concept Definition Task force submitted its report in 
October 2017

Concept defined and costed. 
Formal CMB-S4 collaboration now being established 

and working with the agencies and national 
laboratories on next steps.

https://cmb-s4.org/CMB-S4workshops/index.php/
File:CMBS4_CDT_final.pdf
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and working with the agencies and national 
laboratories on next steps.

https://cmb-s4.org/CMB-S4workshops/index.php/
File:CMBS4_CDT_final.pdf



LIGO detected GW from binary black holes 
and neutron stars, with the wavelength of 
thousands of kilometers

But the primordial GW affec@ng the CMB 
have wavelengths of billions of light-years!!!



Test of General Rela.vityTest of Quantum Gravity



The Future
Gravitational Waves from 
the Birth of the Universe

(in 10 years!?)

L. Page, talk at the Breakthrough Prize Symposium, December 4, 2017 at Stanford 

Primordial	gravitational	waves	would	be	a	direct	connection	
between	gravitation	and	quantum	mechanical	processes

….a	test	of	cosmology

….and	a	link	between	Einstein	and	Bohr	that	has	eluded	
physics	for	100	years

$40 Million Grant Establishes Simons Observatory, a New InvesJgaJon into the FormaJon 
of the Early Universe



Part I, formal. M-theory d=11, superstring theory d=10, 
maximal supergravity d=4

Hyperbolic disk and half-plane

Yanghui triangle,    
13th century

Maurits Cornelis Escher, 1898-1972, 

Dutch Graphic Artist



http://mathworld.wolfram.com/PoincareHyperbolicDisk.html

r ⇠ 10�3 ↵ =
1

3

For a unit size Poincare disk:

Next CMB satellite mission target

ds2 = 3↵
dZ dZ̄

(1� ZZ̄)2
<latexit sha1_base64="DQYczgUNPj1zYZePqem6o9iruSo=">AAACF3icbVDLSgMxFL3j2/qqunQTLEIFrTMVURdCwY3LCvZBO225k0ltMPMgyQhl6Ge48VfcuFBxqzv/xvSx0OqBwMk595Dc48WCK23bX9bM7Nz8wuLScmZldW19I7u5VVVRIimr0EhEsu6hYoKHrKK5FqweS4aBJ1jNu7sc+rV7JhWPwhvdj1krwNuQdzlFbaRO9shX7SK5OHZRxD0kJPUb7oHveihJw41MkuSdw8b4vt8uDjrZnF2wRyB/iTMhuVL1JEcAoNzJfrp+RJOAhZoKVKrp2LFupSg1p4INMm6iWIz0Dm9Z09AQA6Za6WixAdkzik+6kTQn1GSk/kykGCjVDzwzGaDuqWlvKP7nNRPdPWulPIwTzUI6fqibCKIjMmyJ+FwyqkXfEKSSm78S2kOJVJsuM6YEZ3rlv6RSLJwX7GtTRg3GWIId2IU8OHAKJbiCMlSAwgM8wQu8Wo/Ws/VmvY9HZ6xJZht+wfr4BnWsnpU=</latexit><latexit sha1_base64="FqCWyziIz9yG9PLtiMH2du/qzT4=">AAACF3icbVDLSgMxFM34rPU16tJNsAgVtM5URF0IBTcuK9gH7bTlTiZtQzMPkoxYhn6GLvwVNy5U3OrOvzF9LLT1QODknHtI7nEjzqSyrG9jbn5hcWk5tZJeXVvf2DS3tssyjAWhJRLyUFRdkJSzgJYUU5xWI0HBdzmtuL2roV+5o0KyMLhV/Yg2fOgErM0IKC21zGNPNvP48sQBHnUB48SrOYee44LANSfUSZy1j2rj+0EzP2iZGStnjYBniT0hmUL5NIMf7wfFlvnleCGJfRoowkHKum1FqpGAUIxwOkg7saQRkB50aF3TAHwqG8losQHe14qH26HQJ1B4pP5OJOBL2fddPemD6sppbyj+59Vj1T5vJCyIYkUDMn6oHXOsQjxsCXtMUKJ4XxMggum/YtIFAUTpLtO6BHt65VlSyucuctaNLqOCxkihXbSHsshGZ6iArlERlRBBD+gZvaI348l4Md6Nj/HonDHJ7KA/MD5/AIQKoCA=</latexit><latexit sha1_base64="FqCWyziIz9yG9PLtiMH2du/qzT4=">AAACF3icbVDLSgMxFM34rPU16tJNsAgVtM5URF0IBTcuK9gH7bTlTiZtQzMPkoxYhn6GLvwVNy5U3OrOvzF9LLT1QODknHtI7nEjzqSyrG9jbn5hcWk5tZJeXVvf2DS3tssyjAWhJRLyUFRdkJSzgJYUU5xWI0HBdzmtuL2roV+5o0KyMLhV/Yg2fOgErM0IKC21zGNPNvP48sQBHnUB48SrOYee44LANSfUSZy1j2rj+0EzP2iZGStnjYBniT0hmUL5NIMf7wfFlvnleCGJfRoowkHKum1FqpGAUIxwOkg7saQRkB50aF3TAHwqG8losQHe14qH26HQJ1B4pP5OJOBL2fddPemD6sppbyj+59Vj1T5vJCyIYkUDMn6oHXOsQjxsCXtMUKJ4XxMggum/YtIFAUTpLtO6BHt65VlSyucuctaNLqOCxkihXbSHsshGZ6iArlERlRBBD+gZvaI348l4Md6Nj/HonDHJ7KA/MD5/AIQKoCA=</latexit>

ds2 =
dx2 + dy2

(1� x2 � y2)2

http://mathworld.wolfram.com/PoincareHyperbolicDisk.html


From the hyperbolic disk to a half-plane 
(the Cayley transform)

ds2 = 3↵
dZ dZ̄

(1� ZZ̄)2
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ds2 = 3↵
@T@T̄

(T + T̄ )2

T =
1 + Z

1� Z
Z =

T � 1

T + 1

SU(1, 1)SL(2,R)



Möbius transformations applied to hyperbolic tilings

http://en.wikipedia.org/wiki/M%C3%B6bius_transformation


Maximal supersymmetry and B• -modes
• M-theory in d=11 

Superstring theory in d=10 •
• N=8 supergravity in d=4

2016, Ferrara and RK

Scalars are coordinates of the coset space in N=8 supergravity in d=4 G

H
=

E7(7)

SU(8)

ds2 = k
dTdT̄

(T + T̄ )2
, k = 1, 2, 3, 4, 5, 6, 7

Geometries with discreet number of unit size Poincaré disks are possible when 
consistent reduction of supersymmetry is performed. Upon identification of their 
moduli one finds

= 3 a

At least one disk and no more than seven

N=55 e-foldings

E7(7)(R) � [SL(2,R)]7

r ⇡ {1.3, 2.6, 3.9, 5.2, 6.5, 7.8, 9.1}⇥ 10�3

ns ⇡ 0.963



3 Seven-disk geometry in maximal supergravity

Before looking at M-theory on a 7-manifold with G2 holonomy we will explain the origin of
the seven-disk geometry starting from D=4 N = 8 supergravity. M theory/d=11 supergravity
can be compactified on a 7-torus, which leads to d=4 maximal N = 8 supergravity [7] upon

dualization of the form fields. This model has 70 scalars in the coset space
E7(7)

SU(8) and E7(7) sym-

metry. Following [8], we consider truncation of N = 8 supergravity [7] to N = 4 supergravity
interacting with six N = 4 vector multiplets. The E7(7) symmetry is decomposed as follows

E7(7) � [SL(2)]⇥ SO(6, 6) , (3.1)

The 70 scalars of N = 8 supergravity [7] are first truncated to

70 ! 2 + 36 (3.2)

In the next step one takes into account that

SO(6, 6) � SO(2, 2)⇥ SO(2, 2)⇥ SO(2, 2) (3.3)

and
36 ! 3⇥ 4 (3.4)

so that
70 ! 2(1 + 6) = 2⇥ 7 = 14 . (3.5)

This truncation has a Kähler structure supporting N = 1 supersymmetry. One can identify 7
Poincaré disks due to the decomposition

E7(7)(R) � [SL(2,R)]7 . (3.6)

The original kinetic term is reduced to a form with the Kähler potential of the form

K = �
7X

i=1

ln(�i(⌧i � ⌧̄i)) (3.7)

with 7 pairs of independent scalars and the [SL(2,R)]7 symmetry, a seven-disk manifold. The
fact that the disk of the SL(2) commuting with SO(6, 6) has the same Kähler curvature of the
other six SL(2)/SO(2) (each separately corresponding to ↵ = 1/3) can be understood by string
triality arguments [9] and by the underlying special geometry of the N=2 truncation [10].

4 M theory on a 7-manifold with G2 holonomy

Instead of a compactification on a 7-torus, one can compactify M theory on a 7-manifold with
G2 holonomy. The early investigation of G2 holonomy in physics was performed in [11], with
review of the first 20 years in [12]. One of the most recent application of this compactification

4

can be found in [13] and, of course, many more studies of M theory on G2 were performed over
the years.

Here we will focus on the model studied in [14, 15], it requires the following choice of the
Betti numbers

(b0, b1, b2, b3) = (1, 0, 0, 7) . (4.1)

This theory is identified with the maximal rank reduction on the seven torus and leads directly
to d=4 N = 1 ‘curious supergravity’ where 7 complex scalars are coordinates of the coset space

hSL(2,R)
SO(2)

i7
. (4.2)

The corresponding Kähler potential describing the scalar sector of this theory is the one in
eq. (3.7) with 7 pairs of independent scalars and the [SL(2,R)]7 symmetry. This model is one
of the ‘Four curious supergravities’ defined in [15]. The other 3 have N = 2, N = 4, N = 8
supersymmetries, we are interested only in N = 1 ‘curious supergravity’. It has the field
content defined by Betti numbers : the d=4 fields originating from the d=11 metric gMN are

gµ⌫ ! b0 = 1
Aµ ! b1 = 0
A ! b1 + b3 = 7 (4.3)

The ones from d=11 gravitino  M are

 µ ! b0 + b1 = 1
� ! b2 + b3 = 7 (4.4)

The ones from the 3-form AMNP are

Aµ⌫⇢ ! b0 = 1
Aµ⌫ ! b1 = 0
Aµ ! b2 = 0
A ! b3 = 7 (4.5)

To summarize, the field content of the M theory compactified on a 7-manifold with G2 holonomy
and Betti numbers (4.1) is a metric, a gravitino and a 3-form (which has no degrees of freedom,
but a↵ects trace anomaly)

gµ⌫ ,  µ, Aµ⌫⇢ (4.6)

and 7 scalars, 7 spin 1/2 fields and 7 pseudoscalars

⌧i = Ai + iAi, �i . (4.7)

The corresponding Kähler geometry is the seven-disk manifold in (3.7).
For generic Betti numbers (b0, b1, b2, b3) these models are known to have a generalized mirror

symmetry, which flips one set of Betti numbers into the other one,

(b0, b1, b2, b3) ! (b0, b1, b2 � ⇢/2, b3 + ⇢/2) (4.8)
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3 Seven-disk geometry in maximal supergravity

Before looking at M-theory on a 7-manifold with G2 holonomy we will explain the origin of
the seven-disk geometry starting from D=4 N = 8 supergravity. M theory/d=11 supergravity
can be compactified on a 7-torus, which leads to d=4 maximal N = 8 supergravity [7] upon

dualization of the form fields. This model has 70 scalars in the coset space
E7(7)

SU(8) and E7(7) sym-

metry. Following [8], we consider truncation of N = 8 supergravity [7] to N = 4 supergravity
interacting with six N = 4 vector multiplets. The E7(7) symmetry is decomposed as follows

E7(7) � [SL(2)]⇥ SO(6, 6) , (3.1)

The 70 scalars of N = 8 supergravity [7] are first truncated to

70 ! 2 + 36 (3.2)

In the next step one takes into account that

SO(6, 6) � SO(2, 2)⇥ SO(2, 2)⇥ SO(2, 2) (3.3)

and
36 ! 3⇥ 4 (3.4)

so that
70 ! 2(1 + 6) = 2⇥ 7 = 14 . (3.5)

This truncation has a Kähler structure supporting N = 1 supersymmetry. One can identify 7
Poincaré disks due to the decomposition

E7(7)(R) � [SL(2,R)]7 . (3.6)

The original kinetic term is reduced to a form with the Kähler potential of the form

K = �
7X

i=1

ln(�i(⌧i � ⌧̄i)) (3.7)

with 7 pairs of independent scalars and the [SL(2,R)]7 symmetry, a seven-disk manifold. The
fact that the disk of the SL(2) commuting with SO(6, 6) has the same Kähler curvature of the
other six SL(2)/SO(2) (each separately corresponding to ↵ = 1/3) can be understood by string
triality arguments [9] and by the underlying special geometry of the N=2 truncation [10].

4 M theory on a 7-manifold with G2 holonomy

Instead of a compactification on a 7-torus, one can compactify M theory on a 7-manifold with
G2 holonomy. The early investigation of G2 holonomy in physics was performed in [11], with
review of the first 20 years in [12]. One of the most recent application of this compactification
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compactification to d=4 of the N = 1 supergravity/string theory in d=10 space-time leads
to scalars in SO(6,6)

SO(6)⇥SO(6) coset space2 upon truncation of non-geometric moduli from the d=10
vector multiplets.

As the result of the dimensional reduction one finds a d=4 action for the scalars of the
following form, Z

d4x
p
�g e��(L1 + L2) . (5.1)

Here

L1 = R + gµ⌫@µ�@⌫�� 1

12
Hµ⌫⇢H

µ⌫⇢ , (5.2)

and

L2 =
1

8
tr(@µM

�1@µM) . (5.3)

Here M is a symmetric O(6, 6) matrix

M =

✓
G�1 �G�1B
BG�1 G� BG�1B

◆
, (5.4)

where G↵� and B↵� are the internal space metric and a 2-form, ↵, � = 1, . . . , 6. Together they

represent the 36 coordinates of the coset space SO(6,6)
SO(6)⇥SO(6) , we recover the moduli space of the

six-torus T6 in string theory. We would like now to perform the truncation of the 6-torus to
three T2 so that

T2 ⇥ T2 ⇥ T2 ⇢ T6 (5.5)

This corresponds to the reduction SO(6, 6) � [SO(2, 2)]3 and analogous reduction on the on
coset representative

SO(6, 6)

SO(6)⇥ SO(6)
!

h SO(2, 2)

SO(2)⇥ SO(2)

i3
. (5.6)

This means that we keep the following 9 components of G↵�

G(IJ) = (g11, g22, g12; g33, g44, g34; g55, g66, g56) , (5.7)

and 3 components of B↵�

B[IJ ] = (b12 ⌘ b1, b34 ⌘ b2, b56 ⌘ b3) . (5.8)

We also introduce notation

g1 ⌘ g11g22 � g212 , g2 ⌘ g33g44 � g234 , g3 ⌘ g55g66 � g256 . (5.9)

Now we observe that the coset SO(2,2)
SO(2)⇥SO(2) is isomorphic to SL(2,R)

SO(2) ⇥ SL(2,R)
SO(2) and so we can

package the SO(2, 2) matrix into an SL(2,R)⇥ SL(2,R) matrix. We will do this for all three

2
In general, in the case of the heterotic string theory one finds scalars in the

SO(6,6+n)
SO(6)⇥SO(6+n) coset space.

Here the scalars in the
SO(6,6)

SO(6)⇥SO(6) part of the coset space originate from the geometric moduli, whereas the

additional ones with n 6= 0 originate from the matter vector multiplets in d=10. If we keep some of the vector

multiplets, so that n > 0 we do not find models with Poincaré disk geometry.
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8

compactification to d=4 of the N = 1 supergravity/string theory in d=10 space-time leads
to scalars in SO(6,6)

SO(6)⇥SO(6) coset space2 upon truncation of non-geometric moduli from the d=10
vector multiplets.

As the result of the dimensional reduction one finds a d=4 action for the scalars of the
following form, Z

d4x
p
�g e��(L1 + L2) . (5.1)

Here

L1 = R + gµ⌫@µ�@⌫�� 1

12
Hµ⌫⇢H

µ⌫⇢ , (5.2)

and

L2 =
1

8
tr(@µM

�1@µM) . (5.3)

Here M is a symmetric O(6, 6) matrix

M =

✓
G�1 �G�1B
BG�1 G� BG�1B

◆
, (5.4)

where G↵� and B↵� are the internal space metric and a 2-form, ↵, � = 1, . . . , 6. Together they

represent the 36 coordinates of the coset space SO(6,6)
SO(6)⇥SO(6) , we recover the moduli space of the

six-torus T6 in string theory. We would like now to perform the truncation of the 6-torus to
three T2 so that

T2 ⇥ T2 ⇥ T2 ⇢ T6 (5.5)

This corresponds to the reduction SO(6, 6) � [SO(2, 2)]3 and analogous reduction on the on
coset representative

SO(6, 6)

SO(6)⇥ SO(6)
!

h SO(2, 2)

SO(2)⇥ SO(2)

i3
. (5.6)

This means that we keep the following 9 components of G↵�

G(IJ) = (g11, g22, g12; g33, g44, g34; g55, g66, g56) , (5.7)

and 3 components of B↵�

B[IJ ] = (b12 ⌘ b1, b34 ⌘ b2, b56 ⌘ b3) . (5.8)

We also introduce notation

g1 ⌘ g11g22 � g212 , g2 ⌘ g33g44 � g234 , g3 ⌘ g55g66 � g256 . (5.9)

Now we observe that the coset SO(2,2)
SO(2)⇥SO(2) is isomorphic to SL(2,R)

SO(2) ⇥ SL(2,R)
SO(2) and so we can

package the SO(2, 2) matrix into an SL(2,R)⇥ SL(2,R) matrix. We will do this for all three

2
In general, in the case of the heterotic string theory one finds scalars in the

SO(6,6+n)
SO(6)⇥SO(6+n) coset space.

Here the scalars in the
SO(6,6)

SO(6)⇥SO(6) part of the coset space originate from the geometric moduli, whereas the

additional ones with n 6= 0 originate from the matter vector multiplets in d=10. If we keep some of the vector

multiplets, so that n > 0 we do not find models with Poincaré disk geometry.
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copies of SO(2,2)
SO(2)⇥SO(2) cosets, following an example of one of them in [19]. We have 4 real scalars

from g11, g22, g12, b12. We package them as follows: t1 ⌘ b1 + i
p
g
1
and u1 ⌘ g12

g22
+ i

p
g1

g22
. The

inverse relation is for the 2x2 matrices

G =

✓
g11 g12
g21 g22

◆
=

Im t1
Im u1

✓
u1u⇤

1 Reu1

Reu1 1

◆
(5.10)

B =

✓
0 b12
b21 0

◆
= Re t1

✓
0 1
�1 0

◆
(5.11)

In the same way we can organize all 6 complex scalars, 3 of them are often called Kähler moduli

t1 = b1 + i
p
g1 , t2 = b2 + i

p
g2 , t3 = b3 + i

p
g3 , (5.12)

and the other 3 are called complex structure moduli

u1 =
g12
g22

+ i

p
g
1

g22
, u2 =

g34
g44

+ i

p
g
2

g44
, u3 =

g56
g66

+ i

p
g
3

g66
. (5.13)

This corresponds to reorganizing
h

SO(2,2)
SO(2)⇥SO(2)

i3
into

h
SL(2,R)]
SO(2)

i6
. The corresponding Kähler

potentials are K(ti, t̄i) = � ln(�i(ti � t̄i)) and K(ui, ūi) = � ln(�i(ui � ūi)).
One more important step here is to switch from the string frame as in (5.1) to the Einstein

frame in d=4, which is a well known procedure of rescaling the metric, see for example [16].
As the result, we find an action with N = 1 supersymmetry and 7 complex scalars. The axion,
dual to Hµ⌫�, and dilaton as shown in eq. (5.2) form a complex scalar

s = a+ ie� (5.14)

with the Kähler potential K = � ln(�i(s � s̄)). The complete Kähler potential of the string
theory dimensionally reduced on T2 ⇥ T2 ⇥ T2 ⇢ T6 is now given by the expression in (4.13) in
the previous section, as promised there.

Thus here again we reproduced the 7 Poincaré disk geometry of the unit radius each. We
may now study the same cases as we did in the previous section: the conclusion is as in M-
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One more important step here is to switch from the string frame as in (5.1) to the Einstein

frame in d=4, which is a well known procedure of rescaling the metric, see for example [16].
As the result, we find an action with N = 1 supersymmetry and 7 complex scalars. The axion,
dual to Hµ⌫�, and dilaton as shown in eq. (5.2) form a complex scalar

s = a+ ie� (5.14)

with the Kähler potential K = � ln(�i(s � s̄)). The complete Kähler potential of the string
theory dimensionally reduced on T2 ⇥ T2 ⇥ T2 ⇢ T6 is now given by the expression in (4.13) in
the previous section, as promised there.

Thus here again we reproduced the 7 Poincaré disk geometry of the unit radius each. We
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Maximal              supergravity

• Theory has    28 = 256 massless states.
• Mul6plicity of states, vs. helicity, from coefficients in 
binomial expansion of  (x+y)8 – 8th row of Pascal’s triangle

SUSY charges
Qa, a=1,2,…,8
shi6 helicity by 
1/2

DeWit, Freedman (1977); Cremmer, Julia, Scherk (1978); 
Cremmer, Julia (1978,1979); De Wit, Nicolai (1982)

• Ungauged theory, in flat space6me



Pascal's triangle determines the coefficients which arise 
in binomial expansions.
Each number in the triangle is the sum of the two directly above it.

N=4 SYM

N=8 SG

(x+y)4

(x+y)8

Yanghui triangle      
13th century
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FIG. 5: Cubic graphs 1 to 11 that contribute to the four-loop four-point amplitude of N = 4 sYM
theory and N = 8 supergravity. The labels 1 to 4, indicate the legs carrying external momenta k1
to k4. The labels 5 to 8 indicate the propagators carrying the independent loop momenta l5 to l8.
The arrows indicate the direction of the momentum. The graphs also specify the color factor of
the graph, simply by dressing each cubic vertex with an f̃abc, respecting the clockwise ordering of

lines at each vertex.

of free parameters that need to be determined in this construction is remarkably small,
considering the expected analytic complexity of amplitudes at four loops.

Using the 86-parameter Ansatz and the solution to the restricted set of duality constraints
listed in appendix A gives us expressions for the numerator factors of any of the 82 non-
snail graphs appearing in the amplitude. (The snail graphs will be determined below in
terms of the non-snail graphs using generalized unitarity cuts.) These expressions do not
yet satisfy all duality constraints; thus far we have imposed only the relatively few relations
in appendix A sufficient to determine all numerators in terms of the master numerators, but
we have not yet accounted for the complete set of duality relations. To further constrain the
master Ansatz we could require that all other dual Jacobi relations are satisfied; there are on
the order of 13 × 85 such functional relations (not all independent). An alternate strategy,
which we follow here, is to first impose the consistency constraints on the numerators of the
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FIG. 6: Cubic graphs 12 to 23 that contribute to the four-loop four-point amplitude of N = 4 sYM
theory and N = 8 supergravity. The labeling is the same as for fig. 5.

graphs derived from N18 and N28 through eqs. (A4) and (A5). After obtaining a complete
solution for all 86 parameters appearing in the ansatz, we then verify that they indeed satisfy
all remaining duality relations and unitarity cuts. An advantage of this strategy is that it
allows us to illustrate the remarkably small number of unitarity cuts needed to find the
complete amplitude, including nonplanar contributions.

As we shall see, to construct the complete amplitude we need only information about the
unitarity cuts of the four-loop planar amplitude, obtained previously in refs. [5, 11]. The list
of constraints needed to fix all 86 parameters in the Ansatz, thus determining the amplitude,
is remarkably short. It is sufficient to enforce:

1. the graph automorphism symmetries on numerators N12, N14 and N28;

2. the maximal cut of graph 12;

3. the next-to-maximal cut of graph 14, where l5 is the off-shell leg. Graph 68 also
contributes to this cut.
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FIG. 8: Cubic graphs 39 to 50 that contribute to the four-loop four-point amplitude of N = 4 sYM

theory and N = 8 supergravity. The labeling is the same as for fig. 5.

and

{k2 ↔ k4, l5 ↔ l6, l7 → k1 − l7, l8 → k3 − l8} . (3.7)

Imposing the invariance of numerator N28 under eqs. (3.6) and (3.7) reduces the number of
its unknown coefficients from 43 to 14. The other master graph, graph 18, does not have any
such automorphism relations; we are therefore left to determine a total of 57 parameters.

We then impose similar symmetry conditions on N12, which may be written in terms of
N18 and N28 as

N12 = −N18(k4, k3, k1, l6,−l5,−l6, l8) +N18(k4, k3, k2, l6, k2 + l8, l5, l7)

+N18(k4, k3, k2, k3 + l8, l5 − l8,−l6, l8)−N28(k1, k2, k3, l5 − l8, k3 − l6 + l8,−l6, l8)

+N28(k2, k1, k3,−l5, 0,−l6, l8)−N28(k4, k3, k1, l6 − l8, k2 − l5 + l8, l8, l8)

+N28(k4, k3, k2, k3, k1 + l5,−k3 + l6, l8) , (3.8)

by combining the 2nd, 6th, 14th and 21st relations in eq. (A4) in appendix A. Invariance
under the automorphisms of graph 12 fixes 37 parameters, leaving undetermined 20 param-
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FIG. 10: Cubic graphs 66 to 79 that contribute to the four-loop four-point amplitude of N = 4
sYM theory and N = 8 supergravity. The labeling is the same as for fig. 5.

some cuts. A good starting point is the maximal cut of graph 12. Its explicit value is easily
obtained using the simple rung-rule numerator of that graph [5, 53],

N rr
12 = s2(l5 + l6 + k1 + k4)

2 . (3.9)
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FIG. 11: Cubic graphs 80 to 85 that contribute to the four-loop four-point amplitude of N = 4

sYM theory. Graphs 83, 84, and 85 vanish identically for N = 8 supergravity, but carry an UV
singularity in the D = 11/2 N = 4 sYM case. The labeling is the same as for fig. 5.

The rung rule was originally designed to reproduce iterated two-particle cuts. Since maximal
cuts can be obtained from iterated two-particle cuts by imposing additional cut conditions,
the rung rule reproduces the maximal cuts as well. Our task is to match N12, as obtained
from the duality relations, and N rr

12 in eq. (3.9) on the maximal cut kinematics that uniquely
single out this graph, i.e. we impose p2i = 0 on all 13 propagators of graph 12. Solving these
conditions, we obtain

l2i = 0 , τ15 = τ25 = τ36 = 0 , τ16 = −τ26 , τ17 = −τ57, (3.10)

τ38 = τ68 , τ28 = τ58 , τ27 = −τ37 + τ57 + τ67 , τ18 = −s+ τ37 − τ58 − τ67 − τ78 .

Thus, on the maximal cut, N rr
12 becomes

Nmax. cut
12 = s2(t− τ26 − τ35 + τ56) . (3.11)

Requiring that the numerator obtained from the Ansatz (3.5) via eq. (3.8) matches Nmax. cut
12

on the maximal cut, the number of undetermined parameters is reduced from 17 to 8.
Finally, all remaining parameters can be determined by requiring the next-to-maximal

cut of graph 14, where all propagators except for 1/l25 are placed on shell, to be satisfied.
Graph 68 also contributes to this cut since it contains the same set of cut propagators.
Relabeling graph 68 so it matches graph 14, and appropriately weighting the numerators by
the remaining off-shell propagators, we find under the cut kinematics,

N14 +
l25
s

(
N68

∣∣∣
l5→k1−l5, l6→−l6
l7→−l7, l8→−l8

)
= s(l5 + k2 + k3)

4 . (3.12)

The right-hand side of this equation is the numerator of graph 14, as constructed using
the rung rule; in the rung-rule representation of the planar four-loop amplitude, graph 68
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FIG. 7: Cubic graphs 24 to 38 that contribute to the four-loop four-point amplitude of N = 4 sYM
theory and N = 8 supergravity. The labeling is the same as for fig. 5.

Strikingly, only two rather simple planar cuts are needed to fully determine the amplitude.
Let us now discuss some details of fixing the parameters.

We start by analyzing the consequences of the symmetries of the master graph 28: This
graph is invariant under two independent transformations:

{k1 ↔ k3, l5 → k2 − l5, l6 → k4 − l6, l7 ↔ l8} , (3.6)
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FIG. 7: Cubic graphs 24 to 38 that contribute to the four-loop four-point amplitude of N = 4 sYM
theory and N = 8 supergravity. The labeling is the same as for fig. 5.

Strikingly, only two rather simple planar cuts are needed to fully determine the amplitude.
Let us now discuss some details of fixing the parameters.

We start by analyzing the consequences of the symmetries of the master graph 28: This
graph is invariant under two independent transformations:

{k1 ↔ k3, l5 → k2 − l5, l6 → k4 − l6, l7 ↔ l8} , (3.6)
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FIG. 9: Cubic graphs 51 to 65 that contribute to the four-loop four-point amplitude of N = 4 sYM

theory and N = 8 supergravity. The labeling is the same as for fig. 5.

eters. Similarly, imposing the graph symmetry condition on N14 reduces the total number
of unknown parameters to 17. (These parameter counts are for the specific set of duality
relations given in eq. (A4). Using another set of relations would result in somewhat different
parameter counts; however, the final solution would be the same.)

We could continue imposing more symmetry constraints on other numerators, but we
already have a very small set of undetermined parameters. Ultimately, dynamical informa-
tion provided by unitarity cuts should become necessary. Therefore we will now inspect
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FIG. 9: Cubic graphs 51 to 65 that contribute to the four-loop four-point amplitude of N = 4 sYM

theory and N = 8 supergravity. The labeling is the same as for fig. 5.

eters. Similarly, imposing the graph symmetry condition on N14 reduces the total number
of unknown parameters to 17. (These parameter counts are for the specific set of duality
relations given in eq. (A4). Using another set of relations would result in somewhat different
parameter counts; however, the final solution would be the same.)

We could continue imposing more symmetry constraints on other numerators, but we
already have a very small set of undetermined parameters. Ultimately, dynamical informa-
tion provided by unitarity cuts should become necessary. Therefore we will now inspect
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2

FIG. 1: Generalized cuts used to determine the three-loop
four-point amplitude.

The N = 8 supergravity bound (1) corresponds, in the
language of effective actions, to a one-particle irreducible
effective action starting with loop integrals multiplied by
D4R4 at each loop order beyond L = 1. Here R4 is
a shorthand for the supersymmetrization of a particu-
lar contraction of four Riemann tensors [5], and D de-
notes a generic covariant derivative. The stronger, “su-
perfinite” bound (2), if applied to N = 8 supergravity,
would differ from eq. (1) beginning at L = 3 for general
D, although both bounds imply three-loop finiteness for
D = 4. It corresponds to a three-loop effective action
beginning with D6R4, not D4R4. As the supergravity
finiteness bound (1) is based on only a limited set of uni-
tarity cuts [12], additional (stronger) cancellations may
be missed [14].

To study this issue, we use the unitarity method [13,
19] to build the three-loop four-point N = 8 supergrav-
ity amplitude. In this method, on-shell tree amplitudes
suffice as ingredients for computing amplitudes at any
loop order. The reduction to tree amplitudes is crucial.
It allows the use of the Kawai-Lewellen-Tye (KLT) [23]
tree-level relations between gravity and gauge theory am-
plitudes [12], effectively reducing gravity computations to
gauge theory ones. The original KLT relations express
tree-level closed-string scattering amplitudes in terms of
pairs of open-string ones. The perturbative massless
states of the closed and open type II superstring compact-
ified to four dimensions on a torus, are those of N = 8
supergravity and N = 4 super-Yang-Mills theory, respec-
tively. Thus, in the limit of energies well below the string
scale, the KLT relations express N = 8 supergravity tree
amplitudes as quadratic combinations of N = 4 super-
Yang-Mills tree amplitudes (see e.g. ref. [16]). At tree
level there are no subtleties in taking this limit.

We use the generalized unitarity cuts [24] illustrated in
fig. 1. Together with the iterated two-particle cuts eval-
uated in refs. [12, 19], these cuts completely determine
any massless three-loop four-point amplitude. Since we
are interested in the UV behavior of the amplitudes in
D dimensions, the unitarity cuts must be evaluated in
D dimensions [25]. This renders the calculation more
difficult, because powerful four-dimensional spinor meth-
ods cannot be used. Some of the D-dimensional com-
plexity is avoided by performing internal-state sums in
terms of the simpler on-shell gauge supermultiplet of
D = 10, N = 1 super-Yang-Mills theory instead of the
D = 4, N = 4 multiplet. We have also performed various
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FIG. 2: Loop integrals appearing in both N = 4 gauge-theory
and N = 8 supergravity three-loop four-point amplitudes.
The integrals are specified by combining the diagrams’ prop-
agators with numerator factors given in table I.

four-dimensional cuts, which in practice provide a very
useful guide.

Our computation proceeds in two stages. In the first
stage we deduce the three-loop N = 4 super-Yang-Mills
amplitudes from generalized cuts, including cuts (a)-(c)
in fig. 1, and the iterated two-particle cuts analyzed in
refs. [12, 19]. From the cuts we obtain a loop-integral
representation of the amplitude. The diagrams in fig. 2
describe the scalar propagators for the loop integrals.
The numerator factor for each integral in the super-Yang-
Mills case is given in the second column of table I.

In the second stage we use the KLT relations to
write the cuts of the N = 8 supergravity amplitude as
sums over products of pairs of cuts of the correspond-
ing N = 4 super-Yang-Mills amplitude, including twisted
non-planar contributions. The iterated two-particle cuts
studied in ref. [12], together with the cuts in fig. 1 eval-
uated here, suffice to fully reconstruct the supergravity
amplitude. We find that the three-loop four-point N = 8
supergravity amplitude in D dimensions is,

M (3)
4 =

(κ

2

)8
stuM tree

4

∑

S3

[

I(a) + I(b) + 1
2I(c) + 1

4I(d)

+ 2I(e) + 2I(f) + 4I(g) + 1
2I(h) + 2I(i)

]

, (3)

where S3 represents the six independent permutations of
legs {1, 2, 3}, κ is the gravitational coupling, and M tree

4 is
the supergravity four-point tree amplitude. The I(x)(s, t)
are D-dimensional loop integrals corresponding to the
nine diagrams in fig. 2, with numerator factors given in
the third column of table I. The Mandelstam invariants
are s = (k1 + k2)2, t = (k2 + k3)2, u = (k1 + k3)2. The
numerical coefficients in front of each integral in eq. (3)
are symmetry factors of the diagrams. Remarkably, the
number of dimensions appears explicitly only in the loop
integration measure.
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FIG. 7: Diagrams 43–82 for the four-loop four-point amplitudes of N = 4 and N = 5 supergravity.

(83) (84) (85)

FIG. 8: The bubble-on-external-leg diagrams of N = 4 super-Yang-Mills theory. These do not
contribute to N = 4 and N = 5 supergravity.

The sum runs over all 24 permutations of the external legs. F µν
j is the linearized field-
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FIG. 6: The first 42 diagrams for the four-loop four-point amplitudes of N = 4 and N = 5 super-
gravity. These correspond to the N = 4 super-Yang-Mills diagrams of Ref. [39].

with

O1 =
∑

S4

(DαF1µν) (D
αF µν

2 )F3ρσF
ρσ
4 ,

O2 =
∑

S4

(DαF1µν) (D
αF νσ

2 )F3σρF
ρµ
4 , (5.3)

O3 =
∑

S4

(DαF1µν) (DβF
µν
2 )F α

3σ F σβ
4 .
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N=8, L=3, 2007
UV div. in 9 diagrams cancel

N=8, L=4, 2009
UV div. in 82 diagrams cancel

N=5, L=4, 2014
UV div. in 82 diagrams cancel

E7(7) Explains!

No explana:on known! Our current project

E7(7)(R) � [SL(2,R)]7

7 disks story in cosmology



B-modes 
• Thomson scattering within local quadrupole 

anisotropies generates linear polarization 
• Scalar modes Æ T, E 
• Tensor modes Æ T, E, B 
• Ratio r = ΔT / ΔS 
• Gravitational waves at LSS                 

create B-mode polarization 
• Probes Lyth bound of Inflation  
• Ekpyrotic models Æ r = 0 
 

Lorenzo Moncelsi 

Planck 2015 

BICEP2 2014 

W. Hu 

B>0 B<0 

Moriond 22/3/16 

Planck XX 2015 

BK14 w / 95GHz 2016 

If B-modes are discovered soon with r > 10-2

natural infla;on models, axion monodromy
models, a-a?ractor models,…, will be validated
No need to worry about log scale r

Otherwise, we switch to log r to see           
10-3 <  r  <  10-2

RK, Linde,
Roest, 2013

Part II, Cosmology: from the sky to the fundamental physics
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Suppose infla,on takes place near the pole at t = 0, and 

V(0) > 0,  V’(0) >0, and  V has a minimum nearby. Then 

in canonical variables   

Then in the leading approximation in 1/N, for any non-singular V
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Complex scalar fields in supergravity and string theory 

are coordinates of some geometric space:  MODULI SPACE

Z(t, ~x) , Z̄(t, ~x)

The metric of the moduli space is defined by a second deriva;ve 
of the Kahler poten;al

The curvature of the MODULI SPACE, Kahler curvature for our 
models is 

RKähler = �g�1
ZZ̄

@Z@Z̄ log gZZ̄ = � 2

3↵

ds2 = gZZ̄ dZ dZ̄

gZZ̄ = @Z@Z̄K(Z, Z̄)



Meaning of the measurement of the 
curvature of the 3d space 

k=+1, k=-1, k=0 Spa,al curvature parameter

In the context of new
supergravity cosmological
models, measuring r
means measuring the 
curvature of the hyperbolic 
geometry of the moduli 
space

ns = 1� 2

N
, r = ↵

12

N2

⌦K = �0.0004± 0.00036

scalar fields are coordinates 
of the Kahler geometry

ds2 = �dt2 + a(t)2�ijdx
idxj

RK = � 2

3↵

Decreasing r, decreasing a,
increasing curvature RK

3↵ = R2
Escher ⇡ 103r

Hyperbolic geometry
of a Poincaré disk



An#-D3 Brane Induced Geometric Infla#on: 

Kahler func#on G Cremmer, Ferrara, Girardello,  Julia,  Scherk,  
van Nieuwenhuizen, Van Proeyen, from  1978

Model Building Paradise 

We are interested in anti-D3 brane interaction with Calabi-Yau moduli Ti .  In 
supergravity we expect some interaction between the nilpotent superfield S, 
representing KKLT type anti-D3 brane, and Calabi-Yau moduli Ti

G(T i, T̄ i;S, S̄)

stability of each model and show the absence of tachyons. The bisectional curvature of
these geometric models will play a role in the stability analysis.

We will develop a general class of D3 induced geometric inflation with multiple moduli
in CY bulk interacting with D3 nilpotent multiplet S. It is important that the D3 induced
geometric inflation models have a non-vanishing gravitino mass, W does not vanish during
and at the exit from inflation. In this case, one can use the advantage of a geometric Kähler
function formalism where

G ⌘ K + logW + log W̄ , V = eG(G↵�̄
G↵G�̄ � 3) (1.1)

and study various interesting application of the new models. Here the index ↵ includes the
directions S and Ti.

The role of the Kähler function G was recognized starting with [10] when supergravity
models interacting with matter were first constructed. It was shown there that the action
is fully determined by the Kähler function. However, in some cosmological models, for
example in D-term inflation [11], or in models in [12], during the evolution the superpotential
might vanish. For these models it was more useful to employ the Kähler potential and the
superpotential W since the Kähler function G has a singularity at W = 0. Meanwhile, the
analysis of metastable de Sitter vacua with spontaneously broken supersymmetry was based
mostly on the analysis using the Kähler function G, see for example, [13]. Comparative to
this analysis, the new ingredient here is the fact that the S superfield is nilpotent and that
we will use it for developing inflationary models with the exit to de Sitter minima. Our
Hermitian Kähler function will be of the form

G(Ti, T̄i;S, S̄) = G0(Ti, T̄i) + S + S̄ + GSS̄(Ti, T̄i)SS̄ , (1.2)

which we will show will describe the general case of supergravity models with one nilpotent
multiplet and non-vanishing superpotentials.

We will show below that, in general, from the knowledge of the potential V(Ti, T̄i) and
the T -dependent Kähler function G0(Ti, T̄i) it is possible to recover the S-field geometry

GSS̄(Ti, T̄i)dSdS̄. (1.3)

Whereas the complete formula will be given below in eq. (2.13), here we would like to
point out that under certain conditions the relation between the S-field geometry and the
potential simplifies significantly. If the gravitino mass is constant throughout inflation at
S = 0, and supersymmetry is unbroken in the Ti directions, i.e. during inflation

eG(Ti,T̄i) = |m3/2|
2 = const , GTi(Ti, T̄i) = 0 , (1.4)

– 3 –

simple relation between the potential and the nilpotent field geometry

GSS̄(Ti, T̄i) =
V(Ti, T̄i) + 3|m3/2|2

|m3/2|2
From the sky to 
fundamental physics

RK, Linde, Roest, Yamada, 2017



Start with 1. M-theory, or String theory, or N=8 supergravity

Perform a consistent trunca=on to 2. N=1 supergravity in d=4 with a 7-disk manifold

3.5 Seven-disk merger model

Finally, we briefly discuss the possible merger of several disks. Consider for instance,

G = logW 2
0 �

1

2

7X

i=1

log
(1� ZiZi)2

(1� Z2
i )(1� Z

2
i )

+ S + S + GSSSS, (3.32)

G
SS =

1

W 2
0

(3W 2
0 +V). (3.33)

corresponding to seven disks with ↵i = 1/3. The scalar potential is

V = ⇤+
m2

7

X

i

|Zi|
2 +

M2

72

X

1ij7

⇣
(Zi + Zi)� (Zj + Zj)

⌘2
, (3.34)

and the last term gives the dynamical constraint �i = �j where we have defined canonical
fields as Zi = tanh �i+i✓ip

2
. During inflation at �i = �j =

'p
7
, the scalar potential reads

V(') = ⇤+m2 tanh2
'

p
14

, (3.35)

in terms of the canonically normalized inflaton field.

The axionic directions are stabilized at their origin, and their masses are given by

m2
✓i = 2(m2 + 2W 2

0 )�
1

7
m2

 
7 + 6 cosh

r
2

7
'

!
cosh�4 '

p
14

. (3.36)

The first two constant part dominate the mass and the remaining negative part is suppressed
during inflation. At the minimum, the mass of the axions becomes m2

✓i
= 1

7m
2 + 4W 2

0 and
is still positive.

For real directions {�i}, the following canonical mass eigenbasis is useful, ' = 1p
7

P7
i=1 �i,

and �i =
1p
8�i

((7� i)�i � �i+1 · · ·� �7). The inflaton is ' and moduli �i are stabilized at
their origin with the mass

m2
�i

=
1

7

 
2m2 + 4M2

�m2 cosh

r
2

7
'

!
cosh�4 '

p
14

. (3.37)

As the two disk models, the mass of the moduli �i becomes small, and when 4M2 <

m2 cosh
q

2
7', they becomes tachyonic. At the minimum ' = 0, the inflaton and moduli

mass are given by

m2
� =

1

7
m2, m2

�i
=

1

7
m2 +

4

7
M2. (3.38)

Note that SUSY breaking takes place at the minimum; GS = 1 and
q

GSG
SSGS =

p
3W0.

Here again we see the advantage of using the new geometric class of models comparative to
the earlier version of the seven-disk model in Ref. [24] where we only studied an inflationary
stage.
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3.5 Seven-disk merger model

Finally, we briefly discuss the possible merger of several disks. Consider for instance,

G = logW 2
0 �

1

2

7X

i=1

log
(1� ZiZi)2

(1� Z2
i )(1� Z

2
i )

+ S + S + GSSSS, (3.32)

G
SS =

1

W 2
0

(3W 2
0 +V). (3.33)

corresponding to seven disks with ↵i = 1/3. The scalar potential is

V = ⇤+
m2

7

X

i

|Zi|
2 +

M2

72

X

1ij7

⇣
(Zi + Zi)� (Zj + Zj)

⌘2
, (3.34)

and the last term gives the dynamical constraint �i = �j where we have defined canonical
fields as Zi = tanh �i+i✓ip

2
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, the scalar potential reads
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in terms of the canonically normalized inflaton field.

The axionic directions are stabilized at their origin, and their masses are given by
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The first two constant part dominate the mass and the remaining negative part is suppressed
during inflation. At the minimum, the mass of the axions becomes m2
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0 and
is still positive.

For real directions {�i}, the following canonical mass eigenbasis is useful, ' = 1p
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As the two disk models, the mass of the moduli �i becomes small, and when 4M2 <
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stage.
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3a=7 example

De Sitter exit

The scalar poten=al defining geometry is

r ⇡ 10�2

Explaining 
disk merger:
talk by Yamada



Based on CMB data on the value of the 1lt of the spectrum ns  as a func1on of N
we deduced that hyperbolic geometry  of a Poincaré disk               suggests a way 
to explain the experimental formula

ns ⇡ 1� 2

N

Using a consistent reduc1on from maximal N=8 supersymmetry theories: M-theory 
in d=11, String theory in d=10, maximal supergravity in d=4, to the minimal N=1
supersymmetry we have deduced the favorite models with hyperbolic geometry  
with R2

Escher = 3a= 7,6,5,4,3,2,1

r ⇡ 0.9⇥ 10�2 r ⇡ 1.3⇥ 10�3

B-mode targets from disks merger
In contrast with N=1 supersymmetry models where is arbitrary3a



forecast regions for (ns,r) for CORE

(blue) and LiteBIRD (red) 

σ(ns) = 0.0014 
Improvement factor 

CORE to Planck 2015 

3.4

COrE : Cosmic Origin Explorer

T

T

E

Figure 1: This Figure is taken from [16], it represents a forecast of CMB-S4 constraints in the ns � r plane

for a fiducial model with r = 0.01. Here the grey band shows predictions of the sub-class of ↵-attractor models

[2, 3, 4]. We have added to this figure a blue circle with the letter T inside it corresponding to a highest

preferred value 3↵ = 7 and the purple one corresponding to the lowest preferred value 3↵ = 1 in a seven-disk

geometry. All intermediate cases 3↵ = {1, 2, 3, 4, 5, 6, 7} are between these two. They all describe the class

of ↵-attractor models with V ⇠ tanh
2
('/

p
6↵), so-called quadratic T -models. The quadratic E-models with

V ⇠ (1 � e
p

2/3↵'
)
2
tend to be slightly to the right of the T -models, see [2]. We show them as a navy circle

with the letter E inside it.

by requiring that

3↵ = 7 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 ⌘ ⌧
3↵ = 6 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 ⌘ ⌧ , ⌧7 = const
3↵ = 5 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 ⌘ ⌧ , ⌧6 = ⌧7 = const
3↵ = 4 : ⌧1 = ⌧2 = ⌧3 = ⌧4 ⌘ ⌧ , ⌧5 = ⌧6 = ⌧7 = const
3↵ = 3 : ⌧1 = ⌧2 = ⌧3 ⌘ ⌧ , ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 2 : ⌧1 = ⌧2 ⌘ ⌧ , ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 1 : ⌧1 ⌘ ⌧ , ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const (4.17)

We illustrate in Fig. 1 the features of ↵-attractor models [2, 3, 4] with the seven-disk geometry
using the recent discussion of B-modes in the CMB-S4 Science Book [16]. We show in Fig. 1
predictions of ↵-attractor models with seven-disk geometry in the ns � r plane for N ⇠ 55, for
the minimal value 3↵ = 1 and for the maximal value 3↵ = 7.

5 Values of 3↵ in string theory

Here we will show how to derive the 7-disk geometry (4.13) in string theory. We start with
the derivation of non-compact symmetries in string theory following [17], [18]. The toroidal

7

10-2

10-3

r

a

ns = 1� 2

N
, r = ↵

12

N2

CMB-S4

Seven new targets



Axions in a-a*ractors

A disk or a half-plane variables are complex scalars: the real part is an inflaton, 
the imaginary part is an axion

Most models in the past were designed to have a heavy axion, so that we have a 
single field infla?on

Choice of the shiA symmetry of the Kahler poten?al, 
slightly broken by the superpoten?al

Depending which subgroup symmetry is manifest, one can either have a shift symmetry
for the axion or for the inflaton

2

the following feature of the new Kähler potential: dur-
ing inflation, in these models the inflaton partner T � T

vanishes and K = 0, which is obviously invariant under
the inflaton shift. This inflaton shift symmetry is only
slightly broken by the superpotential, which now makes
manifest a critical feature of ↵-attractor models: the in-
flaton is light.

The situation is reminiscent of the mechanism of the
inflaton shift symmetry proposed in [7]. There the Kähler
potential does not depend on the inflaton direction,
which one can take as the real part of the chiral multi-
plet �, and depends only on its partner: K = 1

2 (���)2 .
While this is related by a Kähler transformation to the
canonical case K = ��, the former has a shift symme-
try for the inflaton. Again, since only the superpoten-
tial breaks this symmetry of the Kähler potential, the
inflaton can be naturally light during inflation in the su-
pergravity model of the quadratic chaotic inflation [7].
Moreover, this construction can be generalized by includ-
ing a generic function in the superpotential. This results
in a broad class of chaotic inflation model in supergravity
with nearly arbitrary inflaton potentials proposed in [8].

Our new Kähler frame can be seen as the curved anal-
ogon of the flat Kähler potential with a shift symmetry.
In the limit ↵ ! 1 where the curvature tends to zero,
the new Kähler potential (2) goes to K = 1

2 (�� �)2 af-

ter the identification T = exp(2�/
p
3↵), as used in [9].

A peculiar property of both is that K vanishes on the
inflationary trajectory � = �.

Möbius transformations. First we describe the nec-
essary mathematical background. The symmetry of the
moduli space metric corresponds to the Möbius group,
both in disk and in half-plane variables. The metric in
half-plane variables reads:

ds
2 = 3↵

dTdT

(T + T )2
= 3↵

d⌧d⌧

(2 Im⌧)2
, (3)

where ⌧ = iT . The full set of isometries of this geometry
can be generated by the following four transformations:

• Translation of the imaginary part: T ! T � ib,

• Dilatation of the entire plane: T ! a
2
T ,

• Inversion : T ! 1/T ,

• Reflection of the imaginary part: T ! T .

The three holomorphic combination of these, i.e. trans-
lations, dilatations and inversions, generate the following
Möbius transformations:

⌧ !
a⌧ + b

c⌧ + d
, � ⌘ ad� bc 6= 0 , (4)

and a, b, c, d are real numbers. The Möbius group there-
fore corresponds to a transformation associated with an
GL(2,R) matrix

M =

✓
a b

c d

◆
2 GL(2,R) . (5)

The Poincaré line element above is invariant under any
non-singular transformation. However, when restricting
to a particular half-plane, this is only mapped onto itself
when one takes the determinant � to be positive.

A general Möbius transformation can be conveniently
parametrized via the Iwasawa decomposition,

M = K ·A ·N ,

=

✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆
·

✓
r1 0
0 r2

◆
·

✓
1 x

0 1

◆
, (6)

whose parameters are given by

r1 =
p

a2 + c2 , x =
ab+ cd

a2 + c2
,

r2 =
�

p
a2 + c2

, cos ✓ =
a

p
a2 + c2

. (7)

Here the K · A · N subgroups parametrize the com-
pact, Abelian and nilpotent transformations of the
Möbius group, respectively. In the case that � = 1 the
symmetry is reduced to SL(2,R).

A new Kähler frame. Now that we have phrased the
Iwasawa decomposition, we can turn to explicit realiza-
tions of this geometry in terms of Kähler potentials, and
a discussion of the physical significance as to which of
the isometries they preserve.

First let us address the expression of T in canonical
variables,

T = exp

 r
2

3↵
'

!
+ i� , (8)

where the dilatonic field ' will be our inflaton, and � our
axion. This physical realization is determined crucially
by the geometry we choose to employ. The SL(2,R) sym-
metry of the kinetic terms of the axion-dilaton pair was
first derived in the context of N = 4 supergravity in [10].
The nilpotent subgroupN of the Iwasawa decomposition,
relevant to the conventional Kähler potentials, acts as a
shift on the axionic field:

� ! �+ b . (9)

In contrast, the Abelian dilatation shift symmetry, A,
acts on both components,

� !
a

d
� , ' ! '+

r
3↵

2
log(a/d) . (10)
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Cosmological ↵-attractors give a natural explanation for the spectral index ns of inflation as
measured by Planck while predicting a range for the tensor-to-scalar ratio r, consistent with all
observations, to be measured more precisely in future detection of gravity waves. Their embed-
ding into supergravity exploits the hyperbolic geometry of the Poincaré disk or half-plane. These
geometries are isometric under Möbius transformations, which include the shift symmetry of the
inflaton field. We introduce a new Kähler potential frame that explicitly preserves this symmetry,
enabling the inflaton to be light. Moreover, we include higher-order curvature deformations, which
can stabilize a direction orthogonal to the inflationary trajectory. We illustrate this new framework
by stabilizing the single superfield ↵-attractors.

Introduction. Inflationary theory provides a simple ex-
planation of the approximate homogeneity and isotropy
of our world. For a broad set of initial conditions, the
solutions of the equations of motion for the inflaton field
and the geometry of space rapidly approach an inflation-
ary attractor solution which describes an exponentially
expanding nearly uniform universe. Moreover, inflation
provides a physical mechanism to generate the deviations
from smoothness due to quantum fluctuations. CMB ob-
servations such as by Planck have tested and narrowed
down the possibilities [1, 2]. In this paper we will discuss
cosmological ↵-attractors [3–5], which provide an excel-
lent fit to the latest observational results for ↵ . O(10),
see figure 1. Similar to inflation itself, these attractors
have the property that almost independent of the choice
of the inflaton potential in these models, an inflationary
universe comes out with the right value of the spectral
index ns and a predicted tensor-to-scalar ratio r.

Why do supergravity ↵ attractors fit the data so natu-
rally? The answer, as we clarify in this letter, is entirely
geometric: observational predictions of these models are
to a large extent determined by geometry of the moduli
space, rather than by the potential. Hence one gains a
lot by formulating these models in a way that makes the
symmetries of the moduli space manifest.

We have already emphasized in [6] that these mod-
els can be associated with the hyperbolic geometry of
the Poincaré disk or half-plane, and the corresponding
Möbius symmetry of the scalar kinetic terms. In this let-
ter we will employ this geometry to serve and protect the
physical symmetry that is relevant during inflation. Con-
cretely, we will use the freedom in the choice of the Kähler
frame in supergravity to invoke a Kähler potential that is
invariant under a distinct subgroup of the Möbius group,
protecting the shift symmetry of the Kähler potential in
the inflaton direction.

FIG. 1. The Planck/BICEP/Keck 2015 constraints on ns and
r with the predictions of a number of models [1, 2]. The yellow
lines correspond to the simplest ↵-attractor models for a full
range 0 < ↵ < 1 and N = 50, 60 [4]. These predictions
nicely fit the latest cosmological results for the most natural
choice of ↵ . O(10).

The original Kähler potential in half-plane variables is

K = �3↵ log(T + T ) . (1)

The inflaton in these models resides in the real part of T ,
and the Kähler potential is not invariant under the shift
of this field. We will introduce a modified Kähler frame
where the new Kähler potential reads

K = �
3↵

2
log


(T + T )2

4(TT )

�
. (2)

It is related by a Kähler transformation to the original
one. However, as we will show below, it has a symme-
try under the shift of the inflaton, accompanied by the
rescaling of the inflaton partner. This symmetry leads to
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geometric: observational predictions of these models are
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space, rather than by the potential. Hence one gains a
lot by formulating these models in a way that makes the
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frame in supergravity to invoke a Kähler potential that is
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The inflaton in these models resides in the real part of T ,
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the following feature of the new Kähler potential: dur-
ing inflation, in these models the inflaton partner T � T

vanishes and K = 0, which is obviously invariant under
the inflaton shift. This inflaton shift symmetry is only
slightly broken by the superpotential, which now makes
manifest a critical feature of ↵-attractor models: the in-
flaton is light.

The situation is reminiscent of the mechanism of the
inflaton shift symmetry proposed in [7]. There the Kähler
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plet �, and depends only on its partner: K = 1

2 (���)2 .
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try for the inflaton. Again, since only the superpoten-
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ing a generic function in the superpotential. This results
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2 (�� �)2 af-
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p
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moduli space metric corresponds to the Möbius group,
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ds
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dTdT

(T + T )2
= 3↵

d⌧d⌧

(2 Im⌧)2
, (3)

where ⌧ = iT . The full set of isometries of this geometry
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2
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• Inversion : T ! 1/T ,
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⌧ !
a⌧ + b

c⌧ + d
, � ⌘ ad� bc 6= 0 , (4)

and a, b, c, d are real numbers. The Möbius group there-
fore corresponds to a transformation associated with an
GL(2,R) matrix

M =

✓
a b

c d

◆
2 GL(2,R) . (5)

The Poincaré line element above is invariant under any
non-singular transformation. However, when restricting
to a particular half-plane, this is only mapped onto itself
when one takes the determinant � to be positive.

A general Möbius transformation can be conveniently
parametrized via the Iwasawa decomposition,

M = K ·A ·N ,

=

✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆
·

✓
r1 0
0 r2

◆
·

✓
1 x

0 1

◆
, (6)

whose parameters are given by

r1 =
p

a2 + c2 , x =
ab+ cd

a2 + c2
,

r2 =
�

p
a2 + c2

, cos ✓ =
a

p
a2 + c2

. (7)

Here the K · A · N subgroups parametrize the com-
pact, Abelian and nilpotent transformations of the
Möbius group, respectively. In the case that � = 1 the
symmetry is reduced to SL(2,R).

A new Kähler frame. Now that we have phrased the
Iwasawa decomposition, we can turn to explicit realiza-
tions of this geometry in terms of Kähler potentials, and
a discussion of the physical significance as to which of
the isometries they preserve.

First let us address the expression of T in canonical
variables,

T = exp

 r
2

3↵
'

!
+ i� , (8)

where the dilatonic field ' will be our inflaton, and � our
axion. This physical realization is determined crucially
by the geometry we choose to employ. The SL(2,R) sym-
metry of the kinetic terms of the axion-dilaton pair was
first derived in the context of N = 4 supergravity in [10].
The nilpotent subgroupN of the Iwasawa decomposition,
relevant to the conventional Kähler potentials, acts as a
shift on the axionic field:

� ! �+ b . (9)

In contrast, the Abelian dilatation shift symmetry, A,
acts on both components,

� !
a

d
� , ' ! '+

r
3↵

2
log(a/d) . (10)
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We present our models as functions of a complex variable

� ⌘ ' + i# , (2.4)

where ' will be the inflaton in cosmological models and #
will describe the orthogonal direction and

Z = tanh
�p
6↵

. (2.5)

Our Kähler potential (2.2) in these variables has a manifest
inflaton shift symmetry, '0 = ' + c

KD(Z, Z̄) ) K = �3↵ log
h
cosh

⇣�� �̄p
6↵

⌘i
+ SS̄ .

(2.6)
The superpotential is now

WD ) W = A
⇣
tanh

�p
6↵

⌘
+S B

⇣
tanh

�p
6↵

⌘
. (2.7)

Note that in our models # = 0 during inflation and therefore
the new holomorphic variable � during inflation becomes a
real canonical variable. This is also easy to see from the
kinetic terms in these variables, which are conformal to flat,

ds2 =
d'2 + d#2

2 cos2
q

2
3↵#

=
1

2
g''d'2 +

1

2
g##d#2 . (2.8)

At # = 0 they are canonical

ds2|#=0 =
d'2 + d#2

2
. (2.9)

We can also use the half-plane variables T + T̄ > 0 where we
have

KH = �3↵

2
log

"�
T + T̄

�2

4T T̄

#
+ SS̄, (2.10)

WH = G(T ) + SF (T ) . (2.11)

Now the disk and the half-plane models are related simply
by the Caley transform (2.1), so that transition from one
picture to the other is a simple substitution

KD

⇣
Z =

T � 1

T + 1
, Z̄ =

T̄ � 1

T̄ + 1

⌘
= KH(T, T̄ ) . (2.12)

and

WD

⇣
Z =

T � 1

T + 1
, S

⌘
= WH(T ) . (2.13)

This also means that

G(T ) = A
⇣
Z =

T � 1

T + 1

⌘
, F (T ) = B

⇣
Z =

T � 1

T + 1

⌘
.

(2.14)
When we hold SS̄ outside of the log part of the Kähler po-
tential, the field S does not change from one picture to the
other. However, for any models with SS̄ inside the log part

of the Kähler the potential which we used before, the rela-
tion between the goldstino multiplets in Z and T variables
involves the dependence on the inflaton superfield, as shown
in [5]. We will explain below that when the field S is outside
the log in the Kähler potential the inflaton partner is sta-
ble for any ↵. Therefore we will focus here on models with
canonical Kähler potentials for the S field as shown in eqs.
(2.2), (2.6) and (2.10).

3. ↵-ATTRACTORS AND THEIR STABILITY

We will begin with a rather simple and general class of ↵-
attractors in disk variables, with the Kähler potential (2.2)
and superpotential

WD =
p

↵ µ S f(Z) . (3.1)

Investigation of this theories simplifies considerably if during
and after inflation the field S vanishes, along with the imag-
inary part of the field Z. Indeed, as explained in [17], the
Kähler potential (2.2) has a shift symmetry under the shift
of the inflaton field during inflation, when x = ImZ = 0:
The Kähler potential vanishes independently of the value of
the inflaton field z = ReZ.

In that case, one can show that the potential of the canon-
ically normalized inflaton field ', which is defined by the
relation z = tanh 'p

6↵
, is given by

V = ↵µ2f2(z) = ↵µ2f2
�
tanh

'p
6↵

�
. (3.2)

The potential has an infinitely long dS plateau at ' � ↵,
exponentially rapidly approaching its asymptotic value

VdS = ↵µ2 . (3.3)

Predictions from such theories provide a very good fit to
observational data for a broad class of functions f(Z) as
discussed in [1, 4].

However, for such analysis to hold, it is important to verify
that S = s ei � = 0, and x = ImZ = 0, or to find a way to
stabilize these fields at their zero values. The point S = x =
0 is indeed an extremum of the potential for S and x, but
one should also check whether this extremum is a minimum,
or a maximum of the potential.

Let us start with the field x. One can show that its mass
squared is given by

m2
x(z) =

VdS

3
(6↵f2(z) + (1� z2)2[(f 0(z))2 � f(z)f 00(z)]) .

(3.4)
If we consider potentials V = ↵µ2f2(z) vanishing at z = 0,
then at the minimum one has f(0) = 0, and m2

x(0) is positive
and coincides with the inflaton mass squared at that point,

m2
x(0) = m2

z(0) =
1

3
[(f 0(0))2]) . (3.5)
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FIG. 6. Inflation, in terms of the variables z and x, takes place in

the two corners of the potential. The existence of the inflationary flat

directions for |z|� 1 ⌧ 1 is not apparent in these variables.

FIG. 7. A narrowing trench in the potential in terms of ' and x

variables. We see here the same e↵ect as a decreasing size of angels and

devils towards the boundary of the Poincaré disk in Escher’s picture

Circle Limit IV. However, this narrowing of the trench is just an illusion,

which disappears when one plots the potential in proper coordinates,

as shown in Fig. 8.

Now we will make this conclusion manifest by plotting the
potential in terms of more adequate variables.

We will use the � variables as shown in eq. (2.5) with the
kinetic terms in (2.8) The potential in these variables is

V = ↵µ2

����tanh
' + i#p

6↵

����
2

·
⇣
cos

r
2

3↵
#
⌘�3↵

, (7.3)

where
�� tanh '+i#p

6↵

��2 = tanh '+i#p
6↵

· tanh '�i#p
6↵

. We may also

present it in the form

V = ↵µ2
cosh

q
2
3↵' � cos

q
2
3↵#

cosh
q

2
3↵' + cos

q
2
3↵#

·
⇣
cos

r
2

3↵
#
⌘�3↵

. (7.4)

FIG. 8. The T-model potential in terms of the variables ' and # has

two infinitely long dS valleys of constant width.

This potential is shown in Fig. 8. It has a minimum at # =
0 where the kinetic terms of both fields become canonical,
ds2 ! 1

2 (d'2 + d#2) at # ! 0. At large values of ' where
tanh 'p

6↵
approaches 1, the plot of the potential in terms of

' and # has a dS valley of constant, '-independent width,
instead of the rapidly narrowing gorge shown in Fig. 7. This
fact will be very important for us shortly, when we will study
the cosmological evolution of the fields ' and # and initial
conditions for inflation in these models.

For a better understanding of the structure of this po-
tential, it is instructive to simplify even a little further the
superpotential of our simplest T-model: Instead of W =p

↵ µ S Z (4.1), let us consider a Z-independent superpo-
tential

W =
p

↵ µ S . (7.5)

The potential in this model in the ' and # variables is

V = ↵µ2
⇣
cos

r
2

3↵
#
⌘�3↵

. (7.6)

Note that this potential does not depend on the inflaton field
', and has a dS minimum V = ↵µ2 at # = 0. It represents
an infinite '-independent dS valley as shown in Fig. 9.

As one can easily check, the shape of this valley coin-
cides with the shape of the dS valley in the simplest T-
model (7.4) in the large ' limit. This potential is manifestly
shift-symmetric with respect to the field '. It is singular at

cos
q

2
3↵# ! 0, but this singularity disappears if one uses

canonical variables � defined by d� = d#

cos
p

2
3↵

. In the limit

cos
q

2
3↵ ⌧ 1, which corresponds to V � ↵µ2, the potential

of the field # in terms of the canonically normalized field �

10
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FIG. 11. Time evolution of scalars on a contour plot of the potential.

In the beginning, the field # moves towards the minimum of the dS val-

ley, whereas the field ' remains nearly constant, if its initial value was

large. Then after a short stage of oscillations, the field # vanishes, and

the cosmological expansion becomes determined only by the inflaton

field ', which slowly moves towards ' = 0 and oscillates there.
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FIG. 12. The field # moves quickly towards the minimum, at the

bottom of the dS valley. Then after a short stage of oscillations, the

field # vanishes and remains in all cases at the bottom of the dS valley.

energy in Planck units Mp = 1 is

E0 = E0
kin + V0 = 1, (9.3)

where

Ekin =
'̇2 + #̇2

2 cos2
q

2
3↵#

, (9.4)

and the potential is given by (7.4). For the numerical calcu-
lations we took the height of the dS valley of the potential
at # = 0 and large ' as ↵µ2 = 10�10 in Planck units.

Our potential has a dS valley at a very small height VdS ⇠
10�10 in Planck units, however, when # is close to the value
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FIG. 13. The field ' remains nearly constant and very slowly moves

towards ' = 0 and oscillates there. The cases with smaller initial values

of ' < 6 reach the minimum earlier and inflate less.
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FIG. 14. The log of a scale factor is plotted, as a function of time. The

models with smallest, in our examples, initial values of ' < 6 produce

less than 50 e-foldings, however, all other cases with ' > 6 easily lead

to more than 60.

where cos
q

2
3↵# vanishes, the potential (7.4) is extremely

steep and easily reaches the Planck values V = O(1). A
more proper way to understand the growth of the potential
at large # is to replace # by its canonical counterpart �, as
we did in (7.7). The singular growth of potential close to the

point where cos
q

2
3↵# = 0 is replaced by exponential growth

at large �. For ↵ & 1/3 the potential (7.7) is very steep
and field � rapidly falls towards the dS valley. However, for
↵ ⌧ 1/3 the potential is su�ciently flat to allow inflation at
all su�ciently large values of V � VdS ⇠ 10�10.

We start at Planckian energies E0 by making random
choices of #, ', #̇, '̇ such that Eq. (9.3) is satisfied and solve
all equations numerically. Our goal is to find the trajectory
of the fields starting from the Planckian total energy and
find out how they reach the bottom of the dS valley loosing
the total energy by 10 orders of magnitude. We show a sam-
ple of such trajectories on the contour plot of the potential
in Fig. 15. For illustration purposes, we took all initial con-
ditions at ' & 9 to illustrate what happens at su�ciently
large ' along the infinitely long dS valley, where the poten-
tial practically does not depend on '.
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of the moduli space in the supergravity realizations of these
models, following [15, 17]. We will reformulate these models
in terms of Kähler potentials and field variables which keep
their geometric properties manifest. This new formulation
will allow us to approach the problem of initial conditions for
inflation in these models in a novel, more transparent way.

The problem of initial conditions in these models is not
quite trivial. In the simplest chaotic inflation models such
as m2

2 �2 inflation may start very close to the Planck density.
According to [16, 18–22], this makes initial conditions for
inflation quite natural. However, in the new class of mod-
els discussed above, as well as in the Starobinsky model and
Higgs inflation, the inflationary regime begins at the energy
density 10 orders below the Planck energy density. A solu-
tion of the problem of initial conditions in such models was
discussed in [23]. Here we will revisit it; we will show how
this problem can be solved in the supergravity realizations
of ↵-attractors. Most of our conclusions will have more gen-
eral validity, being applicable, in particular, to generic non-
supersymmetric attractor models (1.1). We will also show
that in some cases, such as supergravity ↵-attractors with
↵ ⌧ 1, inflation can begin at the density approaching the
Planck density, thus reducing the problem of initial condi-
tions to the one already addressed in [16, 18–22].

There are two types of technical improvements of our ↵-
models which we will develop in this paper. The first one,
following [15, 17], will allow us to use the Kähler frame where
the inflaton shift symmetry is present in the new Kähler
potentials. The second improvement with respect to earlier
models corresponds to changing the Kähler potential for the
goldstino multiplet, making it canonical rather than part
of the logarithmic structure, which has a consequence: an
improved manifest stability.

We will make a choice of variables in which the infla-
ton forms a Killing direction of the moduli space geometry.
Namely, our holomorphic disk variable Z and the half-plane
variable T used in [1, 4, 5] will be represented by the Killing
adapted moduli space coordinates

Z =
T � 1

T + 1
= tanh

' + i#p
6↵

. (1.4)

Here the inflaton ' and the orthogonal field # form a geom-
etry independent on a Killing direction ':

g''(#) = g##(#) =
1

cos2
q

2
3↵#

(1.5)

As a result, the time evolution in our models with initial large
kinetic energy, when the role of the potential is negligible,
will be controlled by the fact that the momentum in the
inflaton direction is preserved, namely

Ṗ' = 0 where P' = a3(t)g''(#)'̇ (1.6)

This geometric fact helps us to argue that the total shift of
the field ' due to its initial velocity is about 10 Planck units

or less, after which all memory about the initial velocity of
the field ' at the Planckian time completely disappears.

We will also numerically solve the Friedmann equations in
FRW space-time metric for generic initial values of #, ', #̇, '̇
confirming our analytic analysis: we have an inflationary
attractor behavior, where the memory about initial values
of #, ', #̇, '̇ disappears and period of slow-roll inflation at
the minimum of the potential at # = 0 takes place.

We will show that with new Kähler potentials which have
the inflaton shift symmetry in Z or T variables, the superpo-
tentials are simpler and the relation between models in disk
and half-plane variables simplifies.

We will than proceed with the analysis of initial condi-
tions for inflation in these models, with our new choice of
variables, by making choices of initial values of the inflaton
and its partner and by studying the time evolution of these
fields, before and during inflation. The geometric nature of
our models, and the existence of infinite dS valleys of con-
stant width in our potentials, help to resolve this issue and
allowing us to argue that the vast majority of initial condi-
tions in these models leads to successful inflation.

2. FROM DISK TO HALF-PLANE: NEW KÄHLER
POTENTIALS

The cosmological attractor models can be described either
in disk or in half-plane variables [5, 15]. The corresponding
boundary of the moduli space, which plays an important role
in these models, is either at ZZ̄ < 1, or a half-plane with
T + T̄ > 0.

Here we summarize the relation between disk and half-
plane variables for generic case of 2-superfield models with
our choice of the Kähler potentials and most general super-
potentials.

The relation between the Kähler potentials and superpo-
tentials in the disk and half-plane variables requires a simple
Caley transform, as suggested in [5]

Z =
T � 1

T + 1
, T =

1 + Z

1� Z
. (2.1)

We will represent the Kähler potential in the following form:

KD = �3↵

2
log


(1� ZZ̄)2

(1� Z2)(1� Z̄2)

�
+ SS̄ , (2.2)

WD = A(Z) + S B(Z) . (2.3)

where S is a supermultiplet with a goldstino fermion and a
sgoldstino scalar. This field may either belong to the usual
unconstrained chiral multiplet, or it may be a nilpotent su-
perfield as studied in [13]. We will discuss both options in
this paper.
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and gauge-fix some local symmetries, including the Weyl
symmetry [17, 18], or perform a supersymmetric truncation
of the maximal N = 8 supergravity [19]. For pure N = 4
supergravity we recover in both cases the following bosonic
action, see for example eq. (A.1) in [19]:

1p
�g

LN4 =
1

2
R � dZdZ̄

(1 � ZZ̄)2
+

1

4
F ab
µ⌫F

µ⌫cdMabcd(Z, Z̄) .

(6.21)
There is no potential, the kinetic term of the scalar Z rep-
resents an unit radius Escher disk geometry, the scalars in-
teract with vectors F ab

µ⌫ . For inflationary period (but not for
the reheating stage) we may ignore vectors. If we were to
associate this bosonic model with N = 1 supergravity, we
would qualify it as K = �3↵ ln(1 � ZZ̄) with ↵ = 1/3 and
W = 0.

7. ISOMETRIES OF THE HALF-PLANE AND THE
DISK GEOMETRIES

Here we focus on symmetries of our geometries. It involves
the GL(2,R) Möbius transform. A simple form of it is given
in terms of ⌧ variables, familiar to a string theorist, where
⌧ = iT . Namely, our half-plane geometry is given by

ds2 = 3↵
dTdT̄

(T + T̄ )2
= 3↵

d⌧d⌧̄

(2 Im⌧)2
. (7.22)

It is invariant under the transformations ⌧ ! ⌧ 0, where

⌧ 0 =
a⌧ + b

c⌧ + d
, ad � bc 6= 0 , (7.23)

where a, b, c, d are real numbers and

d⌧d⌧̄

(⌧ � ⌧̄)2
=

d⌧ 0d⌧̄ 0

(⌧ 0 � ⌧̄ 0)2
. (7.24)

Note that the GL(2,R) isometry of the half-plane is valid
for ad� bc 6= 0 and does not require that ad� bc = 1, which
corresponds to an SL(2,R) symmetry. Thus the isometry is
a general linear group over R and includes a special linear
group over R. The symmetry is valid for any ↵, it defines
the geometry of the moduli space which we are employing.

An analogous symmetry acts on the disk geometry. This
is a Möbius transform of a Poincaré disk.

Z 0 =
�Z + �

�̄Z + �̄
, |�|2 � |�|2 > 0 . (7.25)

Here � and � are complex numbers. The symmetry is the
same, the properties of the geometry are the same for all ↵,
however, the size of the Escher’s Limit Circle is di↵erent, its
radius square is 3↵. In the context of our ↵-attractor models
we will measure ↵ when the primordial gravity waves will be
discovered.

Some special choices for ↵ are: ↵ = 1/3 and a unit size
Escher disk R = 1 correspond to a maximal N = 4 super-
conformal model and pure N = 4 supergravity, r ⇠ 10�3.

The case ↵ = 1 and an Escher disk R = 3 support the ge-
ometry of the N = 1 superconformal model, r ⇠ 3 ⇥ 10�3.
Finally, N = 1 supergravity geometry is consistent with an
arbitrary positive ↵.

8. FROM MODULI SPACE TO COSMOLOGY

Until now, we focused on the geometry of the moduli
space, described by the kinetic term in the Lagrangian.
There was a good reason to do it: Once we decide on a
potential, we can study the evolution of the observable uni-
verse, and compare it with the data in [1, 2], and especially
with the future data. There are many options with regard
to the choice of a potential.

A generic class of inflationary models [9] compatible with
the current data, as well as capable of describing dark en-
ergy and controllable susy breaking, involve an addition chi-
ral superfield S, which can be arranged to vanish during and
after inflation. The corresponding Kähler potential is now
K = �3↵ ln(1 � ZZ̄ � SS̄) and in the context of N = 1
supergravity we can make a choice of a holomorphic super-
potential W = A(Z) + SB(Z).

A very simple choice here comes from the N = 4 model
(6.21) which suggests to use 3↵ = 1. We also take a very
simple superpotential A(Z) = 0 and B(Z) = µ:

K = � ln(1 � ZZ̄ � SS̄) , W = µ S . (8.26)

This leads to the theory with the bosonic action

1p
�g

LN4!N1 =
1

2
R � dZdZ̄

(1 � ZZ̄)2
� µ2 . (8.27)

This bosonic model has an embedding into N = 1 supergrav-
ity, according to (8.26). It also has an unbroken the Möbius
symmetry (7.25). Its moduli space is the Poincaré disk with
unit radius R = 1. And, from the point of view of cosmology,
it describes de Sitter space with a positive vacuum energy
V = µ2 and spontaneously broken N = 1 supersymmetry.
Thus we are coming very close to describing inflation. We
have dS space, but now we must find a way to end the stage
of the exponential expansion in dS vacuum.

As a next step, we consider the same model but with the
superpotential W = µ SZ. This brings the action to the form
closely resembling the simplest toy model (2.1) we started
with:

1p
�g

LN4!N1 =
1

2
R � dZdZ̄

(1 � ZZ̄)2
� µ2 ZZ̄. (8.28)

This model has a simple quadratic potential with respect
to the complex field Z. However, in the theory (8.27) the
value of the potential was everywhere the same across the
Poincaré disk, whereas in (8.28) it approaches its maximum
value close to the boundary of the moduli space at |Z| = 1, as
shown in Fig. 10. As one can easily see, most of the angels
and devils live close to this boundary. It could seem that
they do not have much space here, and they should quickly

W = µS Z
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Z 0 =
�Z + �

�̄Z + �̄
, |�|2 � |�|2 > 0 . (7.25)

Here � and � are complex numbers. The symmetry is the
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arbitrary positive ↵.
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space, described by the kinetic term in the Lagrangian.
There was a good reason to do it: Once we decide on a
potential, we can study the evolution of the observable uni-
verse, and compare it with the data in [1, 2], and especially
with the future data. There are many options with regard
to the choice of a potential.

A generic class of inflationary models [9] compatible with
the current data, as well as capable of describing dark en-
ergy and controllable susy breaking, involve an addition chi-
ral superfield S, which can be arranged to vanish during and
after inflation. The corresponding Kähler potential is now
K = �3↵ ln(1 � ZZ̄ � SS̄) and in the context of N = 1
supergravity we can make a choice of a holomorphic super-
potential W = A(Z) + SB(Z).
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(6.21) which suggests to use 3↵ = 1. We also take a very
simple superpotential A(Z) = 0 and B(Z) = µ:
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This bosonic model has an embedding into N = 1 supergrav-
ity, according to (8.26). It also has an unbroken the Möbius
symmetry (7.25). Its moduli space is the Poincaré disk with
unit radius R = 1. And, from the point of view of cosmology,
it describes de Sitter space with a positive vacuum energy
V = µ2 and spontaneously broken N = 1 supersymmetry.
Thus we are coming very close to describing inflation. We
have dS space, but now we must find a way to end the stage
of the exponential expansion in dS vacuum.

As a next step, we consider the same model but with the
superpotential W = µ SZ. This brings the action to the form
closely resembling the simplest toy model (2.1) we started
with:
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This model has a simple quadratic potential with respect
to the complex field Z. However, in the theory (8.27) the
value of the potential was everywhere the same across the
Poincaré disk, whereas in (8.28) it approaches its maximum
value close to the boundary of the moduli space at |Z| = 1, as
shown in Fig. 10. As one can easily see, most of the angels
and devils live close to this boundary. It could seem that
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the ✓-field will become light and we will have a two-field evolution on the disk of unit size
3↵ = 1. The Kähler function which provides the action

g�1
L =

dZdZ̄

(1� ZZ̄)2
� V (Z, Z̄)� ⇤ (2.14)

will be taken in the following form:

G = ln |W0|
2
� ln(1� ZZ̄) + S + S̄ +GSS̄(Z, Z̄)SS̄ . (2.15)

Here the metric of the nilpotent superfield is

GSS̄(Z, Z̄) =
|W0|

2

(1� ZZ̄)
⇣
|FS |

2 + V (Z, Z̄)
⌘
+ 2|W0|

2ZZ̄
. (2.16)

It is different from the simpler version of GSS̄ in Equation (2.10), but the Kähler potential
� ln(1 � ZZ̄) as a function of Z, Z̄ is simpler here. Moreover, the Z-part of the Kähler
potential has an axion shift symmetry, it is ✓-independent.

One can show that the expression for the scalar potential in this theory is given by

V(Z, Z̄) = V (Z, Z̄) + |FS |
2
� 3|W0|

2 = V (Z, Z̄) + ⇤ . (2.17)

This result is very similar to Equation (2.12). However, (2.12) correctly represents the
inflaton potential only along the inflaton direction Z = Z̄. The potential for general values
Z 6= Z̄ must be calculated by the standard supergravity methods. This complication usually
is not important for us since during inflation one can stabilize the fields along the inflaton
direction Z = Z̄. Meanwhile in our new approach, equation (2.17) gives the full expression
for V(Z, Z̄), which is valid for any Z and Z̄ on the disk. This is a very special feature of
the new formulation, which is valid for 3↵ = 1.

During inflation, one can safely ignore the tiny cosmological constant ⇤ ⇠ 10�120, so the
potential (2.17) is given by an arbitrary real function V (Z, Z̄). In the simplest cases, where
V is a function of ZZ̄, it does not depend on the angular variable ✓, just as the potential
in the theory (2.1) (2.2) for 3↵ = 1 shown in Figure 1. For more general potentials, V may
depend on ✓, and the potentials can be quite steep with respect to ⇢ and ✓.

The key feature of this class of models, as well as of the models (2.1) (2.2) for 3↵ =

1, is that they describe hyperbolic moduli space corresponding to the Kähler potential
K = � ln(1 � ZZ̄), with the metric of the type encountered in the description of an open
universe, see Equation (3.4) below. As we will see, the slow roll regime is possible for these
two classes of theories even for very steep potentials, because of the hyperbolic geometry
of the moduli space.

3 Dynamics of multi-field ↵-attractors

Now we come to study inflation with the above theoretical construction. Our starting point
is

g�1
L =

dZdZ̄

(1� ZZ̄)2
� V (Z, Z̄) . (3.1)
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GSS̄(Z, Z̄) =
|W0|

2

(1� ZZ̄)
⇣
|FS |

2 + V (Z, Z̄)
⌘
+ 2|W0|

2ZZ̄
. (2.16)

It is different from the simpler version of GSS̄ in Equation (2.10), but the Kähler potential
� ln(1 � ZZ̄) as a function of Z, Z̄ is simpler here. Moreover, the Z-part of the Kähler
potential has an axion shift symmetry, it is ✓-independent.

One can show that the expression for the scalar potential in this theory is given by

V(Z, Z̄) = V (Z, Z̄) + |FS |
2
� 3|W0|

2 = V (Z, Z̄) + ⇤ . (2.17)

This result is very similar to Equation (2.12). However, (2.12) correctly represents the
inflaton potential only along the inflaton direction Z = Z̄. The potential for general values
Z 6= Z̄ must be calculated by the standard supergravity methods. This complication usually
is not important for us since during inflation one can stabilize the fields along the inflaton
direction Z = Z̄. Meanwhile in our new approach, equation (2.17) gives the full expression
for V(Z, Z̄), which is valid for any Z and Z̄ on the disk. This is a very special feature of
the new formulation, which is valid for 3↵ = 1.

During inflation, one can safely ignore the tiny cosmological constant ⇤ ⇠ 10�120, so the
potential (2.17) is given by an arbitrary real function V (Z, Z̄). In the simplest cases, where
V is a function of ZZ̄, it does not depend on the angular variable ✓, just as the potential
in the theory (2.1) (2.2) for 3↵ = 1 shown in Figure 1. For more general potentials, V may
depend on ✓, and the potentials can be quite steep with respect to ⇢ and ✓.

The key feature of this class of models, as well as of the models (2.1) (2.2) for 3↵ =

1, is that they describe hyperbolic moduli space corresponding to the Kähler potential
K = � ln(1 � ZZ̄), with the metric of the type encountered in the description of an open
universe, see Equation (3.4) below. As we will see, the slow roll regime is possible for these
two classes of theories even for very steep potentials, because of the hyperbolic geometry
of the moduli space.

3 Dynamics of multi-field ↵-attractors

Now we come to study inflation with the above theoretical construction. Our starting point
is

g�1
L =

dZdZ̄

(1� ZZ̄)2
� V (Z, Z̄) . (3.1)
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The complex variable on the disk can be expressed as

Z = ⇢ ei✓ , (3.2)

where ⇢ is the radial field and ✓ is the angular field. In general, the potential V (⇢, ✓) in these
variables can be quite complicated and steep. For simplicity, in the following we assume
the potential vanishes at the origin Z = 0 and is monotonic along the radial direction of
the unit disk3, i.e. V⇢ � 0. One natural possibility is V⇢ ⇠ V✓/⇢ ⇠ V , which at first glance
cannot yield sufficient inflation. However, the hyperbolic geometry of the moduli space
makes slow roll inflation possible even if the potential is quite steep.

To see this, and to connect this to a more familiar canonical field ' in 3↵ = 1 attractor
models where the tanh argument is '/

p
6↵, we can use the following relation

⇢ = tanh
'
p
2
. (3.3)

Therefore, our cosmological models with geometric kinetic terms are based on the following
Lagrangian of the axion-dilaton system

g�1
L =

1

2
(@')2 +

1

4
sinh2(

p
2')(@✓)2 � V (', ✓) , (3.4)

where some choice of the potentials V (', ✓) will be made depending on both moduli fields.
In terms of this new field ', the corresponding potential near the boundary ⇢ = 1 is
exponentially stretched to form a plateau, where ' field becomes light and slow-roll inflation
naturally occurs. If we further assume the potential is a function of the radial field only, then
we recover the T-model as shown in Figure 1. Generally speaking, the potential may also
depend on ✓, and have ridges and valleys along the radial direction. One simple example
is shown in Figure 2. Although the ✓ field can appear heavy in the unit disk coordinates,
after stretching in the radial direction, the effective mass in the angular direction is also
exponentially suppressed for ' � 1.

For a cosmological spacetime, the background dynamics is described by equations of
motion of two scalar fields

'̈+ 3H'̇+ V' �
1

2
p
2
sinh

⇣
2
p
2'

⌘
✓̇2 = 0 , (3.5)

✓̈ + 3H ✓̇ +
V✓

1
2 sinh

2(
p
2')

+
2✓̇'̇

1p
2
tanh(

p
2')

= 0 , (3.6)

and the Friedmann equation

3H2 =
1

2
('̇2 +

1

2
sinh2

p
2' ✓̇2) + V (', ✓) , (3.7)

where H ⌘ ȧ/a is the Hubble parameter. In such a two-field system with potential as
shown in Figure 2, one may expect that the inflaton will first roll down from the ridge to
the valley, and then slowly rolls down to the minimum along the valley. In the following we
will demonstrate, due to the magic of hyperbolic geometry, the dynamics of moduli fields
is totally different from this naive picture.

3We leave other interesting cases with non-monotonic potential, such as the Mexican hat potential, for
future work [38].
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Surprize!

Figure 3: The stream of ' and ✓ fields on the potential with random angular dependence
shown in Figure 2. The dashed gray lines show the radial directions, while the blue arrows
correspond to the field flow, starting at 'i = 10.

attractors, the field ✓ was rapidly rolling down, whereas here instead of rolling down to the
valley first, the scalar fields are rolling on the ridge with almost constant ✓.

To see this counter-intuitive behaviour clearly, we can look at the flow ('̇, ✓̇) in the
polar coordinate system. The numerical result of the flow of the fields is shown in Figure 3
for the potential from Figure 2. As we see, although the potential looks chaotic in the
angular direction, the fields always roll to the minimum along the ridge, no matter where
they start.

However, it is crucial to emphasize that, although ✓̇ is highly suppressed and ✓ is nearly
constant, the angular motion is still quite important. In the curved field manifold, since the
angular distance is also stretched for large ', the proper velocity in the angular direction
is given by 1p

2
sinh(

p
2')✓̇. We are encouraged to define a new parameter � as the ratio

between the physical angular and radial velocity

� ⌘
sinh(

p
2') ✓̇

p
2 '̇

'
V✓

V⇢
, (3.12)

where in the last step we have used large-' and slow-roll approximations. Since ✓ hardly
evolves and ⇢ ' 1 for ' � 1, � is nearly constant during most period of inflation. This
parameter captures the deviation from the single field scenario. For instance, let us look at
the potential slow-roll parameter in the radial direction

✏' ⌘
1

2

✓
V'

V

◆2

'
'̇2

2H2
, (3.13)

which is the same with the single field one. Then in our model the full Hubble slow-roll
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does not seem to move because physical distance in angular direc8on during 
infla8on is exponen8ally large, propor8onal to 
✓
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One could expect a 
very complicated 
cosmological evolution 
and model-dependent 
predictions



Puzzling numerical result:  Universal predic5on for a-a9ractor models with light axions

Figure 6: The evolution of curvature power spectrum P⇣ and isocurvature power spectrum
PS for perturbation modes which exit the horizon at N = 55. We use the toy model (3.17)
with A = 0.2, n = 4 and initial angle ✓i = ⇡/8. The analytical solutions here are based on
calculations in Appendix B.

notice that, during inflation the scalar field mainly rolls in the large-' region, outside of
which inflation would end very quickly. Therefore, the approximation ' � 1 does give a
good description for the background dynamics. In the following section and in Appendix
B, we will come back to this toy model, and use it as an example to demonstrate other
aspects of multi-field ↵-attractors.

4 Universal predictions of ↵-attractors

One of the most important properties of single field ↵-attractor inflation is the universal
prediction for observations. For ↵ . O(1) and a broad class of potentials, as long as V (⇢)

is non-singular and rising near the boundary of the Poincaré disk, the resulting scalar tilt
and tensor-to-scalar ratio converge to

ns = 1�
2

N
and r =

12↵

N2
, (4.1)

where N ⇠ 50� 60 is the number of e-folds for modes we observe in the CMB.

One interesting question is whether the universal predictions are still valid in the multi-
field regime. In multi-field scenarios the curvature perturbation is sourced by the isocurva-
ture modes on superhorizon scales, thus their evolution is typically non-trivial and yields
totally different results for ns and r. As we show above, the angular dependence in the
↵-attractor potentials indeed leads to multi-field evolution. For the toy model we studied,
the behaviour of perturbations can be computed using the numerical code mTransport [39].
We focus on one single k mode for curvature and isocurvature perturbations, and show
their evolution in Figure 6. As expected, the curvature perturbation is enhanced during
inflation, while the isocurvature modes decay. Therefore, naively one expects there would
be corrections to the single field ↵-attractor predictions due to the multi-field effects.
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Why? We did not expect it at all. A miraculously simple result, 
aCer all the struggle with powerful but complicated methods.
Then we used Sasaki’s          formalism, and everything became clear:

Salopek, Bond; 
Sasaki, Stewart, Starobinsky;
Sasaki, Tanaka; 
Lee, Sasaki, Stewart, Tanaka, 
Yokoyama

In the following we will show that, surprisingly, the universal predictions are still valid in
the multi-field regime. We use the �N formalism to derive the inflationary predictions for the
multi-field ↵-attractor models studied in this paper. A full analysis of the perturbations is
left for Appendix B, where the evolution of the coupled system of curvature and isocurvature
modes is solved via the first principle calculation.

The �N formalism [40–44] is an intuitive and simple approach to solve for the curvature
perturbation in multi-field models. At the end of inflation, regardless of the various field
trajectories, the amplitude of curvature perturbations is only determined by the perturba-
tion of the e-folding number N , which is caused by the initial field fluctuations. Therefore,
without studying details of the coupled system of curvature and isocurvature modes, as
long as we know how the number of e-foldings N depends on the initial value of the two
fields, the curvature perturbation can be calculated.

Let us therefore consider how the initial ' and ✓ determine N . In this paper, we
define the e-folding number as the one counted backwards from the end of inflation, thus
dN = �Hdt. In terms of N , the slow-roll equation (3.11) becomes

d'

dN
' 2

p
2e�

p
2'V⇢

V
. (4.2)

Since in the large ' regime ⇢ ! 1 and V⇢/V is nearly constant for a given trajectory, the
equation above yields the e-foldings from the end of inflation as

N =
1

B
e
p
2' + C(✓) , (4.3)

where B ⌘ 4V⇢/V and C(✓) is an O(1) integration constant which can be fixed by setting
N = 0 at the end of inflation. Thus, both two fields affect the duration of inflation as
expected in multi-field models. By this expression, we can use the �N formalism to find
curvature perturbation at the end of inflation

⇣ = �N =
@N

@'
�'+

@N

@✓
�✓ =

p
2e

p
2'

B
�'+

✓
C✓ �

B✓

B2
e
p
2'

◆
�✓ . (4.4)

As we see here, @N
@' and @N

@✓ can be comparable to each other. However, one should keep
in mind that ✓ field is non-canonical, thus to estimate the field fluctuation amplitudes at
horizon-exit, one should consider the canonically normalized ones: �' and 1p

2
sinh(

p
2')�✓.

Approximately in the large-' region we have the following relation

�' '
e
p
2'

2
p
2
�✓ '

H

2⇡
. (4.5)

From here, we find that the field fluctuation �✓ is exponentially suppressed, compared
to the one from �'. So we only need to take into account the first term in equation
(4.4). In addition, equation (3.13) yields ✏' = B2e�2

p
2'/4, which further simplifies the �N

formula to ⇣ ' �'/
p
2✏'. In the end, the power spectrum of curvature perturbation can

be expressed as

P⇣ ⌘
k3

2⇡2
|⇣k|

2
'

H2

8⇡2✏'
. (4.6)
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perturbation in multi-field models. At the end of inflation, regardless of the various field
trajectories, the amplitude of curvature perturbations is only determined by the perturba-
tion of the e-folding number N , which is caused by the initial field fluctuations. Therefore,
without studying details of the coupled system of curvature and isocurvature modes, as
long as we know how the number of e-foldings N depends on the initial value of the two
fields, the curvature perturbation can be calculated.

Let us therefore consider how the initial ' and ✓ determine N . In this paper, we
define the e-folding number as the one counted backwards from the end of inflation, thus
dN = �Hdt. In terms of N , the slow-roll equation (3.11) becomes

d'

dN
' 2

p
2e�

p
2'V⇢

V
. (4.2)

Since in the large ' regime ⇢ ! 1 and V⇢/V is nearly constant for a given trajectory, the
equation above yields the e-foldings from the end of inflation as

N =
1

B
e
p
2' + C(✓) , (4.3)

where B ⌘ 4V⇢/V and C(✓) is an O(1) integration constant which can be fixed by setting
N = 0 at the end of inflation. Thus, both two fields affect the duration of inflation as
expected in multi-field models. By this expression, we can use the �N formalism to find
curvature perturbation at the end of inflation

⇣ = �N =
@N

@'
�'+

@N

@✓
�✓ =

p
2e

p
2'

B
�'+

✓
C✓ �

B✓

B2
e
p
2'

◆
�✓ . (4.4)

As we see here, @N
@' and @N

@✓ can be comparable to each other. However, one should keep
in mind that ✓ field is non-canonical, thus to estimate the field fluctuation amplitudes at
horizon-exit, one should consider the canonically normalized ones: �' and 1p

2
sinh(

p
2')�✓.

Approximately in the large-' region we have the following relation

�' '
e
p
2'

2
p
2
�✓ '

H

2⇡
. (4.5)

From here, we find that the field fluctuation �✓ is exponentially suppressed, compared
to the one from �'. So we only need to take into account the first term in equation
(4.4). In addition, equation (3.13) yields ✏' = B2e�2

p
2'/4, which further simplifies the �N

formula to ⇣ ' �'/
p
2✏'. In the end, the power spectrum of curvature perturbation can

be expressed as

P⇣ ⌘
k3

2⇡2
|⇣k|

2
'

H2

8⇡2✏'
. (4.6)
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Thus only the radial direction contributes to perturbations, which is why 
we got the universal result of single-field a-attractor models 

Very small non-GaussianityThe complex variable on the disk can be expressed as

Z = ⇢ ei✓ , (3.2)

where ⇢ is the radial field and ✓ is the angular field. In general, the potential V (⇢, ✓) in these
variables can be quite complicated and steep. For simplicity, in the following we assume
the potential vanishes at the origin Z = 0 and is monotonic along the radial direction of
the unit disk3, i.e. V⇢ � 0. One natural possibility is V⇢ ⇠ V✓/⇢ ⇠ V , which at first glance
cannot yield sufficient inflation. However, the hyperbolic geometry of the moduli space
makes slow roll inflation possible even if the potential is quite steep.

To see this, and to connect this to a more familiar canonical field ' in 3↵ = 1 attractor
models where the tanh argument is '/

p
6↵, we can use the following relation

⇢ = tanh
'
p
2
. (3.3)

Therefore, our cosmological models with geometric kinetic terms are based on the following
Lagrangian of the axion-dilaton system

g�1
L =

1

2
(@')2 +

1

4
sinh2(

p
2')(@✓)2 � V (', ✓) , (3.4)

where some choice of the potentials V (', ✓) will be made depending on both moduli fields.
In terms of this new field ', the corresponding potential near the boundary ⇢ = 1 is
exponentially stretched to form a plateau, where ' field becomes light and slow-roll inflation
naturally occurs. If we further assume the potential is a function of the radial field only, then
we recover the T-model as shown in Figure 1. Generally speaking, the potential may also
depend on ✓, and have ridges and valleys along the radial direction. One simple example
is shown in Figure 2. Although the ✓ field can appear heavy in the unit disk coordinates,
after stretching in the radial direction, the effective mass in the angular direction is also
exponentially suppressed for ' � 1.

For a cosmological spacetime, the background dynamics is described by equations of
motion of two scalar fields

'̈+ 3H'̇+ V' �
1

2
p
2
sinh

⇣
2
p
2'

⌘
✓̇2 = 0 , (3.5)

✓̈ + 3H ✓̇ +
V✓

1
2 sinh

2(
p
2')

+
2✓̇'̇

1p
2
tanh(

p
2')

= 0 , (3.6)

and the Friedmann equation

3H2 =
1

2
('̇2 +

1

2
sinh2

p
2' ✓̇2) + V (', ✓) , (3.7)

where H ⌘ ȧ/a is the Hubble parameter. In such a two-field system with potential as
shown in Figure 2, one may expect that the inflaton will first roll down from the ridge to
the valley, and then slowly rolls down to the minimum along the valley. In the following we
will demonstrate, due to the magic of hyperbolic geometry, the dynamics of moduli fields
is totally different from this naive picture.

3We leave other interesting cases with non-monotonic potential, such as the Mexican hat potential, for
future work [38].
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Dark Energy with a-attractors :  
w= -1, in most cases

is easy to propose a theory with an extremely flat potential, which would lead to equation
of state (EOS) practically indistinguishable from the equation of state of a (metastable)
vacuum state w = �1. But modifications which would lead to dark energy with equation
of state w = �0.99 or w = �0.9 typically requires lots of additional fine-tuning, on top of
the apparently unavoidable extreme fine-tuning required for making dark energy 10120 times
smaller than the Planck density, and 1029 times smaller than density of water.

Nevertheless, it would be important to explore various existing possibilities, using some
novel ideas recently discovered in inflationary cosmology. In particular, recently investigations
found a broad class of theories, cosmological ↵-attractors, which are based on models where
kinetic term of a scalar field has a pole. The pole is a consequence of the hyperbolic geometry
of the Poincaré disk. The radius square of this disk is equal to 3↵.

In such theories, the potential has a plateau shape, which is favored by the recent
inflation-related cosmological observations [9]. However, similar mechanism may also help
to construct satisfactory models of dark energy, see e.g. [10–14]. Moreover, it may be also
possible to find ↵-attractor models which can simultaneously describe inflation and dark
energy [11, 14]. Most of the models which we checked predict that asymptotically w1 = �1.

In our paper we will extend this investigation by taking into account the instant preheating
mechanism [15–17] while avoiding some of the speculative assumptions made in [11, 14]. In
particular we will present simple single field model for inflation and dark energy which will be
easy to falsify by the future data. They predict the value of the tensor to scalar perturbations
during inflation and the asymptotic value of the EOS which we call w1, to distinguish it from
a time dependent wDE and an observable EOS, weff

r = 4
3↵

N2
(1.1)

w1 = �1 +
2

3

1

3↵
(1.2)

Here 3↵ = R
2 is a geometric parameter defining the radius square of the Poincaré disk of the

hyperbolic geometry of the ↵-attractor models. This parameter also defines a curvature of the
corresponding Kähler manifold, RK = �

2
3↵ . Interesting values from fundamental theories are,

[18–20]
3↵ = 1, 2, 3, 4, 5, 6, 7 (1.3)

Note that 3↵ = 1 in this model with asymptotic w1 = �
1
3 is already ruled out by current

w1. (RK: Is this correct? Is my understanding of weff such that asymptotic w1 = �
1
3 is

ruled out, or one should say something else here?) The smaller R
2 = 3↵, the smaller the level

of primordial gravitational waves r = 16 ✏infl is predicted, but at the same time the deviation
from ⇤CDM is increasing, since w1 = �1 + 2

3✏1 and ✏1 = 1
R2 . We will explain why in this

model ✏infl is proportional to R
2, whereas ✏1 is inversely proportional to it.

A future detection of B-modes, or an improved bound, together with improvement
precision on ns = 1 �

2
N , and therefore number of e-foldings N , will give us a bound ↵ < ↵r.

On the other hand, if the precision data from the future large-scale structure surveys will
show the deviation of w1 from �1, we will have an opposite bound, ↵ > ↵dark. Therefore
this model will be falsified (or even confirmed?) by the future observations.

We will also study 2-field attractor models of quintessential inflation. Here again, most
of the models which we checked predict that asymptotically w1 = �1. With some effort, one
can propose models which deviate from this value. The ↵-attractor model of inflation has
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3↵ = 7 r ⇡ 10�2 w1 ⇡ �0.9
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Quintessen(al a-a,ractor model with linear poten(al:

Very simple potential, predictions for w depend on efficiency of reheating. 
Requires a = 10-2.

Thus there is nothing simpler than the cosmological constant, but if the data 
show that w is different from -1, we can account for it without modifying GR.

Starobinsky model one often encounters an inefficient reheating with the reheating temperature
Tr ⇠ 109 � 1011 GeV. For Tr ⇠ 1010 GeV and assuming O(100) different types of particles in
thermal equilibrium after reheating, one finds �N ⇠ �4.

Meanwhile, in the quintessential ↵-attractors with gravitational reheating and a long
stage of kinetic energy dominance, one has �N = �

1
12 ln

⇣
⇢reh
⇢end

⌘
. Notice the important sign

change. Using the numerical estimates made in section 4.2, one finds �N = +7.5. This
particular number is rather sensitive to various assumptions on the energy scale of gravitational
reheating, but let us take it at its face value. It shows that the required number of e-folds N
in the quintessential ↵-attractor models can be greater than the one in the more conventional
↵-attractors or in the Starobinsky model by �N ⇠ 10.

As a result, the value of ns in quintessential ↵-attractors with gravitational reheating is
typically greater than in more traditional models by about 0.006 or so. This number coincides
with one standard deviation in the Planck results [52]. Thus, by a more precise determination
of ns, which can be achieved in the future, we may be able to distinguish quintessential
↵-attractors with gravitational reheating from other models with more efficient reheating and
without a long stage of kination.

5 Examples of single-field models of quintessential inflation

5.1 Linear potential

We begin with the ↵-attractor version of the simplest linear dark energy potential [8]

V (�) = �� + ⇤ . (5.1)

In terms of the canonically normalized field ', this potential is given by Eqs. (2.12) and (2.14),
which we reproduce here for convenience:

V (') = ⇤ + �
p

6↵(tanh
'

p
6↵

+ 1) ⇡ ⇤ + 2�
p

6↵ e

q
2
3↵'

. (5.2)

Here ⇤ = V� is the asymptotic value of the potential at ' ! �1, and the last equation is
valid for |'| �

p
3↵.

One could expect that the simplest linear model (5.2) with ⇤ = 0 can be used as a model
of quintessential inflation, if one takes ↵ & 1; see e.g. (2.19) and (2.21) for ↵ = 7/3. However,
one can easily check that in this model with ↵ > 1/3 the inflationary slow-roll parameter ✏
always remains smaller than 1 and inflation never ends.

This problem can be solved by using ↵ ⌧ 1, for example ↵ = O(10�2), and adding a
small cosmological constant ⇤ ⇠ 10�120, see Fig. 4. In that case, inflation does end in a vicinity
of ' = 0, at 'end ⇡

q
3↵
8 ln 1

3↵ ⇠ 0.2. Then the field ' rolls down until it freezes at some

value ' = 'F depending on the efficiency of reheating, see section 4.2. If |'F| >
q

3↵
2 ln ⇤

2�
p
6↵

,
then the potential (5.2) is dominated by the positive cosmological constant ⇤. In that case, at
the moment when the field starts moving again, the universe gradually enters the stage of
expansion dominated by the cosmological constant ⇤ with the equation of state wDE = �1.
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In canonical variables:

Starobinsky model one often encounters an inefficient reheating with the reheating temperature
Tr ⇠ 109 � 1011 GeV. For Tr ⇠ 1010 GeV and assuming O(100) different types of particles in
thermal equilibrium after reheating, one finds �N ⇠ �4.

Meanwhile, in the quintessential ↵-attractors with gravitational reheating and a long
stage of kinetic energy dominance, one has �N = �

1
12 ln

⇣
⇢reh
⇢end

⌘
. Notice the important sign

change. Using the numerical estimates made in section 4.2, one finds �N = +7.5. This
particular number is rather sensitive to various assumptions on the energy scale of gravitational
reheating, but let us take it at its face value. It shows that the required number of e-folds N
in the quintessential ↵-attractor models can be greater than the one in the more conventional
↵-attractors or in the Starobinsky model by �N ⇠ 10.

As a result, the value of ns in quintessential ↵-attractors with gravitational reheating is
typically greater than in more traditional models by about 0.006 or so. This number coincides
with one standard deviation in the Planck results [52]. Thus, by a more precise determination
of ns, which can be achieved in the future, we may be able to distinguish quintessential
↵-attractors with gravitational reheating from other models with more efficient reheating and
without a long stage of kination.

5 Examples of single-field models of quintessential inflation

5.1 Linear potential

We begin with the ↵-attractor version of the simplest linear dark energy potential [8]

V (�) = �� + ⇤ . (5.1)

In terms of the canonically normalized field ', this potential is given by Eqs. (2.12) and (2.14),
which we reproduce here for convenience:

V (') = ⇤ + �
p

6↵(tanh
'

p
6↵

+ 1) ⇡ ⇤ + 2�
p

6↵ e

q
2
3↵'

. (5.2)

Here ⇤ = V� is the asymptotic value of the potential at ' ! �1, and the last equation is
valid for |'| �

p
3↵.

One could expect that the simplest linear model (5.2) with ⇤ = 0 can be used as a model
of quintessential inflation, if one takes ↵ & 1; see e.g. (2.19) and (2.21) for ↵ = 7/3. However,
one can easily check that in this model with ↵ > 1/3 the inflationary slow-roll parameter ✏
always remains smaller than 1 and inflation never ends.

This problem can be solved by using ↵ ⌧ 1, for example ↵ = O(10�2), and adding a
small cosmological constant ⇤ ⇠ 10�120, see Fig. 4. In that case, inflation does end in a vicinity
of ' = 0, at 'end ⇡

q
3↵
8 ln 1

3↵ ⇠ 0.2. Then the field ' rolls down until it freezes at some

value ' = 'F depending on the efficiency of reheating, see section 4.2. If |'F| >
q

3↵
2 ln ⇤

2�
p
6↵

,
then the potential (5.2) is dominated by the positive cosmological constant ⇤. In that case, at
the moment when the field starts moving again, the universe gradually enters the stage of
expansion dominated by the cosmological constant ⇤ with the equation of state wDE = �1.
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In quintessential a-attractors with gravitational preheating and a long stage of 
kinetic energy dominance, inflation must be longer than in the conventional
a-attractors with a long stage of oscillations at about

The required number of e-folds N in the quintessen>al a-a?ractor models can be 
greater than in the conven>onal a-a?ractors, or in the Starobinsky model, by 

As a result, the value of ns in the quintessen>al a-a?ractors with gravita>onal 
prehea>ng is typically greater than in more tradi>onal models by about 0.006 or 
so. This number coincides with one standard devia>on in the Planck results. Thus 
by a more precise determina>on of ns to be achieved in the future, we may be 
able to dis>nguish between the quintessen>al a-a?ractors and conven>onal 
models with a cosmological constant, even if we cannot tell the difference 
between w and -1.  This emphasizes importance of precise measurement of ns.

�N ⇠ 10

�N ⇠ 1

6
ln

✓
⇢end
⇢reh

◆
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Quintessen(al infla(on allows to increase the number of e-foldings N, which slightly 
increases ns for a-a8ractor models. With be8er precision on spectral index ns we may 
differen>ate in the future between infla>on ending at the minimum of the poten>al, and 
the one ending at a second plateau, even if the equa>on of state there is w = -1

T

T

E

Figure 1: This Figure is taken from [16], it represents a forecast of CMB-S4 constraints in the ns � r plane

for a fiducial model with r = 0.01. Here the grey band shows predictions of the sub-class of ↵-attractor models

[2, 3, 4]. We have added to this figure a blue circle with the letter T inside it corresponding to a highest

preferred value 3↵ = 7 and the purple one corresponding to the lowest preferred value 3↵ = 1 in a seven-disk

geometry. All intermediate cases 3↵ = {1, 2, 3, 4, 5, 6, 7} are between these two. They all describe the class

of ↵-attractor models with V ⇠ tanh
2
('/

p
6↵), so-called quadratic T -models. The quadratic E-models with

V ⇠ (1 � e
p

2/3↵'
)
2
tend to be slightly to the right of the T -models, see [2]. We show them as a navy circle

with the letter E inside it.

by requiring that

3↵ = 7 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 ⌘ ⌧
3↵ = 6 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 ⌘ ⌧ , ⌧7 = const
3↵ = 5 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 ⌘ ⌧ , ⌧6 = ⌧7 = const
3↵ = 4 : ⌧1 = ⌧2 = ⌧3 = ⌧4 ⌘ ⌧ , ⌧5 = ⌧6 = ⌧7 = const
3↵ = 3 : ⌧1 = ⌧2 = ⌧3 ⌘ ⌧ , ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 2 : ⌧1 = ⌧2 ⌘ ⌧ , ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 1 : ⌧1 ⌘ ⌧ , ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const (4.17)

We illustrate in Fig. 1 the features of ↵-attractor models [2, 3, 4] with the seven-disk geometry
using the recent discussion of B-modes in the CMB-S4 Science Book [16]. We show in Fig. 1
predictions of ↵-attractor models with seven-disk geometry in the ns � r plane for N ⇠ 55, for
the minimal value 3↵ = 1 and for the maximal value 3↵ = 7.

5 Values of 3↵ in string theory

Here we will show how to derive the 7-disk geometry (4.13) in string theory. We start with
the derivation of non-compact symmetries in string theory following [17], [18]. The toroidal
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Looking forward for the new data
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