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Plan of talk

‘Revisting a very old problem - diffusion with spatially varying diffusivity
*General Kubo formulae for diffusion constants and drifts in periodic systems

Spatially varying diffusivity in the presence of an external force - force
enhanced dispersion

» Perspectives and conclusions



Diffusion with variable
diffusivity
Op(x; 1)

=V - k(x)Vp(x;1)
fiker Planck equation on medium G"?O @ G
OO0

with variable isotropic diffusivity

D, = lim D(t)

dXy = /2r(X,)dB; + Vk(X,)dt
Corresponding Ito SDE

(X — Xo)?) = 2dD(t)t e

quared displacement Effective diffusio




Link with dielectric problem

¢1 Flat spatial
/average
— p— A
E = .F 50

€0

Effective dielectric constant: L
Maxwell 1873, Rayleigh 1892, Q Q Q
Maxwell-Garnett 1904, Bruggeman
1935 —old problem

V- e(x)Vo =0 D2 _ by — b

Laplace’s equation in dielectric medium L <

i Correspondance between effective
K/(X) — G(X) —> De — €¢  diffusivity and effective dielectric
constant



What we know

Wiener variational bounds 1910
-1\l <« < 7 (improved bounds by Hashin and
(/{ ) < De<F Shtrikman 1962)

\ What you might naively expect

as equilibrium density is uniform

In one dimension De — (/{_1)_1 harmonic mean

o

Duality result in two dimensions ifli(X) —

K(X)
then l)e — exp(ln /{) geometric mean (Dykhne 1971, Keller 1960s)

A part from these exact results there is a huge literature on approximative
methods — effective medium, perturbation theory, renormalization,
homogenization



The influence of applied

force
Op(x,t) =V - [k(x)Vp — B K(x) F p |

BK(X) — /L(X) External applied, force
_ _ _ e.g. gravity, electric field
Local Einstein relation

mobility/conductivity

, X;(t) — X;(0
Effective drift V. = lim < () ( )>

t— 00 t

o (X)) — Xi(0)]2)e

Effective dispersion/ D.
diffusion e s 2



Example in 2d

k(x,y) = ko|l + 0.8 cos(2mx /L) cos(2my/ L Steady state
(a) ) pdf in periodic
05 i cell

1.8

14 Non monotonic behavior

of both diffusion constants
. with F

0.6

y/L
o

-0.5 )
-0.5 : -0.5 0 0.5

x/L x/L
(c) (d)

1.2

Huge increase in
dispersion in direction
of force at large F

§\\\\\\\§
D, ~ cF?

0 5 10 15 20 10 10
BFL BFL



Kubo formula for dispersion
N periodic systems

Find explicit expressions for dispersion coefficients for Fokker-Planck
equations with arbritary periodic diffusivities and drifts

Generalize and extend know results for diffusion with applied force
plus periodic potentials in one dimensions (based on first

passage time arguments Riemann et al 2000 and Lindner and
Schimansky-Geier 2002) to higher dimensions.

Recover results from homogenization theory for stationnary incompressible
flows (Brenner 1980, Schraiman 1987 Majda and Kramer 1999)



Kubo formula from SDE

General method from FP in 1d by Derrida 1983 - extension to higher d
Dean et al 1996

Op :_8 a/{--x x)) — A;(x) f(x
D gy Hi= e (e ) - 01 )
periodic

Here start with SDE - also allows computation of finite time corrections

lto SDE dX;(t) = dW,(t) + A;(X(t))dt

(AW (£)dW;(£)) = 26 (X (¢))dt



Formula for MSD
X;(t) — X;(0) — / t dt' A;(X(t")) = / | dW;(t"),

Square and average —important to do it this way!

<<Xi(t)_Xi<0))2>_<2<Xi(t)_Xi<0))/ dt,Ai<X(t/))>+<(/O dt,Ai(X<t’))) >=2</0 dt' ki (X(t)))

0

%fusion in infinite periodic cell X(t)

/Q

N

X (t) mod(£2)

P

In steady state
this is in equilibrium

Unit cell with



X(t) mOd(Q) Has PDF obeying FP equation 8_P — _HP

ot
P, (x) steady state distribution H P, (X) — 0
Steady state 0
current Jsi(x) = — (’fij (x)Ps(x)) + Ai(x)Ps(x)

Oz;

Effective drift V; = / dxJs;(x) = / dx Py(x)A;(x)
Q Q 7

Stratonovich 1953
Diffusion coefficient

h " :
D = [ dx raGOP )+ [ [ dxdy P x,y,0400y) = -y (1))

H}B/(x, y,0) = 6(x —y) — Py(x) (F::ego Green’s function of H

Expansion in terms of left and right
Z wR)‘ IDLA( ) eigenfunctions
>\>0



Compact form for diffusion
coefficients

Define  f(x) = / dy Py 0)[A3)P2(y) ~ 25 (s, () Po(y)
Gives D,;;, = /de /ﬁ;ii(X)PS(X) +/QdXAz(X)fz(X)

Action of Hon f
Hfi(x) = [(Az-<x> - [ avar <y>) P.(x) — 25y ()P, <x>>]

eigenfunction expansion
of P’

Recovers results from homogenization theory for incompressible flows

Rij(X) = Kodij  Ai(x) = us(x) V-u=0= Pi(x)= 1]

Orthogonality from right/left / dx fi(x) =0
Q



Alternative adjoint
representation

Dy = / dx 1is3(%) Pa () + / dxgi (%) [A; (%) Pa(x) — 28%<mj (%) P.(x))]
Define g;(x) = / dy A;(y)P'(y,x;0)
Y/

Action with adjoint of H H ' gi(x) = A;(x) — / dy Ps(y)Ai(y)
Q

Orth lit
Bttt /Q dy Ps;(y)gi(y) =0

Useful to check numerical methods, compare results with f and g



Finte time corrections

Leading finite time
D(t) ~ D(?) = —CM / correction — next order
v 1 b decays as exp(—\t)/t

C == [ dx 0.0 ()

Generalizes DD and G. Oshanin (2014) (periodic potentials) and
DD and T. Guerin 2014 (diffusivity) — cases with no current
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Stokes Einstein Relation

Great interest in generalization of Stoke’s Einstein Relation for driven

out of equilibrium systems - few explicit results before Riemann et al
2000 and Lindner and Schimansky-Geier 2002.

0
V= [aenmac) A0 = A0 + iy (gF,
Q
differentiate wrt F. Perturbation of drift due
| to force and local Einstein
relation

oV; 0P
OF, zﬁ/ﬂdx Ps(x)m@-(x)—l—/gdx a};(;)AZ(X)

Differentiate steady state 8P OP,(x)
FP eq. wrt F. H (BK;iPs) =0 /dx =
Q. WrtF; OF; 83:1 O OF;
0P (x) . Conservation of

OF, has periodic bcs probability

Can compute

P
OF. with pseudo Green’s function P’

oV , 2
GOF, /de Ps(x) ki (x /dx/ dy A; (x) P’ (x, y’o)(‘?y- (kji(y)Ps(y)) -




Relation between drift and

diffusion
AN
D;; = GOF, A,

Stoke’s Einstein recovered whenA; = ()

A; = / / dxdy P'(x,y,0)A;(x)Jsi(y)
QJ

Violation in general when steady state has a non-zero current




General Resultin 1D

Riemann et al 2002

s / Mean first passage time
(j)= Ti1(xo—xo+L) %

| I? ATy(xg—xo+L) — Variance of first passage time
2 [Ti(xg—xo+L)°

['(z) = /090 daz’A(x)

D

_exp(F(az)) > ' oxp (—T'(2'
L) = S [ da” exp (-T@)

@ L= [ w220
Effective potential - if periodic =
no current
L I i da k() (2)2 Iz (2)

dexI 3



Varying diffusivity plus force
in 1D

A(x) = Z—k + k(x)BF for this case
x
1
Express inverse diffusivity as x(x) = — an = 1
Fourier series K1 Dk Ok eXP(2 ) 2
2
Force dependent D(F) = — |1 49282F2 |a|
diffusion constant (F) =1 +20 ];)52}72 + 47T2k2
Becomes dependent on spatial structure of
diffusivity
—— 1 1 .| k2
D(0) =k~ zero force D(c0) = — |1+ 22 jak|”| = —=
K1 —1
k>0 K
oV ———1 Stokes Einstein Diffusion constant saturates at

only valid for F=0 large force
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Diffusion clouds from simulations
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Dispersion at large force

In two dimensions but for arbitrary diffusivity

Op(x,y,t) = Oz[k(2,y)0rp — b k(z,y)p| + Oyk(z,y)0yp
with h = BFCU
At Iarge h 8CIJ [h K/(SC,y) Ps(x7y) ] ~0 = Ps(xvy) = C(y)’l{’_l(xay)

At large forces equilibriation in the direction x is rapid
p(x,y,t) ~ w(y,t)Ps(x|y) Quasi-static applroximation for x given y
1

Ly
e L W =L [ degey

L. Period in x direction

B / " dz 8, {s(x,y)d, [ (y, t) Pa(|y)]}




Effective FP for y variable

O (y,t) = Oy ke () (y,1)] — Oy {[0yIn K (y)] ke (y)m(y, 1)}

ke(y) =1/ 1(y)

eln K (y)

ma(y) = Ke(Y) fOLy du em(U)/ﬁ;e(u).

Order F2 contribution to 0. — [BER(L))?> [* dy [W(y) B R(y)r T (y)
diffusion coeff in direction =~ W (L W(L) R(L)
of force

: In r(u Y _ nr(u Generic quadratic
R(y) :/0 du ™" W (y) 2/0 du k1 (u)em ™) enhaness

when x(z,y) = k(x) this F2 term vanishes - saturation in 1d




Conclusions

General points - perspectives

*General formulae for transport coefficients for periodic FP equations in any
dimension.

« Further applications to incompressible flows, periodic potentials in higher
dimensions.

« Explict formula for violation of Stokes-Einstein relation when a current flows.

Media with varying mobility/diffusivity

*Rich non-monotonic behavior in transport coefficients
*Force induced enhancement of diffusions

*Possible experiments — vary viscosity in liquids via temperature control ...



