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§1. Formulation

• Background spacetime

Friedmann-Lematre-Robertson-Walker metric (K = ±1, 0):

ds2 = −dt2 + a2(t)dσ2
K ;

dσ2
K = γijdx

idxj = dχ2 +
sinh2(

√
−K χ)√

−K
dΩ2

(2)

Conformal time coordinate:

dη =
dt

a
→ ds2 = a2(η)

(
−dη2 + dσ2

K

)
Energy momentum tensor in the perfect fluid form:

T µν = ρuµuν + p(gµν + uµuν) ; uνdx
ν = −dt = −adη .

Friedmann equation: (G0
0 = R0

0 − 1
2R = 8πGT 0

0)(
ȧ

a

)2

+
K

a2
=

8πG

3
ρ , ρ̇ + 3

ȧ

a
(ρ + p) = 0

(
ȧ =

da

dt

)
⇕(

a′

a

)2

+K =
8πG

3
ρ a2 , ρ′ + 3

a′

a
(ρ + p) = 0

(
a′ =

da

dη

)
.

Hereafter, we use the symbols: H =
ȧ

a
, H =

a′

a



3

• Spatial harmonics

· scalar harmonics (
∆+ k2

)
Yk = 0 (∆ ≡ γijDiDj).

k2 ≥ (−K) for K ≤ 0 (k2 : continuous)

k2 = n(n + 2)K for K > 0 (n = 0, 1, 2, · · · )

examples

K = 0:

Yk = eik·x ; k2 = |k2| ,
or

Yk = jℓ(kχ)Yℓm(Ω) ; k = (k, ℓ,m).

K = −1:

Yk = fkℓ(χ)Yℓm(Ω) ; k = (k, ℓ,m).

fkℓ(χ) =
1

sinhχ
P

−ℓ−1/2
ip−1/2 (coshχ) ; p ≡

√
k2 − 1 .
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· vector harmonics (index k omitted)

scalar type:

Yi = −k−1DiY ,
(
∆+ (k2 − 2K)

)
Yi = 0 .

vector (transverse) type:

DiY
(1)i = 0 ,

(
∆+ k2

)
Y (1)i = 0 ;

k2 = (n(n + 2)− 1)K for K > 0 (n = 1, 2, · · · ) , k2 ≥ (−2K) for K ≤ 0 .

· tensor harmonics

scalar (traceless) type:

Yij =

(
k−2DiDj +

1

3
γij

)
Y ,

(
∆+ k2 − 6K

)
Yij = 0 .

vector (traceless) type (with index (σ,k): σ = 1, 2):

Y
(1)
ij = − 1

2k

(
DiY

(1)
j +DjY

(1)
i

)
,
(
∆+ k2 − 4K

)
Y

(1)
ij = 0 .

tensor (transverse-traceless) type (with index (σ,k): σ = 1, 2):

DjY
(2)
ij = Y (2)i

i = 0 ,
(
∆+ k2

)
Y

(2)
ij = 0 ;

k2 = (n(n + 2)− 2)K for K > 0 (n = 2, 3, · · · ) , k2 ≥ (−3K) for K ≤ 0 .
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• Perturbation variables

· scalar type perturbations
metric:

g̃00 = −a2(1 + 2A(η)Y ) , g̃0j = −a2BYj

(
= a2

B

k
DjY

)
,

g̃ij = a2 [(1 + 2HLY )γij + 2HTYij]

= a2
[
(1 + 2RY )γij + 2HT

1

k2
DiDjY

]
; R ≡ HL +

1

3
HT .

matter:

T̃ µ
ν = ρ̃ũµũν + τ̃µν ; τ̃µµ = p̃(δµν + ũµũν) + πµ

ν (πµ
µ = πµ

νu
νuµ = 0),

ρ̃ = ρ(1 + δ Y ),

ṽi ≡ ũi

u0
= v Y i

(
= −v

k
DiY

)
⇔ ũj = a(v −B)Yj (u0 = −a)(

ũ0 = u0(1− AY ) , ũ0 = u0(1 + AY ) from ũµũµ = −1
)

τ̃ ij = p
[
δij(1 + πLY ) + πTY

i
j

]
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· geometrical meaning

(3 + 1)-decomposition:

ds2 = a2(η)dŝ2 ; dŝ2 = −Ñ 2dη2 + γ̃ij(dx
i + Ñ idη)(dxj + Ñ jdη) .

N


N
 η
d


η
d
i

x
i
=const.


η
=const.


η
d
η
+
 =const.


~


~


ñµdx
µ = −Ñdη · · · hypersurface normal :

Ñ = 1 + AY · · · lapse function,
Ñ i = −BY i · · · shift vector.

extrinsic curvature:

K̂ij = (H ′
T − kB)Yij = kσgYij

σg ≡
1

k
H ′

T −B · · · shear of η =const. hypersurface.
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“expansion”:

θ̃ =3H(1 +KgY ) =
3

a
H(1 +KgY ) ;

Kg = −A +H−1

(
R′ − k

3
σg

)
.

θ̃dτprop = θ̃(1 + AY ) a dη =
(
3H + (3R′ − kσg)Y

)
dη .

3-curvature:

δsR̂i
jmn = Dmδ

sΓi
jn −Dnδ

sΓi
jm ;

δsΓi
jm =

1

2
γiℓ (Dmδγℓj +Djδγℓm −Dℓδγjm) ,

δγij = 2HLγij + 2HTYij .

In particular,

sR̂ = 6K + 4(k2 − 3K)

(
HL +

1

3
HT

)
Y = 6K + 4(k2 − 3K)RY .

R · · · intrinsic curvature perturbation (potential).
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· Gauge transformation properties

xµ → x̄µ = xµ + ξµ

⇒
{

η̄ = η + TY ,

x̄i = xi + LY i .
x


x


x


x=x+
 ξ


x


ξ


This induces a gauge transformation,

ḡµν = gµν − (ξµ;ν + ξν;µ)[
in general, Q̄{A} = Q{A} − L−ξQ{A} . ({A} · · · spacetime indices)

]
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metric:

(
H =

a′

a

)
Ā = A− T ′ −H T ( · · · lapse )
B̄ = B + L′ + kT

H̄L = HL − k

3
L−H T

H̄T = HT + kL

σ̄g = σg − kT

(
σg =

1

k
H ′

T −B · · · shear
)

R̄ = R−H T

(
R = HL +

1

3
HT · · · curvature

)

matter:

δ̄ = δ + 3(1 + w)H T

(
w ≡ p

ρ

)
v̄ = v + L′

⇔ (v̄ − B̄) = (v −B)− kT

π̄L = πL + 3c2w
1 + w

w
H T

(
c2w ≡ p′

ρ′

)
π̄T = πT

N


N
 η
d


η
d
i

x
i
=const.


η
=const.


η
d
η
+
 =const.


~


~

u
µ


v
i
 η
d


v
i
 N
 η
d   =
(
v-B 
)
Y  d
i
~
 η
i
(      +       )


⋆ Blue quantities depend only on the choice of time-slicing.
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· gauge-invariant variables

(4 metric variables − 2 gauge variables = 2 degrees of freedom)

Ψ ≡ A− 1

k

(
σ′
g +H σg

)
,

(
σg =

1

k
H ′

T −B

)
Φ ≡ R− H

k
σg .

(
R = HL +

1

3
HT

)

∆s ≡ δ + 3
H
k
(1 + w)σg

V ≡ v − 1

k
H ′

T = (v −B)− σg · · · shear of 4-velocity ũµ

Γ ≡ πL − c2w
w
δ

(
pΓ = δp− c2wδρ

)
· · · entropy perturbation

ΠT ≡ πT · · · anisotropic stress perturbation.

Ψ = A, Φ = R, ∆s = δ, V = v −B on σg = 0 hypersurface.

Shear-free slicing or Newton slicing
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Other popular choices:

Rc ≡ R− H
k
(v −B) = Φ− H

k
V , (σg)c = V ,

Ac ≡ A− 1

k
[(v −B)′ +H(v −B)] = Ψ− 1

k
[V ′ +H V ]

∆ ≡ δ + 3
H
k
(1 + w)(v −B) = ∆s + 3

H
k
(1 + w)V ,

Velocity-orthogonal or ‘comoving’ slicing (v −B = 0)

ζ ≡ R +
1

3(1 + w)
δ = Rc +

1

3(1 + w)
∆

Curvature perturbation on uniform density slices (δ = 0)

∆f ≡ δ + 3(1 + w)R = ∆ + 3(1 + w)Rc = 3(1 + w)ζ

Density perturbation on flat slices (R = 0)
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· vector type perturbations

Ñ
(1)
j = −B(1)Y

(1)
j ,

γ̃
(1)
ij = γij + 2H

(1)
T Y

(1)
ij .

ṽ(1)j = aũ(1)j = v(1)Y (1)j ,

τ̃ (1)ij = p
[
δij + π

(1)
T Y

(1)
ij

]
.

gauge transformation:

x̄j = xj + L(1)Y (1)j ⇒

{
B̄(1) = B(1) + L(1)′ ,

H̄
(1)
T = H

(1)
T + kL(1) .

v̄(1) = v(1) + L(1)′ ,

π̄
(1)
T = π

(1)
T .

gauge-invariant variables:

(2 metric variables − 1 gauge variable = 1 degree of freedom)

σ(1)
g =

1

k
H

(1)
T

′ −B(1) ,

V (1) = v(1) −B(1) , Π
(1)
T = π

(1)
T .

· tensor type perturbations

γ̃
(2)
ij = γij + 2H

(2)
T Y

(2)
ij . τ̃ (2)ij = p

[
δij + π

(2)
T Y

(2)
ij

]
.

Both H
(2)
T and π

(2)
T are gauge-invariant by themselves.
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§2. Einstein equations in terms of gauge-invariant variables

• Scalar type perturbations

Einstein equations:

δGµ
ν = 8πGδT µ

ν :

δG0
0 =

2

a2
[
3H2A +H kσg − 3HR′ − (k2 − 3K)R

]
Y

δG0
j =

2

a2
[kHA− kR′ +Kσg]Yj

δGi
j =

2

a2

[(
2H′ +H2 − k2

3

)
A +HA′ +

k

3

(
σ′
g + 2H σg

)
−R′′ − 2HR′ − 1

3
(k2 − 3K)R

]
δijY

+
1

a2
[
−k2A + k(σ′

g + 2Hσg)− k2R
]
Y i

j

δT 0
0 = −ρ δ Y ,

δT 0
j = (ρ + p)(v −B)Yj ,

δT i
j = (pΓ + c2wρ δ)δ

i
jY + pπTYij . (N.B. pΓ + c2wρ δ = δp)

The above equations depend only on the choice of time slicing.

ie, they are spatially gauge-invariant.
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∗ spatial gauge-invariance ∼ (3 + 1)-decomposition

ds2 = gµνdx
µdxν = (−nµnµ + γµν)dx

µdxν

= −(nµdx
µ)2 + γµνdx

µdxν

= −N 2dt2 + γij(dx
i +N idt)(dxj +N jdt) ;

γµν ≡ gµν + nµnν , nµdx
µ = −Ndt .

δ(Gµνnµnν) = δ(−NG0
νn

ν)

= δ(−G0
0 −NG0

in
i) = −δG0

0 + higher order ,

δ(nµG
µνγνj) = δ(nµG

µνgνj)

= δ(−NG0
j) = −NδG0

j + higher order .
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Energy-momentum conservation:

δ(T0
ν
;ν) = 0 :

δ′ + 3H
[
(c2w − w)δ + wΓ

]
+ k(1 + w)(v −B) + (1 + w)(3R′ − kσg) = 0 .

δ(Tj
ν
;ν) = 0 :

(v −B)′ +H(1− 3c2w)(v −B) = kA + k
c2wδ + wΓ

1 + w
− 2k

3

w

1 + w

(
1− 3K

k2

)
πT .

⋆ These are also spatially gauge-invariant.

⋆ To obtain gauge-invariant equations, it is simplest to set a gauge (time-slicing) condi-

tion that fixes the time slices completely.

gauge-invariance ⇔ complete gauge-fixing

Gauge-invariant quantities are NOT necessarily directly related to observables

⋆ Advantage of gauge-invariant formalism is because one does not have to choose a

particular gauge while dealing only with physical degrees of freedom, not because the

values of the gauge-invariant variables are physical by themselves.
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Example: choose σg = 0 (Newton slicing), so that A = Ψ, R = Φ, δ = ∆s, v −B = V .

δG0
0 = 8πGδT 0

0 :
1

a2
[
3H(HΨ− Φ′)− (k2 − 3K)Φ

]
= −4πGρ∆s , (1)

δG0
j = 8πGδT 0

j :
k

a2
[HΨ− Φ′] = 4πG(ρ + p)V , (2)

(δGi
j = 8πGδT i

j)traceless : −k2

a2
[Ψ + Φ] = 8πpΠT . (3)

(δGi
j = 8πGδT i

j)trace :
1

a2

[(
2H′ +H2 − k2

3

)
Ψ +HΨ′

−Φ′′ − 2HΦ′ − 1

3
(k2 − 3K)Φ

]
= 4πGp

[
Γ + c2wρ∆s

]
. (4)

Combining Eqs. (1) and (2) [Hamiltonian and momentum constraints] gives

k2 − 3K

a2
Φ = 4πGρ

[
∆s + 3

H
k
(1 + w)V

]
= 4πGρ∆ . (5)

⋆ Eqs. (3) and (5) algebraically determine Φ and Ψ in terms of ∆ and ΠT .

⋆ Combining Eqs. (1), (3) and (4), one can derive 2nd order differential equation for Φ.

⋆ Alternatively, one may appeal to the energy-momentum conservation laws.

(∵ contracted Bianchi identities)
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δ(Tj
ν
;ν) = 0 on shear-free (Newton) slices :

V ′ +H(1− 3c2w)V = kΨ + k
c2w∆s + wΓ

1 + w
− 2k

3

w

1 + w

(
1− 3K

k2

)
πT(

∆s = ∆− 3
H
k
(1 + w)V

)
⇔ V ′ +H V = kΨ + k

c2w∆+ wΓ

1 + w
− 2k

3

w

1 + w

(
1− 3K

k2

)
πT (6)(

Ψ = −Φ− 8πGρ a2w

k2
ΠT , Φ =

4πGρ a2

k2 − 3K
∆

)

δ(T0
ν
;ν) = 0 on comoving slices :

∆′ + 3H
[
(c2w − w)∆ + wΓ

]
+ (1 + w)

(
3R′

c + kV
)
= 0 ; Rc = Φ− H

k
V(

k

a2
[HΨ− Φ′] = 4πG(ρ + p)V , V ′ = · · · ,

)
⇔ ∆′ − 3wH∆ = −

(
1− 3K

k2

)
[(1 + w)kV + 2HwΠT ] (7)

Combining Eqs. (6) and (7) gives a 2nd order differential equation for ∆.
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⇒ ∆′′ +
(
1 + 3(c2w − 2w)

)
H∆′ +

[
c2s(k

2 − 3K)

−4πGρa2
(
(1 + 3w)(1− w) + 6(w − c2w)

)
+ 3(4w − 3c2w)K

]
∆ = Sc

Sc = −(k2 − 3K)

[
(δp)c − c2s(δρ)c

]
ρ

− 2

(
1− 3K

k2

)
HwΠ′

T

+2

[
(3w2 − 2w + 3c2w)H2 + 4(w − c2w)K +

c2wk
2

3

](
1− 3K

k2

)
ΠT

Master equation for ∆ (∼ equation for sound waves)
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In the Newtonian, non-relativistic limit (w ≪ 1, c2s ≪ 1),

∆′′ +H∆′ +
(
c2sk

2 − 4πGρ a2
)
∆ ≈ Sc ,

⇔ ∆̈ + 2H∆̇ +

(
c2sk

2

a2
− 4πGρ

)
∆ ≈ Sc

a2

· dispersion relation:

ω2
eff =

c2sk
2

a2
− 4πGρ

· Jeans instability: (for c2w ≡ p′/ρ′ = ∂p/∂ρ ≡ c2s)

gravitationally unstable for
k

a
<

(
k

a

)
J

≡

√
4πGρ

c2s
or λ > λJ ≡

√
πc2s
Gρ

The above picture is valid only on small scales:
2π

H
≫ λ
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• Vector type perturbations

δG0
j = 8πGδT 0

j : −k2 − 2K

2a2
σ(1)
g = 8πG(1 + w)ρ V (1) .

δGi
j = 8πGδT i

j : σ(1)
g

′ + 2Hσ(1)
g = 8πρa2

w

k
Π
(1)
T .

Either combining these two or directly from the momentum conservation,

δ(Ti
µ
;µ) = 0 : V (1)′ + (1− 3c2w)H V (1) = −k2 − 2K

2k

w

1 + w
Π
(1)
T .

For Π
(1)
T = 0 (adiabatic),

σ(1)
g ∝ 1

a2
, V (1) ∝ 1

ρ(1 + w)a4

(
∝ 1

a1−3w
∝ 1

ρw/(1+w)a
for w = const.

)
.

This is just the vorticity conservation law.
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Vorticity Ω:

Ωµν ≡ Pµ
αu[α;β]P

β
ν ; P µν = gµν + uµuν .

⇒ Ωij = a k V (1)Zij

(
Zij =

1

k
D[jY

(1)
i]

)
, ΩijΩij =

k2

a2
|V (1)|2ZijZ

ij

ρw/(1+w)S|Ω| =const. (S: area ∝ a2)

Shear σ:

σµν ≡ Pµ
αu(α;β)P

β
ν = −ak(V (1) − σ(1)

g )Y
(1)
ij

vector type perturbations induce both shear & vorticity

(0j)-component: − k2 − 2K

6(H2 +K)
σ(1)
g = (1 + w)V (1) .

k2 ≪ H2a2 = H2 (superhorizon) : σ(1)
g ≫ V (1) ⇒ σ2

ij ≫ Ω2
ij ,

k2 ≫ H2a2 = H2 (subhorizon) : σ(1)
g ≪ V (1) ⇒ σ2

ij ≈ Ω2
ij .
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• Tensor type (gravitational wave) perturbations

δGi
j = 8πGδT i

j :

H
(2)
T

′′ + 2HH
(2)
T

′ + (k2 + 2K)H
(2)
T = 8πGp a2Π

(2)
T

⇔ Ḧ
(2)
T + 3H Ḣ

(2)
T +

k2 + 2K

a2
H

(2)
T = 8πGpΠ

(2)
T

For K = 0, Π
(2)
T = 0, this is the same as the field equation for a massless minimal scalar:

φ̈ + 3Hφ̇ +
k2

a2
φ = 0 .

⋆ On superhorizon scales (k2 ≪ H2a2 = H2),

H
(2)
T ∝

 const. · · · growing mode∫ η dη′

a2
· · · decaying mode

tensor perturbation ∼ a homogeneous, anisotropic universe

⋆ On subhorizon scales (k2 ≫ H2a2 = H2),

H
(2)
T ∝ 1

a
eikη ⇒ ρGW ∝ |Ḣ(2)

T |2 ∝ 1

a4



23

§3. Adiabatic perturbations on superhorizon scales

· Spatially flat universe (K = 0) is a good approximation in the early universe. Then,

(ρ a3∆)′′ + (1 + 3c2w)H(ρ a3∆)′ +

[
c2sk

2 − 3

2
(1 + w)H2

]
(ρ a3∆) = ρ a3Sc .

Here, c2w ≡ p′/ρ′ , c2s ≡ (∂p/∂ρ)comoving ⇔ (δp)c = c2s(δρ)c + entropy perturbation

· Also, all cosmologically relevant scales exceed Hubble horizon.

λ =
2πa

k
∝ a ,

H−1 ∝ ρ−1/2

∝
{
a3/2 for dust (w = 0)

a2 for radiation (w = 1/3)

⇒ λ

H−1
→ ∞ for a → 0

ln 
a


ln 
L


k 
= const.

(
L ~ a
)


phys


L =  
1
/
H ~ a
2


(in rad-dom universe)
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For Sc = 0 (adiabatic perturbation), one particular solution in the limit c2sk
2 → 0 is

ρ a3∆ ∝ H
a

⇒ ∆ ∝ 1

H a2
=

1

H a3
· · · decaying mode

Using the Wronskian for 2 independent solutions, the other solution is found as⋆

ρ a3∆ ∝ H
a

∫ η

0

(1 + w)a2dη′

⇒ ∆ ∝ 1

H a2

∫ η

0

(1 + w)a2dη′ =
1

H a3

∫ t

0

(1 + w)adt′ · · · growing mode(
∆ ∝ η2 for w = const.

)
⋆u, v = 2 independent solutions of f ′′ + Af ′ +Bf = 0 (f = ρa3∆) :

W ≡ u′v − uv′ ; W ′ = u′′v − uv′′ = −A(u′v − uv′) = −AW

⇒ W ∝ exp[−
∫ η

Adη]

(
A = (1 + 3c2w)H = −

[
(ρ + p)′

ρ + p
+ 2H

])
W

v2
=

u′

v
− uv′

v2
=
(u
v

)′
⇒ u = v

∫ η W

v2
dη
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• Conservation of growing mode amplitude

Let us set

∆ = C1
k2

H a2

∫ η

0

(1 + w)a2dη′

This gives, from the Hamiltonian and momentum constraints,

Φ =
3

2

H2

k2
∆ =

3

2
C1

H
a2

∫ η

0

(1 + w)a2dη′ ,
H
k
V = −2

3

1

(1 + w)H
(Φ′ +HΦ)

⇒ Rc = Φ− H
k
V = C1 .

The growing mode amplitude of Rc stays constant on superhorizon scales.

The condition for the linear perturbation theory to be valid is Rc = C1 ≪ 1.

linear theory is applicable up to t = 0 singularity

if only the growing mode is present.
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For the decaying mode,

∆ = C2
k2

H a2
, R′

c = −Hc2s∆+ wΓc

1 + w

⇒ Rc = C2

∫ ηf

η

c2sk
2

(1 + w)a2
dη′

(
Γc ≡

(δp)c − c2s(δρ)c
ρ

= 0

)
where

ηf =

{
∞ for w ≥ −1/3

0 (finite) for w < −1/3

⋆ Decaying mode amplitude for Rc is not constant.

⋆ The standard lore that Rc = const. on superhorizon scales is not strictly correct.

⋆ It is correct only if the decaying mode can be ignored.

(This depends on how
c2s

(1 + w)a2
behaves in time.)
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• Growing mode solution for several other variables (assuming w =const.)(
a ∝ η2/(3w+1), H =

2

(3w + 1)η

)

ζ = Rc +
∆

3(1 + w)
≈ C1 · · · ζ (= R on uniform density slice) is also constant.

This is true not only for GR but also for any metric theory. (Wands et al. 2000)

∆ ≈ (3w + 1)2(1 + w)

2(3w + 5)
C1(kη)

2 , Ac =
R′

c

H
= − c2s

1 + w
∆ ≈ −(3w + 1)2w

2(3w + 5)
C1 (kη)

2 ,

(σg)c = −V ≈ 3w + 1

3w + 5
C1 kη ,

−Ψ = Φ ≈ 3(1 + w)

3w + 5
C1 , ∆s ≈ −2Φ ≈ −6(1 + w)

3w + 5
C1

⋆ Φ (curvature perturbation on Newton slices) or Ψ (Newton potential) stays constant

for w =const., but varies in time when w changes.

⋆ In particular, during inflation when w ≈ −1, the amplitude of Φ stays very small,

but it grows significantly at the end of inflation.

Inflation “hides” (quasi-)nonlinear perturbations (C1 ∼ 1) in Newton slicing.


