Self-force in terms of the tensor harmonics

Here, we give the self-force in an arbitrary gauge expressed in terms of the tensor harmonics coefficients. The
formulas are valid for general orbits. We assume that the particle is located at 7 = rg, 8 = 7/2 and ¢ = ¢p at time ¢
and its four velocity is {uq} = {—&, ur, 0, L}, where £ and L are the energy and angular momentum of the particle,
respectively. It is noted that the f-component of the force vanishes because of the symmetry, and the ¢-component

is given by
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which follows from the fact that the force is orthogonal to the four velocity.

t
F(even)

Ci L2
- Zu[ 9 Km(to, 7o)

m

27 (ro — 2 M)?
1
"3 (o —2 )
+ro LmE? —2irgu, L2+ 272 Lm M + 8irgu, L2 M
+2L2mM — 8iu,. L2 M2)€H24m(t0, ro)
3.2
_(1":7‘—82]7;40)2 3tH1em(t0, To)
i(—2r0Lm+10 LmE? +2irgu,. E2M +4Lm M) E
- 27 (ro — 2 M)?
(=279 +10E% +4M)E u,

— H
2 (ro — 2 M) 9y Hoem (to, T0)

i
3 (rg—2M)3
+LE upmry —u, Ly +i L2ry — i L2E2 7S+ 2ird M2 E?
—ALE u,mry M +4ird M* 4+ 6u, Lmrd M —4ird M?
—TiL2 2 M 430 L2E*ri M +4LE? up mra M? —12u, Lmri M?
+163 L2 rg M? — 20 L2 E> rg M? + 8w, Lmrg M> — 124 L2 M3) Hygm (o, 70)

—re Lm+2ir3u, E2 M —ro L2 m

Hoem (to, 70)

(=i Mrg—irg ME* +2iE*rg M

(2upro —du, M —iLm)L2E L2u, &
: Kmtv - T 5.2 erta
2,73 (ro — 2 M) m(fo, 70) = =575 OrKm(to, 7o)
52T3(—T0+7‘052+2M) irog?’ﬁm (C)
- Hoyom (to, - 0:h to,
2(7‘0—2M)3 at 0¢ (O 7"0) (7’0—2M)3 at Oém(o To)
Z(7T0+T052+2M)urﬁm (e) Z‘Clurﬁm (e)
- Orh, to, — —————0sth to,
12 (ro — 2 M) oim (10: 70) = S o gy e - 7o)
1CoELm

— =9 (¢
,rg (TO I 2M) 1lm( 05 TO)

1
Qw2+ 9222 iro L 8 M
+r8(r0—2M)2( Uprg+2r5E U +irg Lm+ 8rouy,

—27“0ur5'2M—ir0£m52 —2i£mM—8urM2)£mh$)m(to, ’I"())

)
+(ro —2M)rj
+2irgu, LM + 7 L? M)L:Emhg‘z)m(to, 70)

(28%r — 218 —irdu, Lm+ 575 M — 37 L?

(—7"0+7"052+2M)CQ CICQ
73 (ro — 2 M)? Oy Hypm (to, o) 270 (1o — 2 M)3 Oy Haem (to, 70)
Cg uTE
0, H.
272 (ro —2 M) OrHaem(to, o)
G Lm” m? L2 €

0:Gom (Lo, 70) + 0rGom (to, 70)

+2r0(r072M)2 273

(0.1)



F (Teven)

(2upro —du, M —iLm)m?L2E
2r8> (TO _ 2M) Glm(t()? TO) }/[m(’ﬂ'/2, (b())v
Cl 2:7’()52+T0—2M7

Co ::827“3’77"8+27"(2)M77"0£2+2£2M,

2
27§

L2u, &
= Z.U [— Ot Kom (to, o)
m

i
218 (rg — 2 M)?2
—ALE u,mri M —6u,. Lmrg M —2i L2E*r]
+4LE* upmry M? 4+ 64 L2 E*rg M — i u, L3 m + 12u, Lmry M?
—8u, Lmry M3 +2ird £ — 40 L2E> v M? + 675w, L2m M
—1272u, L3m M? — 1273 LY M + 81 u, L3 m M3 + 24 re L* M?
—1617 L£* M®) Hagm (to, o)
C5 &2
ol 2P
i
213 (rg — 2 M)?2
—2i7rg L2 M + 4rgu, Lm M? 4+ 40 L2 M?) E? Hopm (Lo, T0)

(20 EYrS M +u, Lmry + LE* u, mr§

OtH1om (to, 70)

(2irs M E* +riu, Lm — 413 u, Lm M

—m(iuTrgM—l—QirguTé‘zM—I—TSEmEQ

—2iuTr8M2 —ir%urﬁ2+3irouT£2M—r0£3m
—2iu, L2M? +2L3m M) E Hygm(to, 7o)
+(2€2r8 —irdur Lm+2irgu. LmM — 219 L2 + 4 L2 M) L?

270 K (to, o)
—0237%2 Or Ko (to, 1) — M Ot Hogm (to, 7o)
e Ot o)~ L 0kt
s 00, v - LR L 110 1, 1

i

+7’(5) (ro —2M)2
/Jm—2r8’M€2 —47“3M2 +4ir§uT£mM—4irouT£mM2
272 L2+ 679 L2 M —AL> M*)LEMM) (to, 7o)

(252r3—2ré+6r8M—ir8’ur

+i7(2ur527‘§ —4rdu, EPM —ird LmE* +u.rg M
To

—2u, g M?* —3r3u, L2 +irg L2m +13rgu, L2 M — 25 L2m M
—14u, L£? MQ)Emhgl?m(to, 70)
Ciu, &
- 35— OrHigm(to, 70)
To
(E2rf+rd =203 M —ro L2+ 2L> M) u, £
- Oy Hopp (t
272 (ro —2 M) tHaem (to, o)
C5Cy

e O, o (fo,
273 (ro — 2z O Haem (0. 7o)




2 T£25 C £2 2
B 2 0:Gem(to, 70) + e 0,Gm(to, 70)

27rg 273
(28273 —irdu, Ln+2irgu, Lm M — 271 L2 + 4 L2 M) m? L2
- 2,6 GZm(tm TO)
0

X }QM(W/23 ¢0)7
Cy = =210 + E2rg +4r§ M —rg L2+ 2L M,
Coi=E%rd —r34+2r2M —ro L2 +2L> M,
Cs = 527’8—7“0£2+2£2M,
mEu, L2
F(todd) = ZM |:_a’l"h'2fm(t07 7o)

2rd
Im 0

(2w r242028%u, +irg Lm+ 8o ur M — 2rgu, E2 M
+T§(ro—2M)2( Uy + 275 E3Ur +iro LM+ 810U rou

—irg LmE? —2i Lm M — 8u, M*)L hogm(to, 7o)
1
+r8 (ro —2M)
370 L%+ 2irgu. LM 4+ T7TL> M) E L hyem(to, 7o)
(4uprg —8up, M —iLm)EL?m
27 (ro —2 M)
ro LE3

"o —200)° Othoem (to, T0) —

(2&%73 —2r —irdu. Lm+5r5 M

haem (to, 7o)

(—ro +10E*+2M)u,
e (ro —2 M)

L
Orhoem (to, T0)

(ro&2+rog—2M)u, L
- h m )
72 (ro — 2 01) Oth1em(to, 7o)
(E2r§ —rf+2r3 M —ro L2+ 2L> M) LE
- T m (L0,
re (ro —2 M) Orhaem(to, o)
1 (ro&%+ro—2M)L*m
5 m ) Ym 27 ;
5 73 (ro — 2 M)? Othaem (to, T0)| Op Yem(m/2, ¢o)
ZM[_(—27"5’+€2r8’+47‘8M—r0£2+2E2M)£2m
27“5

Floaay = Orhaem (to, 70)

Im

1
+r8(r0 —2M)2
218 M E* —4ri M? +4irdu, Lm M —4irgu, Lm M?
—27“3 [,2 + 6179 L‘,QM—4£2 MQ)gﬁhoem(to, 7‘0)

(28%ry =210 + 615 M —irgu, Lm

1
+—(2u, E2rg —Arfu, E2 M —ird LmE* +u, i M
To

—2u, s M?* — 373 u, L2 +irg L2m + 137 u, L2 M
—2i L3m M — 14u, L2 M?)L higm(to, 7o)

1
b (4T3 48y —iriu. Lm + 875 M

278
+2irgur Lm M — 4rg L2+ 8 L% M)L? m hogm (to, 70)
urE2 L
- 0ih t
To (TO — 2M) t OZm( 0, TO)

_(—27"8’+527“8+47°8M—7“0£2+2£2M)£88h (to. 70)
,,,61(,’,,072M) rt0em\lo, 70

(E2rd —ro L24+2L2M)LE
"2 (ro —20M) Oth1em (to, o)
(ro —2M)u, (213 —r§ + 212 M —ro L2+2L? M) L

- G Orhiem(to, o)
0




_mfurﬁ

1
275

2
athQKm(th 710) a@ Yzm(ﬂ-/27 ¢0) .



