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Introduction

Complex action theory (CAT)

e coupling parameters are complex

» dynamical variables such as g and p are
fundamentally real but can be complex at the
saddle points (asymptotic values are real).

Possible extension of quantum theory
Expected to give falsifiable predictions

Intensively studied by H. B. Nielsen and
M. Ninomiya



Complex coordinate formalism

KN, H.B.Nielsen, PTP126 (2011)102
Non-Hermitian operators Qnew and Prew

GhewlDnew = Al@new for complex g,
PiewPnew= PlPnewfor complex p,
[Qnew, f)ne\/\] = ih.

Our proposal is to replace the usual Hermitian
operators @, p, and their eigenstates |g) and |p),
which obey §la) = qla), pIp) = pIp), and [q, P] = i%
for real g and p, with q;ew’ f’r};ew’ |Pnewand [Pnew
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€

another coherent state defined similarly.



Modified complex conjugate *; :
ex.) for (g, p) = acf + bp?,

f(g, p)*r = f*(q, p) = &g + b*p?,

Modified bra m( |, o< | :
Modified hermitian conjugate T, Ty

(A = (] = ().
(AN =yl

For example, a wave function :

'ﬁ(Q) = (qly) — ¢(Q) = mlnew Qi)



We decompose some function f as
f = Re{}f + ilm{}f,

where Rey f and Imy, f are the “{}-real” and
“{}- imaginary” parts of f defined by

*)
Rey f_f+f and Im, f_fz‘; .

ex) for f = ko?, Reqf = Re(K)g?, Imgf = Im(K)g?.

If f satisfies f*1 = f, we say f is {}-real, while if f
obeys f*1 = —f, we call f purely {}-imaginary.



Theorem on matrix elements

minewd OF P'IO(Gnew Ghew Prew Prewld” OF P Ynew
where O is a Taylor-expandable function, can be

evaluated as if inside O we had the hermiticity
conditions Gnew = Ohew = G and Prew = Phew = P for
d,d”, p’, p”’ such that the resulting quantities are
well defined in the sense of distribution.

— We do not have to worry about the
anti-Hermitian terms in Gnew q;ew, Prew and f)ﬁew,
provided that we are satisfied with the result in the
distribution sense.



Deriving the momentum relation via FPI

KN, H.B.Nielsen, IJMPA27 (2012)1250076

Lagrangian in a system with a single d.o.f.:

(a0, 46) = 5meP - V(@)

V(@) = X5,bd", V=Vr+iV|, L =Lg+il,, where
Vr = Reg(V) = X0, Reb, g,

Vi = Img(V) = X5, Imbn o

Lr = Reg(L) = $mr&? — VR(0) |

Li = Img(L) = 3mi&? - Vi(q) . m= mg +im.



mlnew Qeatl (t + dt)) = fe%mL(q’Q)m@ew el (t))ydg.
C

We consider n{new 0t/&) Which obeys

h 0
m{new CIt| f)nevxjf> = m{new Qt|f>

| th

&E— G
9 (qt’ dt
Introducing a dual basis n(anti £|, we have

) new ).

mnew Gty (t)) = fcdé: minew Gtl€) m(@anti &y (t))
= j;df m<neWQt|¢(t)>|§-



Then, we obtain

m(new C|t+dt|€0(t + dt)>|§

/27rh
= méanti &y (t)) eXp[Zhdt(q”dt 2)]

X {5c(§ Ch+dlt)

_ Z (hdt) ( )nld_tbnanéc(gé:nqﬁdt)} '

— Only the component with & = g, 4; contributes to

m<new qt+dt|¢(t + dt»-
Thus, we have obtained the momentum relation :
oL
P=—7z=

aq



Properties of the future-included theory
KN, H.B.Nielsen, PTEP(2013) 023B04

Nielsen and Ninomiya, Proc. Bled 2006, p87.

(AA®D) = f e v Dpath,
path(t)=q

(B(t)lq) = f eiS © Te=~Dpath,
path(t)=q

|A(t)> and |B(t)) time-develop according to
|hdt|A(t)> HIA(t)), ihdﬁtlB(t» = Hg|B(t)), where
Hg = H.

(B(HIOIA(1))

BA _
O =~ BOA)




Utilizing 2(0)BA = (L[H, O])BA, we obtain
e Heisenberg equation
o Ehrenfest’s theorem:

>BA >BA

d
E[«Jne <pne

d . __Asa \\BA
a(pnew> = —(V'(Gnew)) -

* momentum relation p = mq
KN, H.B.Nielsen, IJMPA27 (2012)1250076
o Conserved probability current density



Properties of the future-not-included theory
KN, H.B.Nielsen, PTEP(2013) 073A03

ihdgt<(§>AA = ([0, Hi)* + {0 - (OY* Hal
~ ([0, A AOR.

AA — (ADIOIA() ;
where (O) = TADAD) Thus, we obtain
d 1

d t<0|new>AA ~ @mneww\

d—t<pnew>AA = _<V|’Q(Qnew)>AA,

where My = Mg + % — P = Mk
We show that the method works also in FNIT.



They give Ehrenfest’s theorem:

meﬁdt2<q”e W = =(Ve(Gned)™

This suggests that the classical theory of FNIT is
described not by a full action S, but Seg:
t

Seff = dtle,
Ta

) 1 .
Lewt(Q,0) = Emeffqz — VR(Q) # Lr.

Thus, we claim that in FENIT the classical theory is
described by 6Ses = 0, and p = MeQ = ‘9"9“

This is quite in contrast to the classical theory of
FIT, which would be described by 6S = 0, where

Ts .
S= frA dtL, and p = mq.




Table: Comparison between FIT and FNIT

FIT FNIT
action e dtL S = th dtL
: T ABA . (BOOAD) |/ AvAA . (ADIOAD)
exp. value” | (0)°* = “gama | (O™ = “Ldiamy
time inG(0)®A ingG(OY™A
development = ([0, H])BA ~ ([0, HaHYAA
classical 0S=0 6Seff = 0, Serf =
theory f dtles
momentum | p = m{ P = Mes(

relation




Reconsideration of the method in FNIT

In the method we looked at a transition amplitude
from t; to t¢, which is similar to that in FIT:

(BOIA®)) = (B(Tg)le"+"Te-TAIA(T)).

In FNIT :

= (AM)IA(L)

(A(TA)le T i HTOIAT )

— f Z)q f Z)q’e_%STA to t(q)*q e%STA to t(q,)
C (04

wa(qTA’ TA)*qTA wA(qfl'A’ TA)

— a path from T to t, and that from t to Ta.



We formally rewrite (A(t)|A(t)) into another
expression similar to (B(t)|A(t)) by inverting the
time direction of the transition amplitude from Ta to
t, and introduce Lsgrmal-

STA to t(q)*q
fT drL(a(t). 4(t))

—TA+2t
= f At L (Ghormar(t” 1), ~3o Gorman(t”, ),
t

where t”’ = —t’ + 2,
qformal(t”,t) = C](—t" + Zt) = Q(t/).



Then | is written as
DY L drL(a (t).q (1)
I = q quormale A
C’ ”
i T 44 73 " s
Xe_lﬁ\ﬁ ®dt L(qformal(t »t)’_at”qformal(t ’t)) formal Jl/’A(qfl'N TA)7
where C” is a contour of Qrprmal(t”, 1), and
i —Tat+2t dt’L(a t 1 P , v t *q‘: |
)= f Dq; Ie_ﬁ fTB (qformal( 0.~ t”qformal( 1)) “forma
orma

XwA(qliormal(_TA + 2t, t), TA)*qgormal
(A2t - TB)|q1:orma|(TBs t))
wA(q]:ormaj (TB9 t), 2t - TB)*q;ormal .



Expressing (') for Ta <t <t as Qormal(t’, ), we
can rewrite | as

I ~ f@CIf Ie% TZB dt’{_f(t,_t)}Lformal(qmrmal(t,’t),at’Qformal(t,’t),t,_t)
- ormal

Xty A(Crormal (T, 1), 2t — Tg) %omaith a(Crormar(Tas 1), Ta),
where €(t) is 1fort > 0and —1fort < 0, and

I—formal (qformal(t/, t), at’qformal (t/, t), t' - t)

1
- Emformal(t’ - t) (at’qforma|(t/’ t))z

_Vformal (Qformal (t/, t)9 t/ - t),

Mkormal (t/ - t) = MR- if(t/ - t)ml )
Viormal (Qformal(t,, t), t' - t) = VR(CIformal(t,, t))
—ie(t” = V) (Grormal(t’, 1)).



Replacing L with Lima in the method, we obtain
’ . al—formaI(Qformal(t/a t), Oy qformal(t/a t), t' - t)
Prormal (t > t) - B
a(at’qformal(t > t))
= Mkormal (t, - t)(9t’qformal (t/, t)-

We take the time average of 0y Qforma around t’ = t.

d 0
aCI(t) ~ {—Qformal(t,’t)} =t

ot
1 t+At
Z_At dt/at' Gformal (t” t)
t-At

i trat dr pformal(t/,t) ~ 1
2At Ji_at mformal(t’ _t) Mef

where p(t) = Prormal(t, ).
Thus, we have reproduced p = mgd.

12

p(D).




Summary

In our previous paper we derived the momentum
relation p = mq by considering a transition
amplitude from some initial time to final time, which
Is similar to that in FIT.

In this paper we provided a way to properly apply
the method to FNIT by rewriting the transition
amplitude in ENIT into another expression similar
to that in FIT, and by introducing Liyrmal-

We explicitly derived the momentum relation
P = Megq in FNIT via this method.



In ENIT

e classical physics is described not by a full
action S but a certain real action S¢ (# Sgr):

Seit = [ Lefr, Where Leg = 1meaé? — Vr(0).
e momentum relation is given by
(Prew™ = meff%(dneMAA’ P = MerQ, where
Meff = MR + mﬁ'R
— quite different from those in FIT.
In FIT

« classical theory is described by a full action S.

e momentum relation is given by
(Prew®” = mdgt@new A, p=mg.



Outlook

e Itis interesting to see the dynamics of the
CAT in a simple model such as a harmonic
oscillator.

o The potential of the slow roll inflation is
extremely flat. The imaginary part might help
us to have more natural potential.



