Theory of Cosmological Perturbations

Part 111

— CMB anisotropy —




§ 1. Photon propagation equation

e Definitions

- Lorentz-invariant distribution function: f(p#, x*)

- Lorentz-invariant volume element on momentum space: dr(p)

dr(p) = 20(p")S(g,up"p" )/ —gd'p (d*p = dp’dp*dp*dp?)

= 20(p")S(up"p")d'p (" = e/ -

-+ tetrad components)

(f and dm are invariant under local Lorentz transformation)

- number of photons within dm(p) crossing 3-surface d,: dn

dn = f(p", " )dn(p) p*d>,

- rate of change in dn due to collision:

Clfldr(p) p“d2,

e Boltzmann equation
0 dp" 0
A
oz*  dv Op*
dp"

5 a_d:zso‘

——=—Tryup’, p=—- (v .-

A A

]f:cm; ol -

collision term

affine parameter)



e Boltzmann equation in a perturbed FLRW universe
- perturbed metric (A, 8;, Hi; = O(e))
ds* = a*(n) [—(1 + 2A)dn* + 28,dx"dn + (vij + H;j)da'da |
= a’(n)ds’ (& gu = a’Gu)
- perturbed distribution function

fp' 2" = f(p°,m) + o f(p", ")

e Conformal transformation (null geodesics are invariant under conformal transformation)

dxt  dxt  dg* _
C=OP =90 = aN " dx opd q
0 dq" 0 | = o .z
= H =a°C
[q o aqM] f= a2l
- further transformation of the momentum variables:
R i qi
¢ = =01+ A), TP

| >

-+ - photon energy seen by observer normal to n=const.

... directional cosine: ’yiﬂi’y‘j =14+ 0(e).
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where SFikj is the connection of v;;, and

g d d  dq°

[quﬁ djo dy 0] .

= d)\[(1+A) ]_qu-Fﬁ—FO( €?)
o d 0 d G
= q ﬁA F ;wq C] (d)\ q [677 +7 ({9332] + O(E))

i1 i
= (")’ [—Aw — 5 (Hi; = 285) v 7‘7]
Here we have used the fact TV, = 6TV, = O(e) with

B _ _ 1
000 =A", oV =A;, oY% = 2 (H}; — B — Byji)



Settlng f = f(QA, 77) + 5f(qA7 fyiv Qf”),
Oth order: (%f:() = [=f(q).
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Oth order:

Assuming thermal equilibrium at sufficiently early stage (n = n;),

. 1
f(q) = T 1 (T; --- temperature at n = ;)

Define ‘temperature’ T by T' = a;T;/a irrespective of thermal equilibrium or not. Then

F@) = flag) = ——7 q=1

T 1 q= P physical energy
Planck distribution even if photons become out of thermal equilibrium.



1st order:

- Evaluation of collision term

For T <« m, = 0.5MeV ~ 5 x 10°K, electrons are non-relativistic.
= Thomson scattering of photons by electrons (o7 = 877?/3 &~ 6.7 x 107?°cm?):

1 .~ 3 1 20 1 - N
50 f] = g-neor / dQ*H% [f(q*,’vi) - f(qm@)]

(¢s,7.) --- photon momentum after scattering
d€), --- solid angle sustained by v in electron rest frame (e.r.f.)
6 --- scattering angle in e.rf.
i
X ﬁconst. £
Let vée) be the electron 3-velocity. Then pdn Vi vidn /
qx = Qx [1 - (52 + U(e)z’) 71] fﬁ gH
Because the photon energy is unchanged under
Thomson scattering,
| dn
G.=q=q |1 = (Bi + )]
‘ N= const.




Hence

Flae, 7)) = fla) +6f(gu ) = fla) + (gs — (Da%f +46f(q,7.)

_ o)+ (q(%f(q)) (B + ) (v =)+ 65(a,7L)

and
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From these,

1 - 3 1 Fm)2
_C’[f] — —neUT/dQ* + (’7*7/6)
q 8T 2

9 [qg—g@ o) (v —7) + 6F(a, 1)  5£(a w]

= Ne0T [<5f>ﬂ —of — (Qg—g) (i + U(e)i)’Yi + zQz‘j’YW]
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Since f = f(q) = f(aq)

Gf df
6?q dA

0 . 0
— Ay =T,
= [anntvaxz jfyva ]5]“
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dq

[Aﬂ + 1( — Bil; — ﬁjz’)vivj] q
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and rescale the affine parameter X\ as




Then

d ;1 .
0o =" [AW + §(Hz'/j — Bijj — Bj)y VJ]
3
+an.or [<@>Q — O = (Bi+ vV + ZHz'ﬂZVJ]
1
1L = {(%7; = 37)O)a

Equation for © is independent of the photon energy gq.

If we consider a temperature fluctuation in f = (e#/T — 1)~! by setting T — T + 6T

df \ o
orf = 1(7+67) = £1) = (=0 )
LT o o O

T df df
() ()

We may regard © as the temperature fluctuation.



§ 2. Gauge-invariant formulation
Gauge transformation induced by z# = a# + &, &4 = (T, LY):

a*/ﬁ
pl = P = - p’ =p'+ & p”
ox?
This gives
¢ = ¢=(14+A@)g=a’(n)(1+ A@)p’

/ /
= ) (14257 (14 Al0) - 47 - 1) (P + 7o)
a a
. a’
=¢(1+HT+ 1)) ; ’HEE
Hence, from f+8f = f +§f,

_ d Z.
5 = 6~ qiy- [HT + Ty

& O=O0+HT+Ty .
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For scalar-type metric perturbations, in addition to A,

1

2
These transform under a gauge transformation &* = (T, L"),
A=A-T —HT, B=B+T+1L

QZR—HT, HT:HT—i—L, UX:U(X)—i—L/.

Hg =Rvij+ Hrij, Bi=DBji, vxi=—Uyj; X'=electron, photon, etc..

A convenient choice of gauge-invariant variables

V=A—-0¢ -Ho;, o=H;—-B,
=R —-—Ho,

Vi =Ux — Hp,
@SIQ‘FHO—‘FUW’YZ

These correspond to perturbations variables defined in Newton (logitudinal) slicing for which
o = 0. In terms of these gauge-invariant variables,

d A 3
a@s — _<(I)’ -+ \Ij\f}/[ + 5[{};/717/) + an.or [<@5>Q o @5 e ‘/(e)\i/y[/ i EHU,}/,}/}]

- 1
Hg -+ tensor (GW) perturbation, I = <<7273 — 57” ) @> is gauge-invariant.
Q
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e Qualitative derivation of CMB anisotropy
Before recombination

an.or  NeoT e o (T o (T ~1/2
= &6 X 1007 [ ——= ) |1+ 100" | — 1
H H 8 ny (1eV> [ R (16V>] >

1 : H
= 0O, = —As,r + V})yﬂ/z + O < )
4 neor

where Ay, = 6p/p = 46T /T on Newton slices. Vj(= V|¢)) is the baryon velocity potential.
Thus, O, at the last scattering surface is approximately

1 .
O, = EAS,T + ‘/b\zfyz

Ag, 1s related to the radiation density perturbation on the matter comoving slices, A, as
Agr =40 —4HYV

where V' is the matter shear velocity potential.
Neglecting the difference between V' and Vj,

1 ,
O, = 7 —HV + V.



After recombination

For dust-dominated universe, ® = —W. Then, ignoring Hg (tensor) for the moment,
d : d d
Iz i ) x O T Y)

Integrating this along a photon path to the present (A = \g) gives

Ao
(Os + T)(N\g) = (O4 + W) (N\g) + A 20’ d )\

XN,

% 2" (Xa) = (14, ' (na))

(o) = (10, 0)

(0]
\ / = 2/(ng) = —7'(n0 — na)

L ast Scattering Surface
\/
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Temperature anisotropy measured on the matter comoving frame:
0, =0, +HV + V'
Therefore, recovering tensor contribution, we obtain

O X)) = (-V =HV =Vv'),

| Ao 1 o
+ (KIJ —HV + V' + —AT> + / (2\11' — —Hg’fy‘ny) dA
4 J iy 2

(=W —HV)y --- Monopole: unobservable.
(—V|2fyi)0 .-+ Dipole: our peculiar motion relative to CMB rest frame.

(L —HV), --- Sachs-Wolfe effect. (Vwi) o -+ Doppler effect.

1
(—A,) -+ Intrinsic temperature fluctuation at LSS.
d

1 o
(—— g’fy“yi> d)\ -+ Tensor effect.

Ao Ao
2 / U'd\ -+ Integrated SW effect. / 5
Ad

A
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Large angular scale anisotropy

Large angle < small wavenumber k:

k
0 >10%(>1°) < — <1 --- superhorizon scale at LSS

ald ™
For adiabatic perturbations, at LSS (assuming dust-dominance),
2 3 8 k2 k2
HV = gklf, A, ~ ZAM R~ _§\Da2H2 <V for (QQHQ)CJ <1

1
= Oy = ;\Ifd + [SW
3

For isocurvature perturbations,

5,0) 3 <5p) 1 1 5
SE(— —— | — atn —=0, -A,~-—-=5==-Vatn=n;,.
P/ dust 4 P/ rad 4 3 3

= O =2V, ; + ISW

Q

SW part of ®,;,, is enhanced by factor 6 relative to ©,4
= Stringent constraint on isocurvature perturbations
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§ 3. Cosmological parameter dependence

Multipole moment, /
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Angular scale
Observed temperature anisotropy spectrum by Planck.
* CMB anisotropy depends on
- Nature of primordial perturbation spectrum (spectral index, ad or iso, etc...)
- Physics at decoupling time (baryon density, CDM density, etc...)

- Evolution of the universe after decoupling (cosmological constant, dark energy, etc....)

. N - . - N o
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* Physics at decoupling is determined by the values of p, and popas.

- Peaks are caused by accoustic oscillations of the baryon-photon fluid:

U — HV o< F(py, pm) cos(cskng) (s - -+ sound velocity) (1)

- Baryon and CDM density in terms of cosmological parameters:

(px)d — (1 + Zd)s(pX)O — (1 + Zd)?)(pcr)OQx X Qth
x = b(baryon) or CDM

Thus, physics at decoupling is the same for the same values of (2,07, Qcparh?).
= degeneracy in CMB anisotropy.

* Evolution after decoupling is affected by pa (cosmological constant)

- pa 1s important at z < O(1): Late time ISW effect.
= Larger Qyh? causes larger power on large angular scales (small £).

- pp causes increase in the conformal distance to LSS: ng — 14 increases.
= The same physical length on LSS is sustained by a smaller angle.

* Dependence on spatial geometry

- For open space, the same physical length on LSS is sustained by a smaller angle.



Increase in €2y = decrease in {4,y = slight degeneracy

LSS

Geometrical degeneracy
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* CMB degeneracy of cosmological parameters
Agular diameter distance to LSS:

1 sinhv/—koR(2) b dy
da(z) = . R(z) =
Hy (1+ 2)v/—ko L QP+ Q — koy?

Q=%+ Qcpr, ko --- curvature parameter : 1 4+ kg = €2, + Qp

Tohus h
= (="«
dA f(Qda Qvac)
- 4(+1) cosmological parameters: — h, (0, Qcpar, Qa, ng (ng -+ - spectral index)
h

- Position of the first peak: 0,
osition of the first pea b klo<f<Qm,QA>

- Height of the first peak:  height o hl(Qth, QCDMhQ)

- Height of the second peak:  height oc ho(S%h%, Qcparh?)
- Global temperature anisotropy spectral shape:  determination of n.

WMAP /Planck determined Q3h?, Qcparh? and ng.

Oph? = 0.02205 4= 0.00028, Qcparh? = 0.1199 £ 0.0027,  n, = 0.9603 £ 0.0073

b parameters — 4 observational constraints = 1 degree of degeneracy
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Degeneracy line projected on (£2,,,, Q25) plane by WMAP
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