S part outside of the particle location

Here, we summarize the mode decomposition of the S part outside of the particle location. The mode decomposition
of the S part under the harmonic gauge is calculated to yield
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The r-component of the S-force in the harmonic gauge is
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The generators of the gauge transformation from the harmonic gauge to the RW gauge is given as
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Finally, we obtain the S part of the metric perturbation in the RW gauge as
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Then, the r-component of the S-force in the RW gauge is given by
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