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§1. Formulation

e Action for real scalar field in curved spacetime
1 1
S = /d4:1:\/—g <—§g’waugb8ygb -V - §§Rgb2> - & =0 : minimal coupling

We assume & = 0 for simplicity. In the case of € # 0, apply a conformal transformation

to bring the system into the frame where & = 0.
We also assume ¢ = 0 is a miminum and consider free field theory around it. Hence we

set V = %m2¢2.
e (3 + 1)-decomposition (Hamiltonian formulation)

ds? = —=N*dt* + ;j(da’ + N'dn)(da’ + N’dn) =
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S = / B dt l% (gb qub) —%ﬁ(v”cb,mﬁ,ﬁm%z)]
_55’ \/7 ; . 1 N*
=5 (V) = A, v (N ‘W)

Hamiltonian:

N [ =2

H = /de’H; H=rd— L= 5 [ﬁ +v7 (Vb + m2¢2)] + N7 .



e Klein-Gordon inner product
For any (¢, 1) satisfying the field eq.

(6,9) = i /E A0~ (o)
— / AT (ONI O — (N'O,0)67) ; NV = —Ngh.
t

where Y(t) is a Cauchy surface (assume global hyperbolicity for simplicity).
(¢, %)k is independent of X(t) because

/ d'VV, (9V' — (VH9)y") = / V(0,07 — (B,0)07) =
- / d¥,, oV — (Vo))
ov

In general, any solution ¢ may be expanded in terms of a “complete set” of ortho-normal
mode functions u,,:

O = chun—l—CU' [—Dg%—mﬂunzo.



KG-normalization

(U, Upy) = i/dZu (unVFuy, — (Vi )ul)) = i/d3a: (u, VOul, — (V'n,)us)
t
— /d?’x (unp;i1 — pnu:;b) = On.m
t

o= —/—9V%, = /YN"O,u, = % (1 — N'; i)
(um u;kn) =0, (u;;, u;kn) = —(Um, Un) = 5nm

Completeness

Z{ 8y tn)pnl) — (6, 0)P(2))

S (wal@)pily) — w(@)paly)) = id%(@ — )

< ont = const. surface < Z(un(x)u;(y) - u:(x)un(y)) =0

n

> (pal@)p () — pi(x)paly)) =0

n

\



e Canonical quantization: [¢(Z,t), (v, t)] = ihd*(Z — 7))

Heisenberg eq. ([—Dg + m2] ¢ = O):
i 1 N .
= —|¢,H| — — N'¢,;
¢ = —[¢, H] el +N'o,
1

= zh[ﬂ H) = 0i(n N'+ N\77¢,) — N\/ym*é.

Mode-by-mode quantization:

o) =Y (anun(z) + afuy(x))

() = Z(anpn(fv) + alp(x))
(@, al ] = h5nm (G, @] = [al,al ]=0.
< equal time commutation relations:

= 1Y (un(@)p}(y) — up()paly)) = ihd*(x — y)
= 1Y (un(@)us(y) — uh(@)un(y)) =0
=1 (pa(@)p;(y) — P (x)paly)) = 0



§2. QFT in spatially homogeneous & isotropic universe

e harmonic decomposition
Background metric:

ds® = —N?dt* + a*(t)do ;

o inh?(v/— K
do? = vijdx'dx! = dx* + o <( K) X)

2 . _
0% K ==+1,0

(755 in §1 = a*yy)
Mode decomposition:
Y;(x) = harmonics on do.

A0 LR V=0, Y7 =Y,

pip (P 2 =1 parity trans.)

V7 2p Yi(@)Yi(y) = 0%z — o)

fd3$ﬁYE(x)Yl§($) = 5];’15,



mode function uy = ¢5.(t)Y;(x):

1 9 (a®d 1

1 d [a’d k?
= [N—f’@ (N%) + (@ + m2>] gbk;(t) =0.

KG-normalization

3 . .
(ugoug) = —i% [ VA bl — bi6)Vila) V()

3
A | % Lk
= —ZN(¢k¢k/ - ¢k¢k/)5E,E’ = 5];’];,
. . .. N
<~ ¢A¢k o ¢k‘¢k‘ — 7’5

¢r(t) (or uzp(t, x)) is called a positive frequency (mode) function

mode-by-mode quantization (Fock representation):

ot x) = Z(a,gu,g(t, x) + a%u;—;(t, x))

—

k
ap = ($up), al=—(¢,u3)



T .
where a; and az satisfy

[CLE, al]%/] = héE,E’ , [CLE, ak,] [CLJ]L, aj;,] = 0.

* checking the equal time commutation relation

n(t,x) = \ﬂ/ﬁ(tfﬂ fz (agiy + agi)

= [o(t,2),m(t,y)] = b= > (up(@)iily) — ui(z)ig(y))
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K S (00— BBV, ) = ihe
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e Fock space
“vacuum” state: a;|0) =0

in Minkowski space Poincare invariance uniquely determines the vacuum.
o1 (t) associated with the vacuum indeed has a positive energy,

1 - 0
or(t) = \/?Tke_“"kt; zhaulg(t) = Epup(t);  Ep = hw, = AV E? +m?.

(uy = 1-particle wave function: u; = (p|k) = (gb[a%]@)
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- However it is not unique in the expanding background (no Poincare symmetry).
- nor there exists any positive energy eigen function (no time-translation symmetry).

1 d [(a’d k?

it (vai) (e )| w0 =0
. . N

Orr — Gudr = 3

are not enough to determine ¢ (t) uniquely.

- the two conditions,

* Bogoliubov transformation

or(t) — o(t) = apor(t) + Broi(t) s loul* — |Bk* =1

¢y also satisties the above two conditions.

With the new mode function, u; = ék(t)YE(x),
¢(t7 Z’) - Z(d/;@/;(ty 33) + ~%&2(t7 513))

-

k
~ ~ N T ~7 ~k\ T
CL]; — (Qb, u]:) - O‘Z% T Bzap[,g] ) CLE - _(Qb, u};’) — Oék‘alg - 6kap[;?]

(spatial homogeneity of the vacuum is assumed: «y, B depend on k not on /2)



new “vacuum” state: a;|0) = 0

- Iop
0) o exp Z ﬂkka;%a;[ﬁ] 0)

—

Vacuum expectation values
(0]afaz|0) = (0lataz0) = |6/

|0) contains |34|? particles defined with respect to |0), and vice versa.

Inverse transformation
@-GHE - (-GDE
O, Br o) \9 o —0r o ) \9;

= ot (T ap —bh ) _(x~T ) oy Sk
(ak an%‘]) - (“’k ap[,;]) (—5;; ak> = (“k an%‘]) — "% rpm (6;; o
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§3. scalar field on de Sitter space
de Sitter space = time-tike hyperboloid in 5d Minkowski space:

napl€” = —H? in dspy = —napdtde® (A, B =0,1,2,3,4)

O(4, 1)-symmetry (5d Lorentz symmetry) = de Sitter group
- closed chart (covers whole space)
(€0 — H-'sinh HT,
& = H tcosycosh HT,
= H n'sinxycosh HT (i =1,2,3)
\ Z?ﬂ(ni)Q =1,

1
9 9 9 9
= ds® = —dT + cosh HTdQ(3)

\\

- flat chart (covers “half” of whole space)

§" = H ! [sinh Ht + r2e”' /2]
¢t = H ' [cosh Ht — 1% /2] |

é‘l — H—lnl,r, th (7/ — 1’ 2, 3) ) http://www.counterbalance.org/cq-turok/etern-body.html

= ds?= —df? 1 [dfr? + r%i%)} .
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flat chart is useful because it is conformally flat:

ds® = —dt* + 2" |dr? + T2dQ%2)} = a’(n) [—dn® + 0;;dz'dz’]

1
= a*()nuda’dz” ; a::ﬁ5<—w<n<®,

and covers large enough space to render 3(t) (= X(n)) a Cauchy surface.

mode expansion
&’k ik-Z x —ik-T
o= [ G loosme™ + algime ™)
O+ QH% (m*a® + k)¢y, = 0,
i d
Ordy — P = —5- (' = d_77>
setting kn = x,

d2 2 d Iu2 ) 2
[daz2 vdr T x2] =05 p



General solution

9
o= (= (CH (—a) + GHP(—2) )« v=[{ =4
v > 0:
HY(—z) = H? () H<1>(—g;)iH<2>(—x) —~ H<2>(—g;)iH<1><—g;) _ X
Y Y ’ Y dr " Y dr " 7(—x)
d ., ,.d 4ix? ) o 1H?
— ¢k%¢k - ¢k%¢k j T (ICL] = |Cof?) = e
> o, TH
= ‘Cl‘ ‘CQ’ _—4]€3 .
- v =141/ (for real V/'):
Hz’(;’ (_x)* _ ey/wHi(fl)(_x) , Hi(f/)(—x)* _ e_V,WHZ'(,/l/)(_CU)
/ I 7TH2
= |01’2€V7T— ’02|2€ :4—]{3
- From the above, for any v,
mH ' L
Pp = \2/];3/2 (—kn)*’? <Oél~c€m/2H£1>(—iC) + Pre /2H£2>(—1’)> I

a; = 1: Bunch-Davis vacuum (de Sitter invariant & UV behavior ~ Minkowski)
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wm mH ‘
b0 _ g2 YTH s gy

ko™ 932
For p? < 1 (m? < H?), v~ 3/2 — u?/3,
H
BD _, (—kn)" 3 at (—kn) — 0.

\/§k3/2

* Random walk on superhorizon scales (Vilenkin ‘83)

Ho Ark2dk H? ) H\*3H? )
(%) ey = /0 2n)? 2k3(—k77)2“ /3 = (277) 53 (UV cutoff at k =aH = —n ") .

IR divergence: <¢2>reg — 0o for m2 — 0 = no deS invariant vacuum for m2 = 0.
Setting (¢%)reg = 0 at a = a (& —nu = (a.H)™),

(%) reg = /H HG% <§>2 = <%>2ln(a/a*) = <%>2H(t —t,).

H
Radom walk with A¢p = :t2— at each time step At = H 1.
7

This gives rise to large ‘classical” fluctuations on superhorizon scales
(origin of curvature perturbation)



