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Quantized electromagnetic responses, including the quan-
tum Hall effect, in a two-dimensional time-reversal symmetry
broken band insulator is described by the Chern-Simons ac-
tion functional of the electromagnetic field

SEM
eff =

Ce2

4π

∫
dtd2x ϵ µνρ

(
Aµ∂ν Aρ +

2
3

Aµ Aν Aρ

)
, (14)

in the (2+1)-dimensional space-time, where C is the Chern
number. On the other hand, a weak coupling regime of the
chiral p-wave superconductor has been shown to be a real-
ization of a time-reversal symmetry broken topological super-
conductor in Ref. ? , and, in analogy with the electromagnetic
response, the quantized thermal responses of topological su-
perconductor has been predicted to be described by the gravi-
tational Chern-Simons term?

SG
eff =

C
96π

∫
dtd2x ϵ µνρ tr

(
ωµ∂νωρ +

2
3
ωµωνωρ

)
, (15)

where ωµ is the spin connection. The action (15) appears
in two-dimensional topological superconductors in symmetry
class D as an effective action functional? ? ? . Recently, space-
time curvature is widely used to study characteristic responses
of topological materials? . Correspondence between topologi-
cal phases and topological field theory of the electromagnetic
and gravitational field has been brought to classification of
topological insulators and topological superconductors in ar-
bitrary dimensions? . However it has been turned out that,
under the gravitational Chern-Simons term, a uniform grav-
itational field gradient cannot create a thermal current in the
bulk, and also thermal current flows only at the edges of the
system? . It indicates that transport phenomena and topologi-
cal field theory are not directly related in the gravitational field
case, while those in electromagnetic field are closely related.

Thermal transport phenomena under a inhomogeneous tem-
perature field is effectively realized in a system under a grav-
itational potential field φ through the Luttinger’s phenomeno-
logical relation?

1
T
∇T =∇φ. (16)

Owing to the relation jT = jE − (µ/e) jC , the thermal current
jT is identified with the energy current jE when the charge
current jC do not contribute at zero chemical potential µ = 0,
which is true for superconductors. A thermal current induced
by a temperature gradient is then equivalent to an energy cur-
rent associated with the space-time metric gµν .

From the phenomenological point of view, an analogy be-
tween the electric and the thermal transport holds. The
Wiedemann-Franz law connecting electric and thermal Hall
conductivity for Dirac fermion? ? ? has been proved as

κH =
π2

3
T
e2σH . (17)

Note that in the case of topological superconductor, the fac-
tor of proportionality is half of that in (17) since a Majo-
rana fermion, a quasi-particle in a topological supercondc-
tor, is half of a complex fermion. Here natural units with

c = ! = kB = 1 is used. Based on the phenomenologi-
cal analogy of Hall conductivity, an effective free energy for
the quantized thermal effect of a Lorentz invariant system has
been proposed as?

Feff =

∫
d2x

2κHT
v2 φΩ, (18)

where κH = Cπ2T/3h is the thermal conductivity for a
gapped fermion system whose occupied energy bands have a
total Chern number C, and v is a velocity of the Dirac fermion.
The effective free energy (18) is considered in the system in
equilibrium at a finite temperature in contrast to the effective
action (15), which is at zero temperature.

Although, under the effective free energy (18), a system
shows the quantized thermal Hall effect inside of the bulk, as
the theory is made to be so, it is still not clear the free energy
functional (18) represents the effective field theory of topolog-
ical insulators and topological superconductors. In this paper,
we examine the following two points: one is about whether
these two field theory are related or not, and the other is about
whether the effective free energy (18) can be derived from a
microscopic model of a two-dimensional topological insula-
tor in symmetry class A, which possesses the effective action
(15) simultaneously as is in the case of topological supercon-
ductor in symmetry class D when a fermion couples with a
gravitational field.

This paper is organized as follows. In Sec. II A, we briefly
review the phenomenology of the thermal transport of the
Dirac fermion that leads to the effective free energy (18). A
microscopic model is introduced in Sec. II B, and a method is
in Sec. II C. In Sec. II D, we show how perturbation calcula-
tion in an infinite system fails to give a temperature dependent
effective field theory. In Sec. III A, a projection onto a bound-
ary mode of a semi-infinite system is shown. Perturbative cal-
culation is done in Sec. III B, and rewritten in a bulk integral
form in Sec. III C. Finally we give a conclusion in Sec IV.

II. FINITE TEMPERATURE FREE ENERGY
FUNCTIONAL OF GRAVITATIONAL FIELDS

The Dirac fermion with velocity v is invariant under the
Lorentz transformation which preserves the line element

ds2 = (vdt)2 − dx2 − dy2. (19)

Introducing the three coordinates xµ = (vt, x, y), a metric cor-
responding to the effective free energy (18) is the one under a
gravitational potential φ and rotation by an angular velocity Ω
given by? , up to linear in each parameter,

gµν =

⎛
⎜⎜⎝

1 + 2φ Ωy/v −Ωx/v
Ωy/v −1 + 2φ 0
−Ωx/v 0 −1 + 2φ

⎞
⎟⎟⎠ . (20)

The effective field theory addressed in this paper is the free
energy functional of the metric that results from the two-
dimensional Dirac fermion coupled with the gravitational
field. In the following, calculation is proceeded with a gen-
eral metric form, and finally the metric (20) is substituted into
the expression of the effective free energy.
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A finite-temperature effective free energy functional of a quantized thermal Hall system is derived microscop-
ically from the two-dimensional Dirac fermion coupled with a gravitational field. In two spatial dimensions, an
analogy holds between electromagnetic responses and thermal responses from the viewpoint of phenomenol-
ogy and also of topological field theory. The thermal Hall conductivity of insulators and superconductors is
quantized with the bulk Chern number as is the case of the quantized electric Hall conductivity in quantum Hall
systems. However, two distinct types of field theory have been proposed to describe the quantized thermal Hall
effect, one, known as the gravitational Chern-Simons action, is a kind of the topological field theory, and the
other is a phenomenological one. In this study, we consider the two-dimensional Dirac fermion coupled with a
static background gravitational field in equilibrium at a finite temperature, and trace out the Dirac fermion in a
system with a boundary to derive an effective free energy functional of the gravitational field. In the second or-
der perturbation series, while gapped fermionic states in the bulk generate the gravitational Chern-Simons term
in the zero-temperature limit, gapless boundary states give rise to a general form of the phenomenologically
derived finite-temperature free energy functional that accounts for the quantized thermal Hall effect, even inside
of the bulk.
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I. INTRODUCTION

Feff =
κHT
2v

∫

D
d2x ϵ jk∂jhhk0, (1)

(h)2, hhl
0

κH = sgn(m)
πT
12

(2)

κH

ϵ jk∂jhh0k = 4φΩ/v (3)

e−β |m |

Π(0) = −πT/12v (4)

jT = jE −
µ

e
jC (5)

h = hµ
µ (6)

T0k ≡ 2
δFeff

δh0k
= −sgn(m)

πT2

12v
ϵkl∂l h (7)

jkT = sgn(m)
πT
12
ϵkl∂lT (8)

gµν =

⎛
⎜⎜⎝
1 + 2φ 0 0

0 −1 + 2φ 0
0 0 −1 + 2φ

⎞
⎟⎟⎠ . (9)

F(edge)
eff = −T

4
Π(0)

∫

∂D
dl[sgn(m)h(l) − sgn(m)hl

l (l) − hl
0(l)]2,

(10)

Feff = F(bulk)
eff + F(edge)

eff (11)

F(bulk)
eff (T ) = F(bulk)

eff (T = 0) +O(e−β |m | ) (12)

r , θ, ∂D Electromagnetic and thermal response in a fully
gapped insulator and superconductor reveal topology of their
band structure and also work to distinguish topological
phases and topologically trivial phases with their response
coefficients? ? . The electric Hall conductivity is quantized
by the Chern number of the occupied wave functions in a
two-dimensional band insulator? ? . The Chern number is
nonzero when a system is in a topological phase of the time-
reversal symmetry broken electronic systems. Similarly, a
two-dimensional insulator and superconductor shows quan-
tized thermal Hall effect when a system is in topological
phases of the time-reversal symmetry broken insulator and
superconductor system? . This kind of similarity reflects an
analogy between a topological insulator in symmetry class A
and a topological superconductor in symmetry class D, both of
whose topological phase is characterized by the Chern num-
ber of the filled energy bands? ? ? .
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r , θ, ∂D Electromagnetic and thermal response in a fully
gapped insulator and superconductor reveal topology of their
band structure and also work to distinguish topological
phases and topologically trivial phases with their response
coefficients? ? . The electric Hall conductivity is quantized
by the Chern number of the occupied wave functions in a
two-dimensional band insulator? ? . The Chern number is
nonzero when a system is in a topological phase of the time-
reversal symmetry broken electronic systems. Similarly, a
two-dimensional insulator and superconductor shows quan-
tized thermal Hall effect when a system is in topological
phases of the time-reversal symmetry broken insulator and
superconductor system? . This kind of similarity reflects an
analogy between a topological insulator in symmetry class A
and a topological superconductor in symmetry class D, both of
whose topological phase is characterized by the Chern num-
ber of the filled energy bands? ? ? .

2

Quantized electromagnetic responses, including the quan-
tum Hall effect, in a two-dimensional time-reversal symmetry
broken band insulator is described by the Chern-Simons ac-
tion functional of the electromagnetic field

SEM
eff =

Ce2

4π

∫
dtd2x ϵ µνρ

(
Aµ∂ν Aρ +

2
3

Aµ Aν Aρ

)
, (14)

in the (2+1)-dimensional space-time, where C is the Chern
number. On the other hand, a weak coupling regime of the
chiral p-wave superconductor has been shown to be a real-
ization of a time-reversal symmetry broken topological super-
conductor in Ref. ? , and, in analogy with the electromagnetic
response, the quantized thermal responses of topological su-
perconductor has been predicted to be described by the gravi-
tational Chern-Simons term?

SG
eff =

C
96π

∫
dtd2x ϵ µνρ tr

(
ωµ∂νωρ +

2
3
ωµωνωρ

)
, (15)

where ωµ is the spin connection. The action (15) appears
in two-dimensional topological superconductors in symmetry
class D as an effective action functional? ? ? . Recently, space-
time curvature is widely used to study characteristic responses
of topological materials? . Correspondence between topologi-
cal phases and topological field theory of the electromagnetic
and gravitational field has been brought to classification of
topological insulators and topological superconductors in ar-
bitrary dimensions? . However it has been turned out that,
under the gravitational Chern-Simons term, a uniform grav-
itational field gradient cannot create a thermal current in the
bulk, and also thermal current flows only at the edges of the
system? . It indicates that transport phenomena and topologi-
cal field theory are not directly related in the gravitational field
case, while those in electromagnetic field are closely related.

Thermal transport phenomena under a inhomogeneous tem-
perature field is effectively realized in a system under a grav-
itational potential field φ through the Luttinger’s phenomeno-
logical relation?

1
T
∇T =∇φ. (16)

Owing to the relation jT = jE − (µ/e) jC , the thermal current
jT is identified with the energy current jE when the charge
current jC do not contribute at zero chemical potential µ = 0,
which is true for superconductors. A thermal current induced
by a temperature gradient is then equivalent to an energy cur-
rent associated with the space-time metric gµν .

From the phenomenological point of view, an analogy be-
tween the electric and the thermal transport holds. The
Wiedemann-Franz law connecting electric and thermal Hall
conductivity for Dirac fermion? ? ? has been proved as

κH =
π2

3
T
e2σH . (17)

Note that in the case of topological superconductor, the fac-
tor of proportionality is half of that in (17) since a Majo-
rana fermion, a quasi-particle in a topological supercondc-
tor, is half of a complex fermion. Here natural units with

c = ! = kB = 1 is used. Based on the phenomenologi-
cal analogy of Hall conductivity, an effective free energy for
the quantized thermal effect of a Lorentz invariant system has
been proposed as?

Feff =

∫
d2x

2κHT
v2 φΩ, (18)

where κH = Cπ2T/3h is the thermal conductivity for a
gapped fermion system whose occupied energy bands have a
total Chern number C, and v is a velocity of the Dirac fermion.
The effective free energy (18) is considered in the system in
equilibrium at a finite temperature in contrast to the effective
action (15), which is at zero temperature.

Although, under the effective free energy (18), a system
shows the quantized thermal Hall effect inside of the bulk, as
the theory is made to be so, it is still not clear the free energy
functional (18) represents the effective field theory of topolog-
ical insulators and topological superconductors. In this paper,
we examine the following two points: one is about whether
these two field theory are related or not, and the other is about
whether the effective free energy (18) can be derived from a
microscopic model of a two-dimensional topological insula-
tor in symmetry class A, which possesses the effective action
(15) simultaneously as is in the case of topological supercon-
ductor in symmetry class D when a fermion couples with a
gravitational field.

This paper is organized as follows. In Sec. II A, we briefly
review the phenomenology of the thermal transport of the
Dirac fermion that leads to the effective free energy (18). A
microscopic model is introduced in Sec. II B, and a method is
in Sec. II C. In Sec. II D, we show how perturbation calcula-
tion in an infinite system fails to give a temperature dependent
effective field theory. In Sec. III A, a projection onto a bound-
ary mode of a semi-infinite system is shown. Perturbative cal-
culation is done in Sec. III B, and rewritten in a bulk integral
form in Sec. III C. Finally we give a conclusion in Sec IV.

II. FINITE TEMPERATURE FREE ENERGY
FUNCTIONAL OF GRAVITATIONAL FIELDS

The Dirac fermion with velocity v is invariant under the
Lorentz transformation which preserves the line element

ds2 = (vdt)2 − dx2 − dy2. (19)

Introducing the three coordinates xµ = (vt, x, y), a metric cor-
responding to the effective free energy (18) is the one under a
gravitational potential φ and rotation by an angular velocity Ω
given by? , up to linear in each parameter,

gµν =

⎛
⎜⎜⎝

1 + 2φ Ωy/v −Ωx/v
Ωy/v −1 + 2φ 0
−Ωx/v 0 −1 + 2φ

⎞
⎟⎟⎠ . (20)

The effective field theory addressed in this paper is the free
energy functional of the metric that results from the two-
dimensional Dirac fermion coupled with the gravitational
field. In the following, calculation is proceeded with a gen-
eral metric form, and finally the metric (20) is substituted into
the expression of the effective free energy.

3

A. Phenomenology

In this subsection, we briefly review the phenomenology of
the thermal Hall effect? ? . When deviation of the metric from
the flat one is small, the Einstein equation of gravity is re-
duced to a linealized form similar to the Maxwell’s equation
of electromagnetism, referred to as gravito-electromagnetism.
In this gravito-electromagnetism, the energy current in a two-
dimensional fully gapped topological insulator and supercon-
ductor is phenomenologically defined in analogy with the
electric current in the quantum Hall system. The electric
Hall current is accounted for by the magnetization current?
⟨jC ⟩ =∇×M . Here ⟨· · · ⟩ indicates evaluating an operator in
a thermal equilibrium state at a temperature T . Similarly, the
energy current flowing inside of the gapped bulk is identified
with the energy magnetization current by ⟨jE⟩ = ∇ × ME ,
where M and ME have only z-component. If the energy
magnetization changes through a variation of temperature, a
relation

⟨jE⟩ =∇ ×ME =∇T × ∂ME

∂T
(21)

holds.
When a fermionic system is Lorentz invariant, the energy-

momentum tensor has symmetry with respect to permutations
of the indices. Explicitly the energy momentum tensor is
given by

T µν =

⎛
⎜⎜⎝
ϵ j1

E/v j2
E/v

vπ1 Σ11 Σ12

vπ2 Σ21 Σ22

⎞
⎟⎟⎠ , (22)

where ϵ is the energy density, π is the momentum density,
and Σ is the stress tensor. The symmetry leads to the relation
jE = v2π. Then an equation is given between the energy
magnetization M z

E = ⟨x1 j2
E − x2 j1

E⟩/2 and the angular mo-
mentum Lz = ⟨x1π2 − x2π1⟩ as

M z
E = v2Lz/2, (23)

where Mz
E = M12

E and Lz = L12. Substituting the equation
(21) and (23) into the definition of the thermal Hall coefficient,
we obtain κH = −⟨ j xE⟩/∇yT

κH = −
⟨ j xE⟩
∇yT

= − v
2

2
∂Lz

∂T
= − v2

2T
∂Lz

∂φ
, (24)

where in the last equation of (24), the relation (16) is used.
The angular momentum is given by the variation of the free
energy with respect to its conjugate field, the angular veloc-
ity Ω, as Lz = −δF/δΩz . The free energy functional of the
thermal Hall effect is written as

F = −
∫

d2xLzΩ =

∫
d2x

2κHT
v2 φΩ. (25)

Corresponding electromagnetic free energy is FEM ∝
σH

∫
d2x A0Bz . The free energy FEM represents an quantized

electric Hall response, that is, an electric current is induced by
a magnetization given by M = −δF/δBz .

B. Dirac fermion under static gravitational fields

The situation that the effective free energy (18) represents is
that thermal current flows according to a temperature gradient
at a finite temperature T . Therefore, we start with the Hamil-
tonian and consider a system in a finite-temperature equilib-
rium. It is favorable to assume that the gravitational field (met-
ric) is not dependent on time.

Separating the Dirac fermion Hamiltonian coupled with the
gravitational field into flat space-time part and the other part, a
space-time curvedness is perturbatively expanded in the field
theoretical calculation. Small deviation of a curved space-
time metric from the flat Minkowski space-time is defined by

gµν = ηµν + hµν . (26)

We use the sign convention ηµν = diag(+1,−1,−1). The met-
ric gµν of a curved space-time is described in terms of a triad
field e α

µ as

gµν = e α
µ e β

ν ηαβ . (27)

The triad field is written in terms of h as e α
µ = δ

α
µ + h α

µ /2,
up to linear in h. Subscripts and superscripts of hµν are
raised and lowered by ηµν and its inverse ηµν , such as h α

µ =
hµνηνα . The inverse and the determinant of the triad field is
given, up to linear in h, by

eµα = δ
µ
α − hµ

α/2, (28)
√
g =

√
det gµν = det(e α

µ ) = 1 + h/2, (29)

where h = hµ
µ . The inverse of the triad field satisfies

e α
µ eνα = δνµ and eµαeνβgµν = ηαβ .
Hamiltonian of the two-dimensional Dirac fermion coupled

with a gravitational field is written as

H =
∫

d2x
√
g ψ†

[
−ive j

αγ
0γα
←→
∂j + mγ0

]
ψ

=

∫
d2x ψ†[H0 +U]ψ. (30)

γµ is the 2 × 2 gamma matrix satisfying γµγν = ηµν −
iϵ µνργρ , where ϵ µνρ is the totally anti-symmetric tensor and
γµ = ηµνγν . Note that the spin connection do not appear in
two-component Dirac fermion theory? . Latin indices in (30)
run over the spatial dimensions ( j = 1,2) and Greek indices
run over both temporal and spatial dimensions (α = 0,1,2).
Matrix elements of the Hamiltonian and the perturbation term
are given by

H0 = −ivγ0γ j∂j + mγ0, (31)

U = (h/2)H0 + iv(h j
α/2)γ0γα

←→
∂j . (32)

Although the corresponding original Lagrangian has a gen-
eral coordinate transformation invariance and a local Lorentz
invariance, symmetries of the Hamiltonian (31) and (32) are
reduced down to an SO(2) rotational invariance in the x1-x2

plane. Time-reversal symmetry is broken by the mass term.
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r , θ, ∂D Electromagnetic and thermal response in a fully
gapped insulator and superconductor reveal topology of their
band structure and also work to distinguish topological
phases and topologically trivial phases with their response
coefficients? ? . The electric Hall conductivity is quantized
by the Chern number of the occupied wave functions in a
two-dimensional band insulator? ? . The Chern number is
nonzero when a system is in a topological phase of the time-
reversal symmetry broken electronic systems. Similarly, a
two-dimensional insulator and superconductor shows quan-
tized thermal Hall effect when a system is in topological
phases of the time-reversal symmetry broken insulator and
superconductor system? . This kind of similarity reflects an
analogy between a topological insulator in symmetry class A
and a topological superconductor in symmetry class D, both of
whose topological phase is characterized by the Chern num-
ber of the filled energy bands? ? ? .


