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§1. Formulation

e Background spacetime
Friedmann-Lematre-Robertson-Walker metric (K = £1,0):

ds® = —dt* + a*(t)do¥ ;

iy sinh?(v/— K x)
dot = vi;dr'de! = dx* + o d,
Conformal time coordinate:
dt
dn=— — ds® = a2(77) (—d772 + daf()
a

Energy momentum tensor in the perfect fluid form:
T = pulu” + p(g"” + v'u”);  w,da” = —dt = —adn .
Friedmann equation: (G% = R% — 3R = 8rGT")
. 2 .
a K 8nG a da
(‘) +—=5 = - Py P+3a(P+p) =0 (d %)

a a? 3

0

I\ 2 /

TG d

@ + K = il paz, ,0'+32(,0—|—p):() a':—a .
a 3 a dn

a/

a
Hereafter, we use the symbols: H =—-, H = —
a a



e Spatial harmonics

. scalar harmonics

k2> (—K) for K<0 (k*: continuous)

=nn+2)K for K>0 (n=0,1,2,---)

examples
K =0:
Ykzelkm, ]{32: ’k2’,
or
Yk = ]g(/fx)}/gm(Q) ; k = (/{,f, m)
K=-1

Yie = fre0)Yun () k= (k,{,m).

_ 1 —(-1/2 . _ 9
Sre(x) = mpip—l/? (coshx); p=+Vk>—1.



- vector harmonics (index k omitted)
scalar type:

Y, =-k"'D)Y, (A+ (K —2K))Y;=0.
vector (transverse) type:

DYWi=0, (A+kK)YW =0;

2 =mn+2) —1)Kfor K>0(n=12---), k*>(-2K)for K <0.

- tensor harmonics

scalar (traceless) type:
1
Yi = (kzDiDj + §7¢j> Y, (A+k—6K)Y;=0.
vector (traceless) type (with index (o, k): 0 =1,2):

yl — (D v oy (AR —aK) v =0,

v ok
tensor (transverse-traceless) type (with index (o, k): 0 = 1,2):

(
j

¥ =nmn+2) —2)K for K>0(n=2,3,---), k*>(=3K)for K <0.



e Perturbation variables

- scalar type perturbations

metric:
~ ) ~ 2 QB
goo = —a“(1+2A(n)Y), Goj = —a"BY; | =a EDjY :
Gij = a*[(1+2H.Y )y;; + 2Hr Y]
1 1
= [( —|‘2RY>’7U—|—2HT]€DDY] REHL+§HT.
martter:

T, = puli, + 7, T, = p(oh + i) + 7, (7, =7 ulu, = 0),

p=pl+dY),
G_u i Y i ~
U= =0vY (: —%D Y> & u;=alv—B)Y; (up=—a)

(0" = u'(1 — AY), @y =up(l + AY) from a'a, =—1)
%ij =D [5;-(1 +7Y) + WTYij]



- geometrical meaning
(3 + 1)-decomposition:

ds* = a*(n)ds*; d&* = —N%dn* + 7;;(de’ + N'dn)(dz’ + Ndn).

x| =const.

N + dnN =congt.

n,dxt = —N dn  --- hypersurface normal :
N =14 AY ... lapse function,
N’ = —BY" ... shift vector.

extrinsic curvature:
K;; = (Hj — kB)Y;; = ko,Y},

o,=—Hp— B --- shear of n =const. hypersurface.



“expansion’ :

0 =3H(1+K,Y)= 2%(1 + K,Y);

k
Ky=—-A+H"! (R’ - gag) .

Odrprop = 0(1 + AY)adn = (3H + (3R’ — ko,)Y)dn.

3-curvature:

58Rijmn - Dmasrijn — Dnasrijm;
. 1 .
(SSFij = 5’7% (Dm(S'Wj + Djafyém - D€57Jm> )
0%ij = 2H i + 2HrYi; .

In particular,
. 1
‘R = 6K +4(k* — 3K) (HL + §HT> Y = 6K +4(k* - 3K)RY .

R --- intrinsic curvature perturbation (potential).



- Gauge transformation properties

This induces a gauge transformation,
G = G — (gu;v + SV;M)

in general,  Quay = Quay —£eQpay.  ({A} --- spacetime indices)]



a/
metric: (7—[ — —)
a

A=A-T —HT (- lapse)

_ 1

B=B+L+kT 6, = 04— kT (ag=;H’T—B---Sheaf)
HL:HL—gL—HT . 1
HT: Hot kL R =R -—-—HT (R:HL+§HT curvature)

matter:

6 = 0+3(1+w)HT (wE]—?)
P

v =v+ L
& (v—B)
1

+ dn =const.

. (Vi + N')dn=(v-B )Y'dn

* Blue quantities depend only on the choice of time-slicing.
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- gauge-invariant variables

(4 metric variables — 2 gauge variables = 2 degrees of freedom)

\IJEA—%(O';—FHO'Q), (092%1{}—3)
@ER—%O‘Q. (R:HL—k%HT)
Ay =0+ 3%(1 + w)o,

V=v-— %H’T = (v—B) -0, -+« shear of 4-velocity a"
['=m — ié < pl' = dp — c.op ) -+ - entropy perturbation
[y = 7p w. -+ anisotropic stress perturbation.

UV=A &=R, Ay =9,V =v— B on o, =0 hypersurface.

Shear-free slicing or  Newton slicing
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Other popular choices:

R(ER—%<’U—B>:CD—%V, <Jg)c:V7
1 1
Ac=A—2[w—BY +Hv—B) =¥~ [V +HV]
k k
A55+3%u+umv—3%a%+3%ﬂ+wﬂﬁ

Velocity-orthogonal — or  ‘comoving’ slicing (v — B = 0)

1 1
5= R, A
30 + w) T

Curvature perturbation on uniform density slices  (§ = 0)

( =R+

Ar=0+31+w)R=A+31+w)R.,=3(1+w)C
Density perturbation on flat slices (R = 0)
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- vector type perturbations
Nj(l) _ _B(l)yj(l) , oI = g7 = oWy Wi
~(1)i i 1)y -(1
}(;) = 7ij + 2H§1)Y¢§1) : P =p [5]- T W(T)Yig )]
gauge transformation:
. . , (1) — g ¢ (L ) = M 4 ()7
=g+ LWy = T ! ’
P B

gauge-invariant variables:
(2 metric variables — 1 gauge variable = 1 degree of freedom)

| -
o)) = Hy" =B,
1 1
v =M — g Hg) _ 7T(T)_
- tensor type perturbations
=2 Y P = {‘% oy )Yf)} |

ﬁ/ij
2) are gauge-invariant by themselves.

Both Hf) and 7
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§2. Einstein equations in terms of gauge-invariant variables

e Scalar type perturbations

Einstein equations:
oG, = 8nrGOT",
6GY) =

5G°; =

5G'; =

60T =
5T?j =
6T =

9

> [3H*A+Hkoy —3HR' — (k¥ —3K)R]Y
2
S FHA— kR + Ko,]Y;

2 / 2 k2 / k /
S AH - ) ArHA +§(ag+2Hag)

1 i
—R" —2HR — g(k2 — SK)R] oY
1 1
+ [—k?A+ k(o) +2Ho,) — K°R] Y7,
—p oY )

(p+p)(v— B)Yj,
(pL' + cp8)8;Y + prrYy;.  (N.B. pI'+cppd = dp)

The above equations depend only on the choice of time slicing.

ie, they are spatially gauge-invariant.



x spatial gauge-invariance ~ (3 + 1)-decomposition

ds* = g, dz"dz” = (—n,mn, + v, )dz"dz"
= —(n#da:“)2 + ydztdx”
= —N?dt* + v;;(da’ + N'dt)(da! + N7dt);

Yuv = 9uv + n,ny, nﬂdl’u = —Ndt.

§(G"n,n,) = 6(—NG°,n")
= §(=G% — NG"n") = —6G" + higher order,
0(nuG"5) = 0(n, G guy)

§
§(—NG";) = —NJ6G"; + higher order .

14
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Energy-momentum conservation:
5(T0V;,/> =0 :
& + 31 [(c5, — w)d + wl'| + k(1 +w)(v — B) + (1 + w)(3R' — ko,) = 0.

0(T") =0 :
A5+wl 2k w ( 3K>
1 T .

“BY +H( —32)(v—B) = kA4 g0 T 2F Wy 2R
(v )+ H(1—3c:) (v )=kA+k Tt 5 To 3

* These are also spatially gauge-invariant.

* To obtain gauge-invariant equations, it is simplest to set a gauge (time-slicing) condi-
tion that fixes the time slices completely.

gauge-invariance < complete gauge-fixing

Gauge-invariant quantities are NOT necessarily directly related to observables

* Advantage of gauge-invariant formalism is because one does not have to choose a
particular gauge while dealing only with physical degrees of freedom, not because the
values of the gauge-invariant variables are physical by themselves.
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Example: choose 0, = 0 (Newton slicing), so that A=V, R=, § = A, v—-B=V.

1
6G ) = 87 GTY - = [BH(HY — @) — (k* — 3K)®] = —4rGpA,,

k
6G"; = 8t GTY; = (HY — &) = 47 G(p + p)V |
. . k2
(5sz = 87TG5TZj)traceless : —E [\If -+ (I)] = Smpllr.

(5GZ] = 87TG5Tij)trace :
2
1 Kz%’+%2 — k—) U+ H U

a? 3
1
—@" — 2HP' — §(k2 — SK)QD] =4nGp [+ p A .
Combining Egs. (1) and (2) [Hamiltonian and momentum constraints| gives

k? — 3K
a2

¢ = 4nGp [AS + 3%(1 + w)V] = ArGpA.

* Egs. (3) and (5) algebraically determine ® and ¥ in terms of A and Il

(1)
(2)

(3)

(4)

(5)

* Combining Eqgs. (1), (3) and (4), one can derive 2nd order differential equation for .

* Alternatively, one may appeal to the energy-momentum conservation laws.
(.- contracted Bianchi identities)
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d(1}".,) = 0 on shear-free (Newton) slices :
i As +wl - 2k w 3K
%8 1 =32 = kW 4 kv — 1 - =
+ ) 1+w 31+w k2>7TT

(AS _A- 3%(1 ; w)V)

o ViHV—pyypadtel 2w (_3K)

I +w 3 1+w k2
B 87Gp a*w _ 4nGp a’
(qj__q)_THT’ R ER T
d(Ty".,) = 0 on comoving slices :
A+ 3H (¢, —w)A +wl] + (1 +w)(3R.+kV) =0; RCZCI)—%V
k
(a2 (HY — &) =4xG(p+p)V, V'= ,)
, 3K

& A —3wHA=— 1—? (1 4+ w)kV + 2H wlly] (7)

Combining Eqs. (6) and (7) gives a 2nd order differential equation for A.



=
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A"+ (1+3(c;, —2w)) HA + | i (k* — 3K)
—4rGpa® ((1+3w)(1 —w) + 6(w — c;))) + 3(4w — 3¢, ) K | A = S,
(6p)e — c3(p)c 3K /
2 3K
+2 | (3w? — 2w 4 3c2 YH? + 4(w — &) K + C’“’B ] (1 — ﬁ) 10

Master equation for A (~ equation for sound waves)
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In the Newtonian, non-relativistic limit (w < 1, ¢2 < 1),

A"+ HA + (k* — ArGpa®) A = S,

. : 272 S
& A+2HA + (682 —47er) Ar—
a a
- dispersion relation:
21.2
cik
we2ﬂc = ;—2 — 47TGp
- Jeans instability: (for ¢2 = p'/p' = dp/0p = )
k k InG 2
gravitationally unstable for — < (—) = 7r2 Por A > \j = s
a al; Cz Gp
: : : 2T
The above picture is valid only on small scales: — > A
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e Vector type perturbations

k* — 2K
6G"; = 8tGTY; - —Tagl) = 81G(1 +w)p VW,
6G'; = 8tGOT'; - ag(]l)/ + 27{0&1) = SWpQQ%H(TD :

Either combining these two or directly from the momentum conservation,

]{72—2K w H(l)
ok 1+w T °

O(TF,)=0: VW41 -32)HVY=—

For IIY = 0 (adiabatic),

o) i VAR ! X ! X ! for w = const
9 a2’ p<1 + ’(U)CL4 ql—3w pw/(l—i—w)a )

This is just the vorticity conservation law.




Vorticity €

Q= PMQU[Q;B]PBV; P = g" 4+ utu” .
1 1 ij k? 2 ij
DY 2]) -y = [V Z; 2

pzx/'/(l—%—'(x,*)S‘gZ‘ —const. (S area o< CL2)

= Qij —ak V(DZU (ZZ] =

Shear o:

O = Pﬂo‘u(&;ﬁ)pﬂy — —ak(V(l) _ 0(1))}/.(,1)

g )

vector type perturbations induce both shear & vorticity

k? — 2K
(})-component:  — T K)O'él) = (1+w)VW,

k* < H?a? = H? (superhorizon) : aél) > VAO RN afj > ij ,

k* > H?a® = H* (subhorizon) : aél) <Vl = Ufj ~ ij :

21
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e Tensor type (gravitational wave) perturbations
5Gij = 87T'G'5Tn‘7 .
HP" +2H HY' + (k* + 2K)Hy = 87G p a*11)

§ k? + 2K

s HYP43HHY + = HY = saGp1ly

a

For K =0, Hg,? ) — 0, this is the same as the field equation for a massless minimal scalar:

]{2
¢ +3H+ 0 =0.

x On superhorizon scales (k* < H?a®> = H?),

o) const.  --- growing mode
H;7 x Tdn' .
/ o decaying mode

tensor perturbation ~ a homogeneous, anisotropic universe

* On subhorizon scales (k* > H?a? = H?),

1 . : 1
H}Z) X Eelk” = paw X |H}2)\2 X p
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§3. Adiabatic perturbations on superhorizon scales
- Spatially flat universe (K = 0) is a good approximation in the early universe. Then,
3
(pa’N) 4+ (1 + 32 VH(pa’A) + |2k* — 5(1 +w)H?| (pa’A) = pa’S..
Here, . =p'/p, ¢ = (0p/0p)comoving < (0p)e = c:(dp). + entropy perturbation

- Also, all cosmologically relevant scales exceed Hubble horizon.

2Ta

A= T xX a,
H—l o ,0_1/2
N a’/? for dust (w = 0)
a’  for radiation (w = 1/3)
A L=1H~a?2
= F — o0 fora—0 (in rad-dom universe)

In a
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For 8. = 0 (adiabatic perturbation), one particular solution in the limit c?k* — 0 is
H 1 1
3 .
a’Ax — = Ax = -+« decaying mode
P a Ha? Ha? YIS
Using the Wronskian for 2 independent solutions, the other solution is found as*

a?’Aocﬂ/n(1+w)a2d’
P a J, Ui

= A

L [arwaar =1 [ , |
(1+w)adn = , / (1 4+ w)adt” --- growing mode
H CL2 0 H CL5 0

(A ocn? for w = const.)

u, v = 2 independent solutions of f” + Af' + Bf =0 (f = pa’A)
W=vv—uw'; W=uduv—uw"=-Av—uw')=—-AW

= Wocexp[—/nAdn] (A (14+3c)H = — [(p+p)/+2HD

p+p
W uv’_ u’ d
ﬁ:;“ﬁ—ﬁ i“—“'—”
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e Conservation of growing mode amplitude

Let us set
kz ! 29/
A = ClHaQ 0 (1+w)a*dn
This gives, from the Hamiltonian and momentum constraints,
3 H? 3  H (7 H 2 1
O=-—"A==-C— 1 dnf, =V =—Z— " (¢ o
Yt TG [ Wrwladn, R ARARY
= RCZCI)—%V:Cl.

The growing mode amplitude of R stays constant on superhorizon scales. ‘

The condition for the linear perturbation theory to be valid is R, = C; < 1.

linear theory is applicable up to ¢ = 0 singularity
if only the growing mode is present.



For the decaying mode,

k? AN+ wl
A= C R, = —H-= -
Ha? C " 1+w
nf 22 op)e — 2(6p),
= RC — 02/ 65—2d77/ (Fc = ( p) Cs( p) _ O)
gy (1+w)a p
where
- J o for w > —1/3
=0 (finite) for w < —1/3

* Decaying mode amplitude for ‘R is not constant.
* The standard lore that R. = const. on superhorizon scales is not strictly correct.

* It is correct only if the decaying mode can be ignored.
y :

(This depends on how % hehaves in time. )

(14 w)a?

26
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e Growing mode solution for several other variables (assuming w =const.)

2
2/(3w+1) _
(oo we i)

A

(=R.+ m ~(C; --- ( (=R on uniform density slice) is also constant.
w
This is true not only for GR but also for any metric theory. (Wands et al. 2000)
(3w + 1)*(1 + w) 5 R! c? (3w +1)%*w 5
JANES Ci(k A=—F=—""T""A= — C1 (kn)~,
2(3w + 5) (k) H 1+w 2(3w + 5) 1 (kn)
3w+ 1
C - _V ~ C k 9
(%) 3w+5 '
3(1 6(1
—\D:q)%—< +w)01, AS%—QCI)%——( +w) 1
3w+ 5 3w+ 5

* © (curvature perturbation on Newton slices) or W (Newton potential) stays constant
for w =const., but varies in time when w changes.

* In particular, during inflation when w =~ —1, the amplitude of ® stays very small,
but it grows significantly at the end of inflation.

Inflation “hides” (quasi-)nonlinear perturbations (Cy ~ 1) in Newton slicing.



