
Effective Hamiltonian 
for Tb2Ti2O7

Yuan-Chi Yang and Ying-Jer Kao
Department of Physics, National Taiwan University

PS-B4 NQS2014  YITP, Kyoto University



Key features of  Tb2Ti2O7

• Pyrochlore material

• Two low-lying crystal field doublets 
with small energy gap Δ ≈ 18.6 K. 

• shows no long-range order down to 
50 mK.

• A q=(1/2,1/2,1/2) short-range order 
and specific heat anomaly are 
reported recently. 

• Quantum spin ice.
Δ ≈ 18.6 K

142K
Tb3+



Experiments

7

temperature heat capacity measured on di↵erent sam-
ples of Tb2Ti2O7. We note that sample variability in
the position and sharpness of heat capacity anomalies at
low temperature in Yb2Ti2O7 have also been reported,55

and these have been ascribed to the relative role of weak
“stu�ng” (excess Yb ions substituting on the Ti sublat-
tice at the ⇠ 2% level). In particular, Taniguchi and co-
workers studied a family of polycrystalline samples of the
form Tb2+x

Ti2�x

O7 for very small non-stoichiomtery,
|x| < 0.005.38 They report very significant variability
in both the temperature at which the heat capacity
anomaly is observed, as well as in the amplitude of the
anomaly. These anomalies in Cp are typically observed
in the 400 mK to 500 mK regime in zero field, and these
results present two important questions for our study.
First, does our neutron scattering single crystal sample
of Tb2Ti2O7 display such a Cp anomaly; if so how strong
and at what temperature? Second, what is the relation
between these sample dependent Cp anomalies in zero
field in Tb2Ti2O7 and the transition to the frozen spin
ice state we observe in our neutron scattering sample at
Tg ⇠ 275 mK?
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FIG. 7. Specific heat versus temperature for di↵erent samples
of Tb

2

Ti
2

O
7

in zero magnetic field. Measurements from a
single crystal cut from the neutron scattering sample which
we report on, is shown in black. The feature at 450 mK does
not coincide with the glass-like transition at 275 mK indicated
by our neutron scattering measurements. For comparison, we
also show C

p

data taken from the literature.38,47

To address these questions we performed specific heat
measurements down to a temperature of 220 mK on a
33.8 mg single crystal sample, cut from the neutron scat-
tering sample which was the focus of this paper and, as
already mentioned, that of a previous study.39 Figure 7
shows the measured specific heat of our single crystal
sample of Tb2Ti2O7, compared with several other sam-
ples, both single crystals and polycrystals, taken from
the literature.38,47 As can be seen from Fig. 7, we ob-
serve a relatively large anomaly in Cp at ⇠ 450 mK,
almost twice the Tg associated with the frozen spin ice

state characterized in this paper with neutron scatter-
ing. For reference, we have indicated the location of the
Cp anomaly in zero field in Fig. 3(c), which also shows
the temperature dependence of the Q=

�
1
2 ,

1
2 ,

1
2

�
elas-

tic scattering. Clearly, the temperature scales associated
with the results of these measurements are distinct. As
this ⇠ 450 mK temperature scale is not present in either
our neutron scattering results or ac-susceptibility results
on Tb2Ti2O7 taken from the literature, we conclude that
while this heat capacity anomaly and its associated sam-
ple dependence are intriguing and potentially important
phenomena, they do not seem to originate from magnetic
dipole degrees of freedom in Tb2Ti2O7, similarly to what
has recently been suggested in Yb2Ti2O7.56

VI. CONCLUSION

In conclusion, our neutron scattering data on
Tb2Ti2O7 in a magnetic field show that a small field of
⇠ 0.075 T applied along [1-10] is su�cient to destroy the
short-range antiferromagnetically ordered spin ice state
characterized by di↵use elastic scattering at ( 12 ,

1
2 ,

1
2 ) posi-

tions. This field range is consistent with a µ0HC ⇠ 0.067
T for fields along [111] reported by Yin et al.,33 who also
suggest that the zero-field ground state of Tb2Ti2O7 is
a quantum spin ice. The temperature dependence of the
elastic di↵use scattering reveals a spin glass-like freezing
at Tg ⇠ 275 mK. The details of the neutron signatures as-
sociated with the ( 12 ,

1
2 ,

1
2 ) elastic scattering display some

history-dependence. The appearance of the elastic di↵use
scattering below 275 mK correlates with the opening of a
spin gap of 0.06-0.08 meV over most of reciprocal space
and concomitant weakly dispersive spin excitations ex-
tending out to ⇠0.2 meV. These excitations appear to
go soft at the short-range ordering positions of ( 12 ,

1
2 ,

1
2 ).

Specific heat measurements on a piece of the same sin-
gle crystal show an anomaly at 450 mK, consistent with
other reports by Hamaguchi et al. and Taniguchi et al..
We observe no signs for an anomaly near 275 mK, in-
dicating that di↵erent degrees of freedom are involved
in the ordering process responsible for this specific heat
anomaly in Tb2Ti2O7. The new neutron measurements
we report on the temperature and magnetic field para-
metrics allow us to complete the H-T magnetic phase di-
agram for Tb2Ti2O7 in a [1-10] magnetic field. We find
the dynamic and disordered, cooperative paramagnetic
phase, which generated much of the original interest in
Tb2Ti2O7, to be bracketed by a low-field frozen spin ice
state, and a field-induced, long-range ordered antiferro-
magnetic state at high fields.
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FIG. 3. (Color online) Comparison of the measured elastic diffuse
scattering in the (H,H,L) plane of Tb2Ti2O7 at 70 mK and µ0H = 0
[panel (a)] to the calculated S(Q) discussed in the text [panel (b)]. The
intensity scale in the calculation is normalized to the largest intensity
at ( 1

2 , 1
2 , 3

2 ). The spin arrangement between neighboring conventional
unit cells is shown as a projection onto the xy plane in panel (c).
The ordered two-in, two-out spin configuration in a single unit cell
is shown in panel (d), and this pattern is reversed in the neighboring
cells [black vs grey arrows in panel (c)] to form “⟨ 1

2 , 1
2 , 1

2 ⟩ ordered
spin ice.” The spins are tilted from their local ⟨111⟩ axes by ∼12◦.

The new elastic diffuse scattering at ( 1
2 , 1

2 , 1
2 ) and related

wave vectors can be well described by a model based on
a “two-in, two-out” spin ice arrangement that extends over
two conventional unit cells in all three dimensions, leading
to a supercell composed of eight conventional unit cells. This
model takes into account (a) the observed phase shift of π
between neighboring unit cells giving rise to scattering at
( 1

2 , 1
2 , 1

2 ) positions and (b) the observed width of the diffuse
scattering. The spin arrangement over two neighboring cells
in the xy plane is shown in Fig. 3(c). Note that the black spins
are reversed in their neighboring cell (grey spins) along the x
or y directions.

We calculate the neutron scattering intensity S(Q) that is
proportional to the square of the transverse component of the
magnetic structure factor |M⊥(Q)|2 = |Q×M(Q)×Q|2 with
M(Q) =

∑
j fj (Q) · mj · eiQ·rj , where j runs over the 128

spins in the supercell. S(Q) is then averaged over all three
spin ice domains. This calculation includes the magnetic form
factor fj (Q) for Tb3+ and allows for direct comparison with
experimental data.31 In order to determine the deviation of
the local structure from an ideal two-in, two-out scenario, we
fit the calculated intensity to that at the nine ( 1

2 , 1
2 , 1

2 )-related
positions observed in the experiment, letting the canting angles
from ⟨111⟩ vary. The best agreement with the experimental
data [Fig. 3(a)] is shown in Fig. 3(b). The calculated magnetic
structure factor reproduces the net intensities of the diffuse
( 1

2 , 1
2 , 1

2 )-like peaks very well. The elongation of the calculated
diffuse scattering is a result of the finite size of the assumed
spin arrangement (128 spins) for which we calculated the
Fourier transform. The best-fit spin configuration has all spins
canted by ∼12◦ from their local ⟨111⟩ axis with a reduction
of the magnetic moment along the local z axis. Our fitting
results are not very sensitive to the canting of the other two

spin components. We show the resulting spin arrangement in
Fig. 3(d) for one conventional unit cell. Tb2Ti2O7 at 70 mK is
therefore composed of short range ordered (SRO) domains of
an AF ⟨ 1

2 , 1
2 , 1

2 ⟩ ordered spin ice.
The SRO AF spin ice state of Tb2Ti2O7 at ∼70 mK and

zero field shows Tb2Ti2O7 to have a strong tendency to order.
An actual LRO state may require lower temperatures and
equilibrium conditions. Sensitivity to weak disorder, as is
known to occur in single crystals of QSI Yb2Ti2O7,32 may
also be relevant. We note that the spin canting angle from the
local ⟨111⟩ axis is similar to the ∼13◦ spin cant observed in the
ferromagnetic “ordered spin ice” phase in Tb2Sn2O7.33,34 We
further note that a q = ( 1

2 , 1
2 , 1

2 ) ordering wave vector is known
to be selected by the combination of isotropic near neighbor
exchange and dipolar interactions, as occurs in Gd2Ti2O7.35

Figures 4 and 5 show the field and temperature dependence
of the scattering near the (− 1

2 , 1
2 ,− 1

2 ) position as measured on
LET with an incident neutron energy of 2.32 meV. A high
magnetic field, low temperature data set at T = 66 mK and
µ0H = 7 T has been subtracted from all data sets in Figs. 4
and 5. As is shown in these figures, even a small magnetic
field removes the elastic diffuse scattering at ( 1

2 , 1
2 , 1

2 ) wave
vectors, and a large magnetic field such as µ0H = 7 T pushes
all inelastic magnetic scattering to higher energies, leaving our
energy range of interest (! 0.6 meV) empty. Consequently our
T = 66 mK and µ0H = 7 T data set serves as an excellent
background for all the magnetic scattering of interest here.

Figure 4 shows elastic scattering, binned between
−0.02 meV < E < 0.02 meV for four different conditions
of temperature and field, only one of which displays elastic
Bragg-like scattering at ( 1

2 , 1
2 , 1

2 ). Figure 4(a) shows elastic
magnetic Bragg-like scattering at ( 1

2 , 1
2 , 1

2 ) at the lowest temper-
ature, T = 66 mK and zero applied field. Figures 4(b), 4(c),
and 4(d) show the same elastic scattering over the same range
in Q space at T = 66 mK and µ0H =0.25 T; T = 1.5 K and
µ0H = 0 T; and T = 60 K and µ0H = 0 T; respectively. The
diffuse elastic scattering shown in Fig. 4(a) is of the same
( 1

2 , 1
2 , 1

2 ) type that was measured on DCS, although it occurs
here within a different scattering plane than was shown in Figs.
1, 2, and 3. Figure 4(e) shows cuts through this (− 1

2 , 1
2 ,− 1

2 )
position for different fields and temperatures, again using a
T = 66 mK and µ0H = 7 T data set as a background. As seen
in Fig. 4(e), the (− 1

2 , 1
2 ,− 1

2 ) elastic scattering can be completely
removed at low temperatures by an applied field of 0.25 T
along [11-1], confirming that it is magnetic and of the same
origin as the elastic scattering shown in Figs. 1, 2, and 3. The
elastic scattering also vanishes by T = 1.5 K, indicating that
it is likely related to the broad hump in specific heat observed
at 0.4 K in many samples.18,36–39 We note that earlier neutron
measurements using DCS on this same single-crystal sample
did not observe this ( 1

2 , 1
2 , 1

2 ) Bragg-like magnetic scattering at
T = 0.4 K and µ0H = 0 T.25

Figure 5 shows energy vs wave vector slices of these same
S(Q, E) data under the same conditions as were relevant for
the elastic scattering maps in Fig. 4. Figure 5(a) shows data at
T = 66 mK and µ0H = 0 T, Fig. 5(b) shows T = 66 mK and
µ0H = 0.25 T, Fig. 5(c) shows T = 1.5 K and µ0H = 0 T,
and Fig. 5(d) shows T = 60 K and µ0H = 0 T. As with the
elastic data shown in Fig. 4, this inelastic data has employed
a background data set at T = 66 mK and µ0H = 7 T. The
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4

0.067 < µ0H < 0.6 T. From the observation of a weak
magnetization plateau in the presence of a [111] mag-
netic field, theoretically predicted by Molavian et al.,25

these authors conclude that a quantum kagome spin ice
state exists at higher fields, with a QSI state at low and
zero magnetic fields. Although these Yin et al.33 mea-
surements were performed in a [111] applied magnetic
field, we note that anisotropy in the magnetization of
Tb2Ti2O7 is only observed for field strengths exceeding
& 0.3 T,35 well above the range of applied field strengths
which we report here in our neutron scattering measure-
ments. For that reason, we consider the phase diagram
presented in Ref. 32 to be germane to our findings, rein-
forcing our assertion that the

�
1
2 ,

1
2 ,

1
2

�
elastic scattering

is associated with a QSI state.

IV. TEMPERATURE DEPENDENCE

The temperature dependence of the integrated elastic
intensity of the

�
1
2 ,

1
2 ,

1
2

�
peaks in zero field is presented

in Fig. 3. We determined the elastic integrated intensity
(-0.1 meV <E< 0.1 meV) at the four

�
1
2 ,

1
2 ,

1
2

�
positions

in our field of view in Fig. 3(a) and average the inte-
grated intensities at each temperature. The correspond-
ing background signal for each T was obtained by inte-
grating over a region of low intensity in reciprocal space
around (1, 1, 2). This background term was subsequently
subtracted from the averaged

�
1
2 ,

1
2 ,

1
2

�
integrated elastic

intensity.
The results of these integrations are shown in Fig.

3(b) for individual heating and cooling runs labeled in
the order of the measurements. Two prominent fea-
tures become apparent in Fig. 3. First, the temper-
ature dependence of the

�
1
2 ,

1
2 ,

1
2

�
peaks behaves in an

order parameter-like fashion with a distinctive drop in
integrated intensity around 275 mK. Second, the ground
state below 275 mK has some history dependence to it,
with the elastic

�
1
2 ,

1
2 ,

1
2

�
peak intensity variable from one

thermal history to the next. History dependence is a
common feature of spin glass states.49,50 We first dis-
cuss the second observation. Data points were collected
in three temperature sweeps; heating A, cooling B and
heating B. Representative elastic reciprocal space maps
for the two runs obtained during heating are shown in
Fig. 3(a) for the low temperature short-range ordered
ground state (80 mK or 100 mK) and for the higher
temperature disordered state (400 mK or 600 mK, re-
spectively). We observe that the absolute intensity of
the ( 12 ,

1
2 ,

1
2 ) elastic peaks in the second heating run is a

factor of ⇠2 smaller, and that the overall di↵use elas-
tic scattering background is somewhat larger compared
to the first heating run. This indicates that a complex
freezing process with several metastable states is likely
at play at low temperatures. This is not so surprising,
as the ( 12 ,

1
2 ,

1
2 ) elastic scattering does not correspond to

long-range order, but rather is known to be character-
ized by a relatively short and isotropic correlation length
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FIG. 3. Temperature dependence of the elastic
�
1

2

, 1

2

, 1

2

�
scat-

tering in zero field. The integrated elastic scattering intensity
(�0.1 meV < E < 0.1 meV, H= ± [0.4, 0.6] r.l.u., L= [1.4, 1.6]
and L= [2.4, 2.6] r.l.u.) at the four

�
1

2

, 1

2

, 1

2

�
-like positions

is presented as a function of temperature for di↵erent heat-
ing and cooling cycles in panel (b). Please see text for de-
tails. Representative reciprocal space maps for the two heat-
ing cycles are shown in panel (a). Panel (c) shows the inte-
grated intensity from (b) scaled to the di↵erence between the
low-temperature phase at 100 mK and the high-temperature
phase at 600 mK (heating B) or 400 mK (heating A), plac-
ing the transition below which

�
1

2

, 1

2

, 1

2

�
peaks appear at a

temperature of ⇠ 275 mK. In addition, the temperature de-
pendence of the elastic (0, 0, 2) scattering, normalized to the
intensity at the lowest temperatures, is shown on the same
plot, indicating no obvious temperature dependence. Var-
ious reports of this glassy transition from ac-susceptibility
measurements20,30,47,48 are encompassed by the hatched area.
The specific heat anomaly found for our crystal at T

Cp

⇠ 450
mK is indicated by a dotted vertical line. This anomaly ap-
pears at considerably higher temperature than the onset of the
short-range magnetic ordering. Dashed lines serve as guide to
the eyes.
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FIG. 1. Lattice constants of polycrystalline Tb2+xTi2−xO7+y at
25 ◦C. The dashed line is a guide to the eye.

a RIGAKU-SmartLab powder diffractometer equipped with
a Cu Kα1 monochromator. The absence of impurity peaks
in the powder diffraction patterns shows that the samples are
single phase with the pyrochlore structure.43 To measure the
x dependence of the lattice constant a at 25 ◦C, we performed
θ -2θ scans on powder mixtures of Tb2+xTi2−xO7+y and Si.
Figure 1 shows that the lattice constant a, consistent with the
previous work for x = 0,43 has a smooth variation with x,
which ensures a continuous change of the stoichiometry of
Tb2+xTi2−xO7+y for small x.

Specific heat above 0.4 K was measured on a physical-
property measurement system. Measurements below 0.4 K
were carried out using the quasiadiabatic relaxation method on
a dilution refrigerator.44 dc magnetization measurements were
carried out by a capacitive Faraday magnetometer in a 3He
refrigerator. Neutron powder diffraction measurements were
performed on the triple-axis spectrometer CTAX at ORNL.
Inelastic neutron scattering measurements were carried out
on the time-of-flight spectrometer IN5 operated with λ = 5
and 10 Å at ILL. For these neutron scattering experiments,
samples of x = 0.005 and −0.005 with weights of 5 and
9 g were mounted in a 3He (CTAX) and a dilution refrigerator
(IN5), respectively.

In Fig. 2, we show the specific heat CP of the poly-
crystalline samples as a function of temperature together
with a few previous measurements.26,29,45 Earlier work have
shown qualitatively similar results.46,47 The CP (T ) data show
a systematic change by varying x. A sample with x = 0.005
shows a clear peak indicating a second-order phase transition
at Tc = 0.5 K. Samples with x = 0.0025 and 0.000 show
smaller peaks at 0.43 and 0.4 K, respectively. We note that CP

of the present sample with x = 0.000 agrees approximately
with our previous measurements,26 the temperature range of
which was extended down to 0.2 K in the present work on a
sample (nominal x ′ = 0) prepared from a different commercial
source of Tb4O7. Our previous interpretation26 of the upturn
below 0.5 K as a crossover behavior is incorrect due to
the insufficient temperature range. The previous CP data45

(Fig. 2) on a polycrystalline sample with their nominal x ′′ = 0
correspond to our x = −0.0125, implying that fine tuning of x
requires careful sample preparation. In the inset of Fig. 2, we
show a cumulative phase diagram constructed from CP (T ,x)
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FIG. 2. (Color online) Temperature dependence of the specific
heat of polycrystalline Tb2+xTi2−xO7+y . Previous measurements of
poly- and single-crystalline samples,26,29,45 as well as the present
measurements below 0.6 K of a sample prepared in the same manner
as in Ref. 26, are plotted for comparison. The inset shows a phase
diagram expected from the specific heat, susceptibility, and neutron
scattering.

in conjunction with the susceptibility and neutron scattering
experiments discussed below.

A peak of CP (T ) in Tb2Ti2O7 was first reported for a
single-crystalline sample at 0.37 K.29 These CP (T ) data,29

reproduced in Fig. 2, show a significantly different T depen-
dence from any of the polycrystalline samples. The sharp
peak at 0.37 K may result from a portion of the sample
having a nonstoichiometry parameter around x = −0.001,
corresponding to a peak slightly lower in temperature than our
x = 0.000. However, a hump in CP (T ) around 0.75 K for the
single crystal does not appear for the polycrystalline samples.
We believe that these single- and polycrystalline samples have
significant, but presently not well understood, differences in
quality.

To check whether Tc is an antiferromagnetic transition,
as suggested in Ref. 29, we performed magnetization and
neutron powder-diffraction experiments. In Fig. 3, we show
the magnetic susceptibility as a function of temperature for
three polycrystalline samples with x = ±0.005 and 0.000.
The susceptibilities for x = 0.005 and 0.000 show only slight
anomalies around the clear peaks of CP (T ) at Tc = 0.5 and
0.4 K, respectively. These weak anomalies resemble certain
transitions related to magnetic degrees of freedom.

In Fig. 4, we show neutron powder-diffraction patterns
for the x = 0.005 sample below and above Tc. The pattern
below Tc shows neither any clear antiferromagnetic reflections
nor any clear changes due to a structural transition. Rough
estimates of the upper limits of the antiferromagnetic ordered
moment and the structural change are about 0.1µB and

060408-2

no magnetic Bragg peak, specific heat anomaly

(1/2,1/2,1/2) short-range order
Phys. Rev. B 87, 060408(R) (2013)
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