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TET AT 4 BTV OAERATERL T dVa/dry 13 1584 + 4 (stat.) + 76 (sys.)
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3 Copyright CERN on behalf of the ALICE Collaboration.
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Towards spectral functions from 2PI1 effective action

Institute of Physics, University of Tokyo H. Fujii

Two-particle irreducible effective action provides a useful framework to perform non-
perturbative analyses in field theory. Here we report its application to the evaluation of the
static critical exponents of O(NV) scalar theory, and discuss a possible way to obtain the spectral
function and to study dynamic criticality of the Nambu-Jona-Lasinio model.

1 Introduction

Unveiling the phase diagram of QCD is one of the fundamental problems in modern physics.
Numerical lattice QCD simulations show crossover behavior of deconfinement and chiral symme-
try restoration in a temperature T' region around 170 MeV. At finite baryo-chemical potentials
u, lattice simulations suffer from the sign problem, but many chiral models predict a first-order
phase boundary which separates the low and high u regions at low T and which terminates at
an endpoint as T increases. This point is referred to as the QCD critical point (CP).

Although the location, even the existence, of the QCD CP depends on the models, certain
properties near the CP are universal, which should provide useful information in searching the
QCD CP experimentally at RHIC. This motivates us to study the slow dynamics near the QCD
CP as a universal property of QCD. We will use a self-consistent approximation scheme based
on two-particle irreducible (2PI) effective action in order to deal with the long-range critical
fluctuations [1].

Here we apply the 2PI effective action to evaluate the static critical exponents, 1 and v,
in O(N) scalar A\¢* theory as an example, and then we give a preliminary discussion on the
mesonic spectral functions in the Nambu—Jona-Lasinio (NJL) model, towards the description of
the dynamics near the critical point.

2 Critical exponents, n and v, from 2PI effective action

Let us consider a system whose ground state is determined by a partition function

2101= [ Doe {—sm -/ d%Ja(w)%(w)] — oW, 1)

where S[p] = [ d3z [3(9ipa(T))? + 15 (Pa(®)?)? + & t o (x)?] is the Landau functional for the
order parameter field ¢, (x) (a = 1,..., N). We compute the critical exponents by approaching
the critical point from the symmetric phase (t oc T — T, — 0T).

Performing the double Legendre transform with respect to the mean field ¢ and the two-point
function G, we have the 2PI effective action

Top1[é, G] = S[p] + %Tr InG~ !+ %TrGo_lG + Ty, G, (2)

where Tr should be understood as integration over the space coordinates and summation over
the field components. G| is the free propagator. In the symmetric phase we can set ¢ = (¢) = 0.

The ground state is determined by the condition, 0I'9p1[G]/0G = 0, which gives the Kadanoff-
Baym (KB) equation:

Goy (®,y) = Gy (@, y) — Za[G(z, y)]. (3)
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Figure 1: Critical exponent n (left) and v (right) of O(N) scalar theory.

This equation always holds (in the symmetric phase). Approaching the critical point, fluctua-
tions become long-ranged and non-perturbative. We here apply the KB equation at the critical
point [2], where we know the form of G in the momentum space as

~ 1 /p\7
Gp) = (f) 4
= (% @
with p = |p| and a cutoff scale A. Employing the systematic 1/N expansion, we include the
next-to-leading-order (NLO) skeleton graphs:

;%6 = (). 5161 = o) (5)

Requiring that the scaling form should be the asymptotic solution of the KB equation at small
p, we find a condition for n as shown in Fig. 1 (left).
By differentiating the KB equation with respect to ¢(x) one obtains a self-consistent equation
2,1 -
for ng )(m,y;z) = 06G, ! (z,y)/5t(2) [3] as

X aw|G(x,
Fg;l) (w7 Yy, Z) = FO,ab(ma Yy, Z) - W ) (6)

where I'g op(x,y;2) = 6(x — 2)0(y — 2)dqa. Knowing again the scaling form ren (%, %; k:) ~
k2=1=1/¥_ one can determine the exponent v from this equation together with 1 obtained previ-
ously. We solve this equation by resumming the leading In & term. The result is shown in Fig. 1
(right).

Although we cannot justify the 1/N expansion at small N, the exponents 1 and v in the 2P1I
NLO framework remain positive and finite down to N = 0 in contrast to the NLO result in the

standard 1PI framework.

3 Spectral function and slow modes

After seeing the advantage of the 2PI formalism in statics, we like to apply it to dynamics. Here
we take the NJL model, which share the same global symmetries with QCD. In fact, the 2PI
formalism has been applied to the NJL model in order to include the higher order contributions in
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1/N expansion with N being the number color [4]. Here we will work in the real-time formalism
at finite T, which avoids the analytic continuation unlike in the imaginary-time formalism.

The 2PI skeleton diagrams are the same as in the scalar case with replacing the boson lines
by the fermion lines. We include the NLO contributions. The KB equation for the fermion is
written as

DR, k)™

= (Z% - m) - ZR(wv k) ) (7)
where the self-energy L can be obtained by cutting one line in T, and will be decomposed
into the Lorentz tensors with the Dirac matrices. Note that this NLO approximation gives rise
to a second order phase transition at finite T'[4], whereas other self-consistent approximations
sometimes result in a first order transition.

In order to compute the bosonic two-point functions, G(x,y), it is convenient to introduce
external sources coupled to the relevant current. Differentiating twice with the external current
gives us the relevant two-point functions. The equations involve the scattering kernels which
satisfy the Bethe-Salpeter (BS) equation written schematically as

= xXrir ]
ECIE

where the dashed line represents the chain diagrams of the quark loops. These bosonic functions
derived from the 2PI effective action should retain the symmetries of the system. Especially the
pions should be massless in the chiral limit in the broken phase. B

The spectral function p(w, p) can be obtained as the imaginary part of G(p). By analyzing the
infra-red behavior of p(w,p) at the critical point, one should be able to determine the dynamic
scaling behavior of the slow modes from this microscopic computation.

4 Outlook

It will be numerically a tough task to solve the BS equation with the non-local kernel, even
though one starts with a simple contact interaction in the NJL model. Nevertheless, it is an
important issue to check whether one can derive the dynamic scaling behavior from a microscopic
computation directly.
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An effective matrix model for deconfinement

HiE #05F (B

gA
Bx OMHAOEEZZL T EPVRTEERTIIEFALAD N TV 4 — 7RI V—F
DHBICEIERZ 74 —7 « JV—F v - 7757 X2 (QGP) EM-EN 2 RBICHESR T2 LEZ 6
NTw3, KEZ Iy 7 N7 VESHFEIT CIron T 28 A 4 VEHZEERICE T I D QGP I
FHIN, ZREFIFFICMCMEEAL 277 A REBTH 2 2 ENRRINTV 2 [1]. 2D QGP
DA F Iy 7 AZHET 22 EIFHGNICOERIWICHIEFICEETH 5. AfETix, JEEAL

A DEBARL O < MBI L 72 QGP 22 5 B T D595 & QGP ~NE 2 MO FH % semi-QGP|2]
WYY, 20 semi-QGP DA OREEE 21T [3).

Semi-QGP DEEE

ZITR, fROED I A =T DRI N—F VT OMARZEZ L), £72h 7 —DE N,
ELZSUN,) =Mz % 2%, ARIRED Yang-Mills fEHIX, 7 —Y & gA, (1, 2) —
U(r,z)(gAu(T,x) —i0,)UT (1,2) IR LTAZETH D, I6ICU(r,2z) = 2U(0,x) ZFREOIEFIH
727 =D EHIC R L COAREIC RS, 22 T8 =120 T, OB Z(N,) Rk &0
N5, KA MO Wilson )V— 7T % Polyakov ) — 7’

L(z) = Pexpi/T drAo(1, ) (1)
0
&, TOEBIKN LT L(x) — U(r,2)L(z)UT(0,2) = 2U(0, ) L(x)UT(0,z) L Z{LL, FL—2X
& WIRHIE 2 L > 72
1
= ﬁc(trL) (2)

0 — 20 EZALL, 013 Z(N) NFREICT 2RFEREART I ENTEL, ZORFERK
FYBANIC ZIRICE W 7 4 — 7 2 RICANTROHBZ 2 VX — f, Z Tl ~ exp(—f,/T)
DEIICHLILEDTES, HUADHTIEALADD®, 1 THHIZZLVX —23FHKT 5
EEZLNDEDTL=0%,%%. E7, FHEHUADHTE, 1R TFHRT LY —2FRICAD
(£ 0DNIET 5. ZOIEMALIADMHER 25T 2 BI1X, Meisinger-Miller-Ogilvie 4 [4] 5
Polyakov )V — 7°% &t Nambu-Jona-Lasinio B8 [5] % EM4 e b OMERI LTV %, Fhihld
Meisinger-Miller-Ogilvie BB DIRR L 72252 5 2 12§ % [3]. ZOBMTIE, 77— 50
R GT 2 P & W & SRS 5.

Ag(t,x) = AS + 6 Ag(T, ), (A ap Qigrqaaa@ (3)

CHUF 2inTqe DA 7 —BBALER T Vo YV Z2Fi>Tw b D LEfiIck>TED, JV—F v
FFEFERBUCIE T 2 DTN —F Vv DEEIL AR T v 2 v Vid 2inTqe = 2inT(qa — qp) £ 75 5.
exp(2miq,) 1& Polyakov v — 7O AEICW)IE L Tw5, AERAREBIZE 2 KT v,

w27t 2p27t -
Vpert(qa) = _(NCQ - 1) 45 + 3 agl[qab}Qmod 1(1 - [Qab] mod 1)2 (4)
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L% 6] AUOEIEIZARLE V=AY T A K 235, F2HEPEFREBFHET S LIS
28N FETHD, L— 7@5’%%??")1&’cko“cﬁ‘k@aﬁf//wl/%:ﬁ% LIZTES
B, ZIZTIE, FEBEIR T Y v VEHEBRIEA T 3 HIC R S AN DI TP S E 1IN d s
RO K 9 IT qop DBIBT qup — qup + 1 DE m;ﬁtfxiﬁ

Vn(Qab) = ([Qab] mod 1)n(1 - [Qab] mod 1>n (5)

ZERAT 2. BEE Ve (qa) 13 Valqw) ZHOTH T 2H8bD 5, —RICHEED V, BRT v
MG ETT SV TR0, Vilgu) KO Valgu) D 22 DI KB E
ZR2. Fexlx, LTORT > vV 2HHT 2% [3):

Vaon(¢a) = 23 T*T? Z (—%(qa) — e2Va(qa) + 410;) (6)

BIEDET V2 ¥ WA Verr(qa) = Vpert(¢a) + Vaon(da) £ 5. TOXRT V¥ v VDN 5 X
HIC (o) B3Rk®D, 220 oBIIER, BIZIEENE p(T) = —Ver((qa)) £ LTRDZENTE 2,
COBBITIE 3 DDNNT A =8 ;3D DD, ZDIH)H—23 T =T, THIEBEINEZ 2 X 95 12k
51, bI)—DBRT VY NDT =T, TOEDOHAMEITRINZDT, HEH1OD/FX—
8 2R ORI L 72 5, Meisinger-Miller-Ogilvie B8 [4] 1334 DEAIT cg = 0 ITE W72 b DITHS
8%, BT v Y VOREMEZRD B 70 % ¢, = (1—¢)(2a— N —1)/(2N) EAREL T

RTFVI Y V2EEETLE,
72(N2 —1)T#
Varlg, ) = TR DT ey, g
MO
th)——lm%ﬁ— 1—4é7¢3+ 9 3 o* +V(0,1) (8)
T gl N2 N2 ’
78'?%‘:%. ::‘(“, t:T/Tca &U
2 6 a ~ 1  —a—-—c+tc
M=l s VO = 9)

TH 5. HEBEBIIMESN: 0V (6,1)/00 = 0 Z2fE T TRD NS, ¢ = 02T ADHITHIE
L 2 D Polyakov V— 7 DIARHEIZ £ =0 £ 7% 5. N, =2 DIfE, 3 XROHEDIHNT 2 XHHER
ZRT. —H, N,>3DEEIFE3RXROED D 1 RIEENHEIT 2 2 Ehbnr s, I
QCD DFERZFHBELL T3 [7]. ZofFMZHCTOUL O2OYHEBEZHEL TAL). FKLald
NIRA=8% (e —3p)/T* DE—7 DILEDED LK HIZ N, = 3 DEAI ¢; = 0.32, ¢; = —0.83,
c3 =113 LS. KIFHET p, T3 VX =% e, (e—3p)/T?*, KU Polyakov )L — 7 DIAFHEIC
DWTHET QCD DFER 8] LA DR EDHILTH 5. p, e MW e — 3p 13HET QCD DFGHE
ZHITE T 5D, —J Polyakov )V — 7OHIFHEIZ R E (B> Twa, T QCD I3
Polyakov )V — 713 ) T AIC X 2 A ENEZ GG 0T A4 DERILKETE T, ZFEKE %->T
WAHREME S H 5. S DKL ORBRIDO KR Tl semi-QPG DFEIKIZK T QCD OFEH: & 13 H
D, T~ 12T, DFOFHEIHICR NS Z LD 5.
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1: ek OER L& QCD OFIH [8] L DR, 75 i p, TR NVX—%E e Z AHA A DY
HEDOHEM S DR A/T* = (e — 3p)/T*. £i: Polyakov v — 7 DIARHHE

FEHEEE
ARETIE, semi-QGP %z itk ¥ 2 B DOREE 217> 7. Polyakov )V — 7 DEF il %2 AU -
7RIS > CTE D ZORBITHES), 23 VX —SFOYHEZFIHE L 7. Sl - 72 B o @y ¢
13 Semi-QGP DHIEHIX 1.2T, S VE TORWIIKTH 2 T L3RRI NG, FHROFHELE LT,
7 % — 7 % ANBHRIRS. C OB SRR I N2 75 (semi-QGP 1) TOL 7" b Y AHERD
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RIGIERMEE AV EAREENILER(CH(TSD
XV YDOIRE )

AN KH> FIE=E P FREE ©
2 | BRFEE LS, P iR R
CIRERZFERA T4 THEME Y VX —

FOEERMEZ VT, 37 L—S—f# 275> —=3a (NJL) MBI BT 252N
5— AV Y DRI EMNT 5, FBIEDH Y kA 710 & BN £ REERNLIC & 3 kT
ZHBL, #EDQCD OEMMEM Y UTE YRR B NE S NEWAS, /. A
FIRERICBIT 2 AY Y ORENE. 2 SOEMLTHRER T,

1 [EUMIC

NJL ARSI AN T — AV VEER U, 1 ZIVHFED B R %2 E < QCD
@{&lj\}bﬂe——ﬁﬁbiﬁﬁﬁ?kbfff\<{ﬁ7b;hflf\éo :0)1‘%@@505\/?\/7.\/@:\ 37
LV—N—=DE&, RDEHIZERIND,

8
L o= P(iy" 0 —m)p+ G Y [(PA") + (dins X))
a=0

ZZT, i,j xR 7V —=N=DHRF, & Gell-Mann 178, m & V> T 4 — 7B &FTH]
T diag(my, mg,ms) 9, SHEDITHAIX 7V —""—=IZDWTR->TEY, A7
VT IRV—DFLGERL TS, 2IHHDAKZ7 cI)VIAVHAEHAL 3IHEHD 61K
T I A VHEEAOEEGER G KX, EH50EADEERTGZFRED/ZO. 4 KTk
ZEZBWTHERZV AL I LN TER, TOLZOETFFIEZFHRET IR ZNETOD
KD OMZETIE, 7V IAVIN—TOEHEDKIWVGEREZ, v b4 792 EAHL
NEHINTWS, @E. NJLERE 1GeV A FTOIZRINF—ATr— )V CiHim I Nd 7~
b, A MATZIZLDIEAMIE, BRIHEGR & D B O W B L IR AR U9 <
% < DN ZEIND TN S,

NJL BERLIIAE D IAD B NEGRTH D200, B IAHIEZFHET S & YHEIXEA LD
FHIK->TUE D, Fxldhy bAT7EROEALE LT, 72V I A VI—TDEH&E
Kotk NP CEHET 2 RTIER LA FIWTC, BEIOMWE %2 HEHMiid 2 2 £ U 7z, Rtk
A2 AU ZZBHIL. ROFMNREIND ZOTHD, WY NATEHAND L A —
WD AN END Z &, ) AV VOEEPIY NATAT =V e#Zdl e, A
FINT I —DPNIAY NA 7&K HENAD RN DD Z &, TOM, 74—
I RERENTRRIND IO BEBERIZEWVT, IV MAT AT —)IVOMENR, ZDr—
VEDENIWMEERT Y VY YIVGEIR T, HE - BEHAMEGEICENTLES 2 EN
MHENTWD, KouEAbEZ WS &, 20 & D BRBERIZLRES RV (1], AWFZETIE,
RIGEAULZ DT A N T — AV VOBV Z T U, Hy b7 712 & kT & Fisii
T 5,
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2 NS X—=5

NJL f5#% QCD OARNELRIZT D72, AV VOBERPMBEHEFHE L, EBREP
BRI Z FAWT, BRIZEEND NI ALK EEET D, AW TR, w2 LREUY
HEOM {my, M, fo,mi,myt ZRWT, NIA—RDOMEEFRDD, 72720, EHEIE
FUWEIZEH U, my(=my) 1&3 - 6MeV DFITIRS, 7Y A T7DHE, BIIZEE
NBDINTA=BIF, my,mg, G, K &Y NI TINTGA=RANDLATHE720, LD
HENSRTDNTA—ROENRED, & IAM, KIGIEAHLOEE. Nk EE) &K
DORITLEANSTHU (2 < dim(k) = D < 4), RiLDTNEMEYD AART —)V THIILE
T30, Iy MATOEHEXY) LRI A—ZMPWITUES, €I T, KiciEREIZ
BT, EROYHEICNZ T, MEOYIVBEZR v, HD0IEn AV VOBEER
WTCNRI A =R EZREET D (3],
KLIZ2ODEAMLZ HWT, 1/N, BHEOH 1 IO TRO 7-WEE % R, m, DM
A YTy MIEDS & RICOMEDPENMEEARNEDPFIET B 728, RGO WNMRED T —
2% miP L BT WS, KOGIEANET MR D Y 7V YV Dfi 2 170MeV IZHL > 72
T—2A (x170) TlE. 7Y MAZIZEBFEREHREWMENEOND, 72720, I
DT —ATlE, EH5E m, DENEREL DN BZ>TULES, —H. KIGiEHMETm,
Dz A VT M- 7258, my, %2 5.5MeV % 3.0MeV ILEATE /4 DI, KT
SAHEDHINERELLOTULED, 2FD, NI A=ZD | fHZ NG EAMEZE AW
TH. m, & x DIz FEIRICEREEFE L GE 2 LIIREETH 5,

F 1. Ay A7 EXGuIEAbE IO TRONZYEEDOME (BAZIE MeV) . FEIRA I,
A VTV MNTA=L2RY, BEROITIE, EBREE U < IZREBRHE,

Case My ms my A (77 VA S D)
Cutoff  (5.5) 136 482 163 245 4
X170 (5.5) 150 473 (170) 247 247
myP (5.5) 148 (548) 224 246 2.78
m, (3.0) 849  (548) 244 301 2.29

exp./emp. 3.4-6.8 94.5-176 548 170-179 228-287 4

3 XV UDREKEFME

HETHEONENT A =R EZHNT, AV VOEERHRECHOREKEEZ NS,
EEITEREERZHVTCEATS, H1,212. 2 ODFEHALTRDZAY v OBEE
SRR WD A — VB & m; O E TN E N, K2iE 7 —Am, Tm, = 3.0MeV
WS 2B E DR TH D, 0MREICSITDRITIEALOREE T 7 + — 7 B&DEIX. Y
RATDENEIDERELSBOTVS, ZHix, KRTEAUKIZB W TNEROEE) & %
[RBRKETHESLAZZOTHD, LITAD, KITRLUTWD 2 DO IEHMEDOHELE SR E
(O(au)/(OT) DEKRAE) OfElE, £H5EIFIF184MeV IZ4 D, ZOHHD 1 DiE, Kot
EHHEIZEWT D =229 EWHEWRILT, HigzEZATWa2beEbhd, /-,
DX GCIERMLD r — ATid, BUEEFIREN L HMOENTHNDME (150 — 200MeV) &
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DERELBD, ZOZ,iE r—Am, DAKRT z)VIAVHEMEHE 6467 2V I A
VHEAEH O G EBOMEN, MDOr—ZA&DEREIVWI L LERLTHDS EEDbND,

>
< 1000} m, =
oo ____ —
£ 800 = e
;_ my*+mg* . :_
€ 600f ~ T "~ IALTN 3
< mg N < s
- =
€ 400} My S~ £
EC \ &
\ £
2 200} My \ 8
2 S 3
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1 Introduction

An important query on the QCD thermodynamics is whether the chiral-symmetry restora-
tion and the deconfinement transition take place simultaneously or not. Actually, in lattice
QCD (LQCD) simulations at zero chemical potential );there is a debate as to whether

the transitions really coincide or not [1]. LQCD simulations are far from perfection at real
g because of the sign problem. Fortunately, LQCD data are available at imaginary

[2] and isospin chemical potential [3], since there is no sign problem. The data show
that chiral and deconfinement transitions coincide in the numerical accuracy. Since there
is no general reason for coincidence between the two crossover transitions, it is natural
to think that the chiral and deconfinement transitions nearly coincide as a result of strong
entanglement between the two order parameters: the chiral condensate and the Polyakov
loop. We investigate this possibility in the present paper.

2 PNJL model

We consider the Polyakov-loop extended Nambu—Jona-Lasinio (PNJL) model which can
treat both the chiral and deconfinement transitions. The two-flavor PNJL Lagrangian is

L = q(v,Dy +mo)g + G5[(q9)* + (qivsTq)?] — U (D, D), (1)

whereq denotes the two-flavor quark fieldh, does the current quark mass, abgd =

0, — iA,0,4. Here the Polyakov potentidl [4] is a function of the Polyakov loop

o = —tr e~*4/T andits conjugated*. We take the Polyakov gauge whefg can

take a dlagonal form. The chiral condensate- gq and the Polyakov loo@ are order
parameters for the chiral and deconfinement transitions, respectively. In the mean field
approximationg, ® and®* satisfy the stationary conditions of the thermodynamic poten-
tial. The PNJL model can reproduce the LQCD results at imagiparfp], particularly

*supportedby JSPS Research Fellow.
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themodel has the Roberge-Weiss periodicity that is a periodicity &f Im(y)/T" with
period27 /3. The RW periodicity is due to invariance under the extendgtransforma-

tion, which is a combination of th&; transformation and — 6 + 27/3. This symmetry
guarantees that the PNJL model can reproduce the LQCD reslts qualitatively at imaginary
q- Figure 1 (a) shows the phase diagram of the PNJL model at imagigaiyhe chiral

and deconfinement transitions separete each other By. Zthe PNJL model reproduces

the LQCD results for the deconfinement transition, but not for the chiral transition. This
indicates that the entanglement between the chiral and deconfinement transitions is weak
in the PNJL model. This problem will be discussed in the next section.

0.28 T 0.28 T T
@ : (b)
024 I . 0.24 i
> ‘ h . X >
[ 2 O B Pt oGl B C O
EZ 0.2 | - EZ 0.2 | —
RN ESS s SSIREESS o ST I 2 01 SIS S 0 S
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Gq/(TC/3) Bq/(n/3)

Figure 1. Phase diagram at imaginary chemical potential (a) by the PNJL model and (b) by the
EPNJL model. The solid (dashed) lines represent the deconfinement (chiral) transition lines. The
vertical dot-dashed lines denote the RW transition lines. Lattice data are taken from Ref. [2].

3 Entanglement PNJL model

In the NJL-type model, the four-quark vert€ is originated from the one-gluon exchange
between two quarks and its higher-order exchanges. If the gluonA4ielths a vacuum
expectation valuéA,) in its temporal component,, is coupled to{A,) which is related
to ®; see Fig. 2. Hence5, is changed into an effective (entanglement) vertekd) that

.

Figure2: The diagrammatic description of the effective vertex®).

can depend o® [6]. Actually, recent analyses [6] based on the exact renormalization-
group method indicate that entanglement interactions between® appear in addition

to the original entanglement through the covariant derivative. It is expected that the
dependence of7;(®) will be determined in the future by exact renormalization group
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method. In this paper, however, we simply assume the following®) that preserves
chiral symmetry, charge conjugate symmetry and extefddexsymmetry [5]:

Go(®) = G4[1 — @D — ap(P* + *%)). 2)

The PNJL model with the entanglement vertexX ®) is referred to as entanglement PNJL
(EPNJL) model. The EPNJL model has entanglement interactions betwaad ® in
addition to the covariant derivative in the original PNJL model. Figure 1 (b) shows the
phase diagram of the EPNJL model at imaginagy In this model, the two transitions
coincide with each other as a consequence of the strong entanglement betwadn

®. Thus, the EPNJL model reproduces the LQCD results at imaginarySince the
EPNJL model is constructed so as to reproduce LQCD data at imagigatiye validity

of the model is confirmed for isospin chemical potential where LQCD data are available.
As shown in Fig. 3 (a), the EPNJL model also reproduces the LQCD results at isospin
chemical potential. Finally we predict the phase diagram in the W,hg)le T plane by
using the EPNJL model in Fig. 3 (b). Location of the critical end piont (CEP) moves to
lower 11, in the EPNJL model than that in the PNJL model.

0.25 . . . . 03 . , .
(a) (b) f
0.2 -
— H“Ix-g\ — 02 i .
% 0.15 | . % IIIII E}E CEP
<) <)
= oty G (®) cross over ------- T &= o1t 4
n 2nd order :
0.05 - 7 1st order . :
TCP *
Lattice —»— :
O 1 1 1 1 O 1 1 1
0 0.1 0.2 0.3 0.4 0.5 -0.1 5 0 5 0.1
w[GeV] 1 TGeV?]

Figure3: (a) Phase diagram at isospin chemical potential by the EPNJL model. LQCD data are
taken from Ref. [3]. (b) Phase diagram in tp@— T plane in the EPNJL model. The left (right)
half-plane corresponds to imaginary (real) Lattice data are taken from Ref. [2].
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Abstract

We estimate kinetic equilibration time of gluonic matter (transverse modes) with Kadanoff-
Baym equation. We include off-shell g <> gg particle number changing processes in 3+1 dimensional
dynamics. We show that the gluonic matter approaches to kinetic equilibrium with time scale 1/m

with local transverse thermal mass m? = 9# = (210MeV)? for g2 = 1, color N = 3 and
T = 360MeV.

1 Introduction

Recently experiments of heavy ion collisions have been done to create and study Quark-Gluon
Plasma (QGP) at RHIC and LHC. With respect to QGP nearly ideal hydrodynamics succeeds in
describing dynamics after thermalization of Glasma. Its success is based on early thermalization of
Glasma teq = 0.6 — 1.0fm/c [1]. This time scale is comparable with the formation time of partons
[2], because of which, normal parton picture might fail to describe thermalization of Glasma. In
fact thermalization time with Boltzmann equation with on-shell gg +> ggg is 2-3 fm/c [3], that is,
on-shell approach predicts longer thermalization time. Thus new approaches beyond the on-shell
parton picture are necessary to describe non-equilibrium dynamics of gluons.

As a candidate of approaches, we are trying to adopt non-equilibrium quantum field theoretical
method, which is represented Kadanoff-Baym(KB) equation [4]. One of the merits of solving this
equation is that KB equation satisfies conservation law of energy-momentum. Another merit is
that we can trace time evolution of spectral function. Since it has decay width of partons, we can
include off-shell g <> gg and g > ggg processes in addition to on-shell gg <> gg. The off-shell
processes have been neglected in normal on-shell approaches. They might play a significant role in
describing early thermalization of gluons.

Our work is to describe thermalization of transverse modes of gluons in 3+1 dimensions. It is
extension of our recent work in 2+1 dimensions [5], where it is shown that off-shell g <+ gg processes
contribute to entropy production in temporal axial gauge (TAG) A° = 0.

2 Kadanoff-Baym equation in TAG

In this section we write down KB equation for only transverse modes for polarization tensor to
give numerical analyses in the next section. We assume vanishing classical field < A >= 0 and
concentrate on only fluctuations (Green’s functions). This means that we concentrate on dynamics
after decoherence of classical field [2]. We also assume homogeneous and non-expanding system. We
adopt the spatially Fourier transformed KB equations of the transverse part [5] which is simplified
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in the momentum space as

0 0
02,0 + K + Mioe,7(2°)] Fr(a®,y% k) = {[HF,TPT]?O = [, rFr];, } ) (1a)
2 2 0 0,0 2
[az,o +k* + Mjoe,7(z )] pr(z,y k) = — [Hp,TPT]yo ) (1b)

where to is initial time and we have introduced a short-hand notation, [AB];* = ttf dz° A(2°, 2% k)

B(z°,9% k) . In this work we only trace the transverse (subscript 'T") dynamics of color isotropic
Green’s functions by use of projection tensor d;; — % (We decouple longitudinal part in the
equation by assuming infinite longitudinal self-energy Iljoc,; — 00), and here we define statisti-
cal function Fjj(z,y) = ({A4i(z), 4;(y)}) which contain information of distribution functions and
spectral function p(z,y) =i [A4;(x), A;(y)] which contain information of dispersion relation, respec-
tively. In addition I, represents local part of leading order self-energy, which is replaced by mass
squared m? (Here self-consistency relation ITj,. ~ m? is approximately satisfied by selecting initial
conditions in the next section.) , while IIy , represents statistical and spectral part of leading order
nonlocal self-energy which induces the mode-coupling between different wavenumbers (Fig. 1) and
includes off-shell transverse g <+ gg processes.

Figure 1: Leading order self-energy for gluons.Local (Center) and Non-local (Right) part.

3 Numerical analyses in 341 dimension

Nk
Nk

Figure 3: Late time distribution

Figure 2: Initial distribution function )
function at mt = 0.96

In this section we show numerical evolution of statistical Green’s functions. We prepare anisotropic
distribution function in the transverse statistical function as
2 2 2
ny = —20 exp ——kZQ — Fa +2ky (2)
A% A, 2A2 2A%

with A2 /m? = 10.0, anisotropic parameter z = A? /A% = 100 and C' = 10. This function has
Gaussian peaks around k = 0 , and the widths are different for k. and k,, k, directions (Fig. 2).
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This might be expected as a practical model of momentum distribution in mid-rapidity regions
2 NT?

in heavy ion collisions. We shall set m? to the thermal mass for transverse mode where
T = 360MeV, so that m = 210 MeV at ¢g> = 1 and N = 3. Then the above initial condition
corresponds to energy density 12GreV/fm3 with A = 660MeV.

Late time behavior of distribution function is described in Fig. 3. Isotropization and Con-
vergence to Bose-Einstein distribution are realized in late time (Fig. 4). Time scale of kinetic
equilibrium is t.q ~ 1/m for transverse mode.

Ny

0.1

0.01 : : :

Figure 4: Logarithmic plot near kinetic equilibrium (mt¢ = 0.84,0.96 and 1.08).

4 Summary

In this work we have solved the Kadanoff-Baym equation for the non-Abelian gauge theory in
a spatially homogeneous and non-expanding 341 dimensional system in TAG. We have included
nonlocal self-energy representing the process g <+ gg for only transverse parts. Next anisotropic
Gaussian distribution function is adopted as an initial condition. The local self-energy is set to
reproduce infrared cutoff m? (Ijoc,r ~ m?) and the total energy is set to be 12 GeV/fm®. Finally,
the number distribution function approaches the Bose distribution. We find that the time scale of
kinetic equilibrium is mt,, ~ 1 for g> = 1.0 and N = 3.
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WAEEZZD, ZOREIL Schwinger #i L L TENLEZEZ LN TE2( DL B2 —
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Q-ball [C & % chiral magnetic effect

BUYLAEWRSEIT AR BEAIT e AR T

Quark-gluon plasma I COEMEE IR TH % chiral magnetic effect 25, FE> 7 <BRD Y Y + VfE
Q-ball IZ &> TH Sl Z SN2 MBIEZER T 2, WP 7V <BRIC A A 7 VETEFORZID Ani
BHLZ 8T, MBS DAES 5 L. Q-ball IZ & D BL O ICER AN D 2 L0353 b, ZDY T
FIRHEIN RBIR E LT, 74— 7 EHBEOHRICE D, REBRERDMIT/N S M HIN S 2 & 2RT,

1 FU&®HIC

Chiral magnetic effect (CME) 1%, quark-gluon plasma (QGP) HIZE T, ERIEEGDTT
ISR BIRTH 5 [1, 2], EBRIVICIE, BEA 4 VERERICE O TERI NSO T T~D
TR O RCHE G TE & L CBIIIE 1, RHIC ICB W T ZOBKBHE I T3 [3], CME I3,
SOCHAIERICEB Y 2B 7% CP RO EBERL, A4 7 VEFREDO—-DOBHNTH
2LEZSNTVS L, 2,

Bz 1 2 OBR %, MHIBBEROMNT 2 £ X S b 2 88T h 2 Es 7 < Al
2o THN [4), BB VBRI, A4 INVETREICLE XY VE2NTFOMAEEZRTH
ZMZ 5, TOEE, BB V2BERD ) v P ARaP ANy Y v ThDb Q-ball DIFEET 5
&L RSO P T CME 2322 5 2 L 2R3 Y, £/, ZOBMTIE, 7+ —7HBOMRZE
T2 &, INSBRBND Z L0335,

2 NAZIEFREZZRUICREY VT YRE

BAIC, AA 7 NVRTEREOHREHR L 1ty 7~ B ZRET 5.
A A7 =T @ = Ghqt, THKI NS, —RINABIES 7 <BIIZATO LI ILE 2 6N %:

Lo = Tr[0,20"®T — M(® + &7)] — V(0DT) + A(det® + detd) (1)

M o diag(my, mg, ms) DEIE 7 7 — 7 EHEROFEEZL L, A(det® + det®T) 13 U(1)4 DD
R eRT, HATNVETREICEID, © ONAETOHERA A 7 — XY V23 2061 LFEET
205, UMTFIhoDRAY Y E o DBREEZL, & = diag(®, By, O3) = g T Hm T HHinT® L 5 7
AL GNBETRFEICE D 0, o n & 2T LDFEEEIY AND D, BitEAL v F O
BN QCD DA A 7 )i FREDOHFRA L2/ T LI I ROEZMNINT 5 -

nng * 362
F, F* ji:qgﬂogQi—logéi)::16ﬂ2

)

 3ie?
3272

[,5 GMVpJPMAVFPm PM = aﬂlm(z qglogq)i) (2)

*e-mail address: hiida@riken. jp

T offgE. EER (LIER), ATE BRI, =t (HK) L oA TH 2,
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L (fE) KT v v V(o). (H) —U=-V+w?0? () large Q-charge limit TD Q-ball fi#

Frv = Leweop (012 =1), ¢ 137 4 —7 (u,d,s) DEMERL. diag(2/3,-1/3,-1/3) TH
%o O Lyld, INBEMEGPFET 5 & &, RGO E LT <, oMM ZAHAIERIC
BQUREEEF AW W RV N S

3e2 ~
gt =2 (3)

b, koT, B/ VEOIKTDESRR O ICHT DEEARADENFET &, NIPHIS
B OAMICEFRER I = 35 RB HEENS (F% = —B, £ TREHIEARV),
UTIKR2&LSIC. EBFDLSIBRIZEET %o

3 Q-ball D TETE & chiral magnetic effect

ZZTlE, HIfio Py 23/ ¥ vl % Q-ball fEDSEFE L. chiral magnetic effect 23 Z % Z
LT, TITWI T T I T VNI TH S ¢

1 uv 2 2 * 1 nw nw 362

L= =7 BB 410,27 = V(|OF) + (P + %) - 5AT", TH = —7

?F”“&,Im(quog@) (4)
ST A AL, DOENSD S D back reaction bR T B, T, fHE DD 1 flavor D
BEarEZTwS, VIE—RICo=01CMEZEIOM1(E) DX I BbDRHER 5, HETE

KOMELT D =0(r)e D, o (t) =wt ZIRET 5, ZDEE, o KT 2EB) AL

2 1
o+ =o' - Lov_ 0, Ulo)=V(c?) —w?c? (5)
r 2 0o

Eb, T7ALIBr Tk W eET, ORI r 2 RH, o ZMEERLTE KTrviy
WU ZF2 1 RILRDOEHT)F ERIRTE D, 22T 2/r)e BWENERLRES, BEZ-
FIZE 9 &L Q-ballld —U(o) D 2 2DHEZ K5 SETH 5 (K 1(h) 2i), Coleman 13, w 23
W <w? <2 DEE, Qball BBFFET S ERINLI[5] o 722U pld p? = 0V/00?|,—0
(c=0TDOV D), wFVICEDEFZ2EHRTHY, ROBIEICBWTHHT 2, 2ok
JYRRaTANGEY ) P UETH D, ZOFEIEFRT VY v LOREITIK S 2w,

a7 DT 570, large Q-charge limit 2% 2 %, Q-charge (& Q-ball D] % 7%
L. 5086 MEERTH S, DL E o X FFL I N7 step function D & 9 1Z% %, £ I T,
2Tl o =const.> 0(r < R), 0 =0(r > R) #IKEL. ®|,cr =0, ®l,~p=0&72 (¥
1(£)). Q-ball DEBEN I RKE VD, RKHOMEIZHET 2, T5E, Qbal DL F—
Eo. wo. BE DX 0p 1F By = Quo,wd = V'(0),wood = V(0d) THZ 645 [4], large Q-charge
limit TlE, wo, 00 23 Q EMBIRICIRE 2 2 L2 ML TH <,
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DX 5% Qball BEEEL . DOSNEREES BWEET 2, LRIV 7 kD

362
J = ywot *wB (6)

DRIND Z ETH B, itk CME ICfEZR 5750,

4 Quark mass IC K2R ADEFE

HffiCld h ORIRZHEE L 7225, 22 TR IOMEZEH E LTI ANLs, Q-ball ix
U g 212 h(®+ 0 DFIEICE D, RETIE AL A%, LeLADNS, hAVNSLE FiTiE,
Q-ball Z TR FHETZTHAH, TDOLEERHDOAIL vV b BRET B E2RT,

h CCJ: DTEEE@CC%%%ﬁiﬁéo €= h/(Uowg) k LT o = CI)() + 6(131 +62‘I>2 + - &}Eﬁﬂﬁ‘j‘%o
g 1: Q-ball fETH 5, 1 XR#HE AL

00" ®1 + D1V (|B0[?) + o (BFP1 + Pe®])V"(|Do|*) — oowi = 0 (7)

ThHEz2on5, Qbal flEEfRALMS &, &],cp = ggiléao + 3a11+20062i“’0t, Dy~ = ‘(;9—“)0“) %
B2, F7, O IBIL THEMAEMICIELRE 5 [4]. 2o DD S Q-bal DL F NV X— E %5t
Be2L, 1ROBHTIEEFEMLL R0 L2305 4], Thbb, e Fohdnts,
FNF—DZIIMEHTE S, Lo T, Qball I DEENH LLETH S LHIFFIN D,

UKL T, ALY RICE e D 1 ROFBIEDERET 5, BAWICIZLTD X ) ICk 3 ¢

§ 3o — 2
J = e2q23w0 ( 331 5 coswot + - - ) (8)

U, REREWRD CME AL ¥ MTZ, NS BRI ND Z EZRLTW5S,

5 &b

T4 lx, By V= h A 7 VETFREOEZID ANBR 2 HvT, 5o T
TD chiral magnetic effect ZFiR7z, ZDRHR., FE> VBB NG/ v b Ras ALy
UL UETH S Q-ball DFFEICK D, CMEWSRI 3 2 L 2R L7, /. 74— 7 HEDZR
K& D, KE% CME AL ¥ Fofiic, NS 2RSS 2 L&A L7,

I, TA DigamiE, BB Z 2B L W) IERIC RV A R 2 > Tn b L v )
TV VDN IIMK S ViR TH b L) T E 2L TE L,

SE XK
[1] D.E.Kharzeev, L.D.McLerran and H.J. Warringa, Nucl.Phys.A803, 227 (2008).
[2] K. Fukushima, D.E.Kharzeev and H.J.Warringa, Phys. Rev. D78, 074033 (2008).
[3] S.A. Voloshin [STAR Collaboration|, Nucl. Phys. A830, 377C (2009).
[4] M.Eto, K.Hashimoto, H.lida and A.Miwa, Phys.Rev.D83, 125033 (2011).

[5] S.R.Coleman, Nucl.Phys. B262, 263 (1985) [Erratum-ibid. B269, 744 (1986)].
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Randall-Sundrum BZ DS —I-b v J AHBSERD
HBEVIRERFZ

E Ik (BORER)

BE

REIoTZ T — VRS EM R Rk T 5 ) 4 Th % E5HT— - Higgs
HAEBHMOARREOMR, & ICRFITZFDRZE) Randall-Sunrdum K22 T
HBHLGEITDNTINS. BIRMICIE Randall-Sundrum KfZ2E TO SO(5) x U(1) x
F—3 « Higgs MEORRNCEI LT, BRMURE L RT Vv )VEEEO S X R EICDONT
W9 5. (EROHBEAEAZEICDWVTIZ2 0 1 0FOHE (1] &I N2WV.)

HE HET CRENCEROEOMERD 1 )V—TaET Vv uid (FEAhT—
51 D OBEBEICDE) IFDOXS RTINS .

vy = My / (dg”ln [(@nT(m+m)* +p2+ M2 (1)

TTTn=0F) PRV Y (TzVIAY) V=TI LTHDLE TSNS, mic
I HMIMEFEERITED S () KEATMOE—FITH%. nicBId 2H1E Kaluza-
Klein €— FIZHd 2 L EFICHIST . M, 1 Kaluza-Klein (KK) E®=Td 5. T
DHRT > v )W BB V(T = 0) EARRIREOHIE AV(T) i3 51,

ARIREOHHIEFARTH D,
_\2n4 o _\2mn
aviry = - S S I ks mlan 7). (@)
m=1 n

525605 (Ky(x) X5 2 HOMBIEN Y & IVEED .
T T T, AT B L LT Randall-Sundrum F§%2 E0D SO(5) x U(1)x 77—
¥-Higgs $iAIEL [2] ZHLO EF%. /)LD D AdSs ZEROFHR X

1 d22
l 2 l lz"
ZQn“V g k222’

THABN, kiZ AASHh#, LIETOXLZERD, 2 =11lHs UV IL—E
2=kLICHBIR T L—VOlEzEXT /NG A—2TH 5. TORKRTIEIW,ZRY
URTFA =T« LTk ZFOD Kaluza-Klein it ©— ROE 2L, Higgs H2HRHA
DD DITEITET — VGO BEZHARHED 5 K S N5 Wilson-line MAHICKFET 5.
POiREDOHENRT > v U DNTIE 3] &2, KK E— FIZDWTE 2] IcBF 51
& DV,

X 1T, zp =exp(kL) =10 TDO W,Z Higgs, b 774 —7 & Z 0 KK filitd
JRED)N—TIC X B 1 IV—THRRT >+ )LD Wilson-line Nk 0 ~OIKEN %,
B GZIREICDWTRLE. K 1(a) T, KIRTIE 0y = n/2,37/2 TRT VT ¥ )V
BNETRD, TOHET—IREZ U)o, ICETTONS. EiRTE 0y = 0,7
IKR/MED D D, TORHIBIIRFME SU2), x U(1)y DEEL TS, K 1(b) &
D, zp =10"° T, WEIREIE T, = T./(k/21) ~ 0.5841 THZ 5N5 T EHbH

1<z<kL, (3)
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%. Fiz, M1 (b) hOMHEBIRETORT V> v)Uid 0y ~ 7/4,3n/4, 57 /4, Tr /4,
THBLERAMEE LD, 0y = 0,7/2,7,31/2 THB L e Mtz & 20D T, [EEE
DEEE Vogrsior = V(0 =7/4) = V(0 =0) £ TX3. £, M1HBEDNB K
51, Wilson-line NiAHD ELZHHFHEIAERIRE LI F TR ERiREDHEEED 5T,
O = 7/2,37/2 THZDT, MR TO Higgs BZEHARHE O A% FEHERIE T D
YOiRE D o, ~ 246[GeV]IC L 5T &ICT 5.

COBEITIX, TV—RF A—2L752DIEREIITDOIIRICEET S 2, 2 TH
HDT, $ixd 2, OMEICHI ZEFNEE T, & BZERME L DLt . /T.. RT3 %
JVBERED 5 E Virmier SERFHRIE & D VI T icDWT, £ 1IcE L. B
NYF D 2 R Al TN G TH LM (HH0IE, AT 7Lny
IZ K23 F VEDWRK (washing-out) HMIIHIE N2 5&0F [4]) -

‘PC/TC 21 (4)

T2 2 < 122 BRI VT e o, FEEEDE X Viarior ~

(0.2)AT4 THY . o/ Te,Voarsior/ T & BT, THHERRILIGTTORE [5, 6, 7): 0/ Te >

SE 3k

(1] TRandall-Sundrum FFZEIC B0 2 (UL TO T — - by T RAfE), S
e BGORFmEZ O 20100, 201 0F8H30HMS59H 1 HL &
ARAELEVIBR AT ZE T, [3RRI3mfT9E) 1 1 8 & 45 D-172~D-173.

[2] Y. Hosotani, K. Oda, T. Ohnuma and Y. Sakamura, Phys. Rev. D 78, 096002
(2008) [Erratum-ibid. D 79, 079902 (2009)] [arXiv:0806.0480 [hep-ph]].

[3] Y. Hosotani, M. Tanaka and N. Uekusa, Phys. Rev. D 82, 115024 (2010)
[arXiv:1010.6135 [hep-ph]].

[4] M. E. Shaposhnikov, Nucl. Phys. B 287, 757 (1987); Nucl. Phys. B 299, 797
(1988).

[5] C. L. Ho and Y. Hosotani, Nucl. Phys. B 345, 445 (1990).
[6] G. Panico, M. Serone, JHEP 0505, 024 (2005). [hep-ph/0502255).

[7] N. Maru and K. Takenaga, Phys. Rev. D 72, 046003 (2005) [arXiv:hep-
th/0505066].

L(4) OFREXDOLLIOMEIR. A7 7 LA VI KB REEHBOFMIC K> TE 1 59N 3.
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x167%(z; /k)*

Total
ff

%

[

yIoal 1672z, k)

(;.‘0 015 110 1‘.5 210
1: [preliminary] z;, = 10 TOEKRT ¥y, (a) T =T/(kz;') =01 (—FF)

M5 1.0 (—F L) £T01%H&. (b) RHS T = 0.58,0.5841,0.59.

% 1: [preliminary] Critical temperature T, the ratio o./T., the height of the potential

barrier Viamier = V1% (1 /4, T..) for various value of zj, = ekt

2 10° 107 10" 1015 10 10'7
T,[GeV] 158 188 224 246 273 290
0e/ T 1.6 13 11 10 090 0.85
Viamier [10°GeV4] 3.0 38 49 55 63 6.8
Vi T, 026 024 021 020 0.18 0.18
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BCS-BEC 7 QXA —/\—E=KIcHIT S
BER 7 LI RFREORT v v TRR

SORER A B, JST(CREST) LR 2 =

1 Introduction

Z TBUE, W) Fermi R FRAEDIHRICE O THEX v v 7 LN 2 BIRIGEELE > T 2. X v v 7

b &b LR ICE TR SN2 BIR T, BEHESREM Lo/ —< W HlIcE W TETO
TRAEEE IS ELIRAE & AR D X v v 7REED BN ZBIRTH 5 [1, 2. HEX v v 7O HBLIFE B EE O
HEEBEICBIE L T2 EEZ 51T 508, ZOREIFICIE, GRS i Xk 2 BB RI2E 1T 5 WK
K [3, 4, 5, 6], REREMRE S & (7, 8], BB (9] & E3did b, BIE L IZRE O Cldagima i T 3.
7, BETIEA 7 —BETICE L TOEX vy Z7EKMPEI D 9 2 L) HRNAEENLENTED [10),
FEX vy THRIEZ AN X —RA7— VI Lo THN 2 EENABRTHL LEZSNS.

—H, GHIFEFRAEDOWFE TIE, 2008 i JILA @ Jin @ 7 )V — 7% photoemission spectroscopy & MEIE
N3 FEE AV, Fermi FAEREICE W T 1LRFARYZ FVEBIIT 282 L [11], 2010 4EIIEH 7L —
TR DOFHEICL D BCS-BEC 7 0 A4 — N—4EICH % Fermi R FRMAICE W THEX ¥ v 72 HBENICE]
WS 2 ISP L7z [12]. B2, 44F 10 A2l Cambridge K% Kohl & D 7L —7%3, 2 XILD Fermi Ji
TREICBOTHEX v v 70BN L T2 [13].

%% 513, BCS-BEC 7 0 24 — N—fHIKIC & % Fermi i FREICEB W T, MOMES FICX X v v 7
DT 5 & PRIL, RO OED 6 C OREICILD fHA T E 7. g ld, MRS 12 X 2@ a3I AR 2 L
b Atz TATHBERLE v, 1R IRBHEE & A X7 VBB ZGIHE T2 2 812k ), BCS-BEC 7 0 A% —
NI B TR v v 7TOMAE T 2 H2 EEANTR L7 [14, 15, IS, WP % FE5RIC 3 1 2 22 72 Ik
—RRMEZ B D A4 CHAER L, photoemission spectrum DEFHEZ{To 7% & 2 AEET— 8 LIEFIC R WL—3H3

S50, BEROIE Y42 BT 2 HICRY) L7 [16]. 2h s —~HOMZEIC & D IR Fermi i F-5E0HX v v
THRE—ETFHZ R ORELET —<ICBRELD2DH 5.

AT, WH Fermi B FRMAICE T 25X v v 7BROMADTGEDHER IS DT, HH 5 DR DI%A
ZHICTRENT 5.

*1 B-mail: tsuchiya@rk.phys.keio.ac.jp
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2 T 1THLELUC &K B HHES T DIER

Z 2T BCS-BEC 70 A4 —N— ROEX v v 7BRZRT 2 2 70 nMiwm<d 2 T Ar5hEplic
DL AR S EDREE 4, 6, 14] ICOWTHENT 5. T ATFBERUE MG B TH 2 12 b b 67, HiE
¥ vy 7EHR 2 ERNICGEER T 2B N HwTH 5.

VEHEA D 25 %% Fermi T REE B, RS EWACY o(=1,]) KX DET. Jn DI/ L—7
DFERE 1] TRETFREE LTOK 2w, |F F,) =19/2,-7/2), 19/2,-9/2) D > D57 2 NiIREICH
ZET#FAL T3, 22T F I3 hyperfine spin DREZ %, F, 32D : RO %2HET. B35 0E T
%3 Feshbach HIBIC X DA T 2 ERET B L, 2ORDNIN =T YBRD LI ICELZ6NS. (MU,
h=1%t8<X)

H—pN =3 &pthytpr =U D chqrmC g Coprvas21Cotast (1)
p,o p,p'.q
22T, cpolch,) BB p, RE Y o 25D Fermi AT DM (LK) HH T, & = ep — p BLFERT ¥
Sl oMo IEBT AL X — (cp = p?/2m, m RETOER), £72 N BARFHEHRET. 2 Tl
HEHE LCT VY BBINZAEINAR T v v VEREL, 20 % ~U(<0) L LTWw3. U L s KHELE
as DBIRIE
47raS -U

m - UZp 251’ (2)

ThHZ 6N [17).

FER T s PHLALE1Z, Feshbach HEAZFIHT 2 Z LI X VG2 OWTHETT 2 Z L350 TH B, 2
DI, SHMAEHORE S % ay ZHEUBWRILD T XY (kpag) L ICEDEEHRT 2. 22T kp (33
Fermi %A Fermi e ThH 5. ZD/$F7 x T BCS MifRIE (kpas)~! = —oco, BEC #ifRIZ (kras) ™! = oo
KRB L, —1 < (kpag) ™t S1 %270 AF = N=F LS. FHC, (kpas) ™! = 0 13 a, DSFBT 2Rl 72 51
Thr7dr=8) —fREFIEN 5.

T ATFLEBUC B 5 1 KT Green BIIER D Xk H 15 2 505 [14].

Cplicn) = Gouwn)llzp@wny )
2 2T GY(iwn) = 1/liwn — &) ($HH Fermi K7 -0 Green B, w, = (2n + 1)7/f (n:2E50) 13 Fermi A5
BB EET. BOZRLX — Xy (iw,), BEATH Tg(iv,) BFA 777K IR 1 D X5 ICRI N, XD
Foicsaons.
Spliwn) =T Tqlivn)Gy_p(ivn —iwn), (4)
q,Vn
m@mgzl&ﬁiww
drag 1

Tl 4ma 1]’ (5)
1+‘Eip%u%)—ZL§;
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A 4
A 4

(b)

r =-U§+§F
| —> > > >

X1 TAFERIcE T2 (a) BRI 2L ¥ — Sy (iwn), (b) BELITH Tg(ivy) 2R T4 T 75 4.
a(=1,]) BEAE V2 £T.

A 4

-
A\ 4
A\ 4

2 2Ty, =2nm/f3 1 bose IRFEHBETH 5. %7, NMBIBIE g (ivy,) 13

Hg(ive) =T Y Go o oive +iwn)GO oo (—iwn)

P,wn
1- f(£p+tI/2) - f(f—p+q/2)

Epta/2 T 8—piq/2 —in

P
THA 5N, F(£) & Fermi S AilEE %
BEELATA D g (ivy,) XX 1(b) 1I2d % Kk 912, WS E%2 LT Cooper F % ¥ RNVOBTFEID YA 7 77 LI
FVBASND. 27, [ 1(a) 5 bIIE A4k 512, 1 KT Green BIS (3) 101X HEX # L ¥ — (4) 23 L
TIZOXES EDRRBMY AT TS,
LRI AR P VBIEL A(p,w), IRIEZE p(w) (& Green BBt E FENTEERE T2 Z LIk D RD K H 1K F 5.

Alp,w) = —%Im (G (icon — w +i0)], (7)

p(0) = = 3 T [Gpliton — w+iB)] = 3 Alp,w). ®)

P
A7 FIVEIE A(p, w) 1& photoemission spectroscopy 12 & D EEHHIET 2 HHTE % [11].
B ORI T, % Thouless DMEGAE [Dgeo(iv, =0, T =T)] " =0 [20] iIck W EDZ. Zh kb

4ra 1 & 1
1= %N D a2 9
m Z {25,, o 25,,]’ ©)

P

oD, K (9) 1F BCSHEHDO T, I8 F 2 X v v 7RI 5 2w,
Noziéres-Schmitt-Rink OB [18] 12 & 3 & BCS-BEC 7 B 24—~ —I2 B0 TR T ¥ o v LI
ARMFICED Fermi TRV F =6 TNz2E0 5. ZOMBAIRZIND As 79, X (9) & Fermi i 112

B9 2 R H5 f sk
N =27 Gpliwy)e™?, (10)

Pswn
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TJer

0
(keay ™

2 T FBEM (TMA) 12 & D3 L 72 (a) BRBIBHIRE T, KO (b) LFE Y v v u(Te). (a) |
B\ O BCS B & 2 MRBIEIRIE 2 £

15 15
<
E E
3 o5 3 o5}
Q Q

3 HEMREMERILE T, 181 2 REHE p(w).

BN LCIRE, T, & w(T,) % HOMEMSIC ko 2 [18]. Z0fE, T, & u(T,) ZK2 0 k5 1fFon 3.
2(a) IZBWVT T, 3 BCS #ildio> & BEC #il % T & 2 Ic 823> T 235 5, BCS-BEC 7 R A4 —
N=DRETVEENDH S [18,19]. F72, {LFEXT V> v (K 2(b)) 13 BCS IR ((kpas)™! — —o0) T
¥ Fermi T3 )X — I —3§ 205, HAFHBRELS B3I >0 THA L, BEC #igic BT 2 KO R
ORI EDfE%R & 5. BEC HiR ((kpas) ™ — 00) TlE pp— —1/(2ma?) &0, 2|u| H35 T O
IENX— Bpina = 1/(ma?) 5L 5%, T, BLEICB T 2R T v v L OIREZEMIZR (10) 2 F
kbhkponsg. T, D EICEIT S Alp,w), p(w) DEFRICIEZD X HICLTRDZ u(T) ZHV 5.

3 1RFIREBE ANXI NLVBEBRBICEENSB Xy 7

I T AR Z W CEBE L 2 T, I8 2REBEEZRT. 70 A4 —N—fHHO 2B T
Fermi I OREZFEENHAD L, v v 7HEPEN TR 2E LY 5. T, ICEWLTHEEH Y v v 7i3¥ e
X570, 2OX vy 7RG IEHEX v v 7icfils S 5w,

BCS #i#2 5 BEC BB HMHEAEHBEMT 2 1co0F v v 7OMRIEREL 4D, 228 — R
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@ (keay '=-0.6 (b) (keag) =0.01 ©) (kpa) =06

2 3
1

2

W

30

1
-1

2 0

0 1 2 0 1 2 0 1 2
plke plke plk.

4 ERBEEIRE T, 1281 5 A7 R VB

(kpas)™t = 0) EFFICBVTHEEX v v 713 bIAE £ 72 5. BCS MR Tl Fermi HHEfFICE T2 X v v 7
DIREFITHE 2 2 LI K DHEX v v 713K L, B Fermi KUE DIRBE L p(w) o< w + p lSED L. £,
BEC R CIZHEX v v 7IE THIOE— 7 BREBI/NSI 2 2 LI DA TTE, R B Fermi
LR DIRIEEE p(w) o< y/w — || 1ISEWTITL . (BCSHITIE >0, BECHITIZ p<0THBI LIS
HT %) Z0X9IC BCS MR & BEC MR CTI3EX v v 7OMA /i iA 5 2 L hbhot.

4T TR B ARY PABISERT. A7 PVBIEUE, 70 A4 — N—fHAHR T 2L X — 3R E
BAD2OD7 7 v FICE =7 %FfD, WbW2 double-peak 1 [4, 6] ZFfbH, 2 2D E =7 DRICX v v 7
DL B, REEEIEIZ AR Y POV ETRICOWTRL EF3 2 e TEon s o, IREEEICE T 55
¥ v v 713 2 D double-peak i % KL T3 Z b5

HEFHZBMEE2 L E=7BOX vy 7HREL B DEX v v 7REEE IC% 2. BCS MRTIX 2
SOE— 7D ¥ v 7252 T single peak 127 1 | FAEGID 2 <27 M VBISL A(p,w) = 6 (w — (gp — 1))
IEDWTHTL . b5, BEC R TIE T 77 v F D E— 27 RIS A TTE, BESAD 27 L
B A(p,w) =6 (w— (gp + |p]) IED L. TD X I IZ double-peak H§itins BCS #iBR, BEC iR IC ¥\ C 5%
% 5IRDHE % 5 DIFAHRIRICE T 2 IREBH LIRS B OFE N EXEL T3

¥7, BCS I S HAEMERAZRES T3 Io2NE—2137 08— FiZh> TTE, NTFOHFMIF A>T
7<. BECHITIETHOE =27 IFENTHY, K 7u—Fickss, Rloy—27138i< %4 0 imE S B
T5. Flloe—213, 070 T2 I EICEIDECE27 VI AV DNiEZRLTVwEEEZ N, 2D
Ow=|u PoMHBEIPAE—2 %D, FHlOE =213 hole Al ER L TE D, LHFICEHAEL T
W3 EEZ oS, BECHITIERORMAII TR VOIKEN E 220, 7 2V S A VINAEEZFD 1 kD
F=VERLFHEL T HEEZERL TV 5,

41ITBIT 2 A7 PLVEEEIZXRD BCS BD AR VIS

Ap.w) =5 [1+§j 5(w—E,,)+;[ —é’;] 5w + Ep), (11)
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Kk DECGEMTES 6. 22T, B, = \/m BRI A R PV EET. WEOBA, R (11) I
WTHIREIF v v 7 A BHEX v v 7 AR KESHMA SN T3, E—7HDX v v 7Oi/MElx, BCS
(1> 0) T p = 2mp 1BVT 20, 2B, BEC Il (1 < 0) T p=01cBW1T QW ZI%.

FWHHES 2L DHEEX v v 723U 28 HIc oW T, BCS BlE#ICE 1 % Green BB E T2 FIc X b
fHHEICHRT 2 2 3 CTE 5. 9 BCS HimIcE ) % Green BIEIIRD X 9 1IcET 5.

iwn +& 1 (12)
w2+ & +A dw, — &+ A2G0 (—iw,)

BCS (;
G, (iwy,) = —

A (12) & particle @ Green BI# G (iwp) = 1/[iwy, — &p] & hole @ Green BI# GO, (—iwy,) 25fEE LT
2Z2LRRLTED, HREIX v v 7 A 1Z% D particle-hole DFiGDMI 2R T EHOL T LAITE 5. fil)7,
XB)TEAONET(q=0,1v, =0) FE T, TEVTHKT 22 Lho, TIAAEMICE T SHAT R A ¥ —
(4) WERD & 5 IEMT 2 HITE S,

Spliwn) =T > Tp(ive)Gap(ivn — iwy)

a.vn
ZF W) (—iwy) = Af,gG(lp( iwn)- (13)
q,vn

SITC, X vy 7 A ELT Aig =T, Tlg,ivm) ZEAL. KX (3), (13) #H WS & T f751EM
® Green BIBUIRD X H I2E T 5.

' 1 iwn + fp
Gpliwn) = - o) ' .
p(iwn) twn — &p + Al%gGO_p( iwn,) wy + 512’ + A%’g "

INED, BX vy 7 A, SEREIFT v v 77 A LFHERIC particle-hole DA v 77 v 7 DRI 2 RS Hhvbh
5. B%, X v v T3S 2 X D particle & hole DFEENEL 2 2 EICE BN Z EDbho7. £
7o, X (14) KD FHo N2 A7 FAVBEESR (11) 15> T2 2 EPEBICHOY S

FOERUIHES FIC X DX v v 794 2 A BT 2 0ICIERICHIETH L. Lo L, ZoERIT
3RS FOE LY L TETE D, FEITIEX (13) ITB W THEIL 72 ¢ £ 0, v, # 0 ZRDIHDOF LI
EOMAICHD L HICART PUVBEBDE -7 S2 5L, R PR IROGM2RFD. 72, ZHUTXk DX 3
ICdH D X9 IHEX ¥ v TOWNE CIREEE A IRICIKS .

T, Y EICB T 2 REHEOMEZMN 2K 5 18T, WMEDS LA 2 E RS EWNS K 208X v v

TEREIHE > TUTE, HLIMEICEOTHEX v v 7135 2ICHET 5. ZOREZEX v v 7ME T &
T2, T XD ECIREFIRICE W THX v v 708 2 7%, WG o OB X D IREBE L IZEA Fermi
LJBEDLDERLSTED, FHC BECHITIZZ DBWIFFICASNS.

Te DL EDIREFIRICE T 2 27 VBB OMREZR L2 X 6 12737, IED Ay BCS fil, BEC fllic
B\ THIC double-peak HEEDH XTI T &b h 5. A7 FIVEIEUIZE VT double-peak it A3 2
L2 BEX v v TIE T L5 5.

BR D13 BCS il & BEC il Tl double-peak g DHA ST 2 > T3 KHTH 5. K6(a) &0
BCS ITIZKE— 27 DIRBIENY 2 2D E— 7 &% 5 2 &£ T—D2DIRDIEWE— 7 23T E double-peak
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141 -
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= E | T
g 3
s g05F
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wep o

5 T, MR B 2 REMEOIBELL. #HBOEIC S 2R OB, WIET 2 p(w) DEAERT.
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T, ——
o | TITE296 o ;
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115t
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05
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wep o

6 Tc Ll RSB 2 A7 FVBEOREZ. HBEIEE— 7D w OREINRAMNCZ 2 X 5 IEA
TEDH, HEHEIZOWT (a)p/kr = 0.91, 0.83, 0.01 TLEZ 6N 3.
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EHMA S, LirL, ] 6(c) IcB\T BEC TS ER T2 & Tllo ¥ — s 270 — Fick 2 Lk 1
ALTTE, Elo =271l E N2 FIC & D double-peak FEIEDSH A T/, ZDEWICED, HX v v
T T* & T** ORI BCS il & BEC HlICEWTHHLT 2 L\ ) HEIRE 5.

F72, X 6(c) & h BEC Tl Fermi T3 )L ¥ —fE DI E £ T double-peak MH&EAWR D, T** I
%3 2 e0bh 5. TOE—=7DERE THE-STWw2 L) 28, SFHRHRICEID 72034 VINk
JIE DS £ CHIET 2 FHERRL T 2.

4 HEICETBEF vy THER

TIZ VRHRIBHE, 27 PAVBBD 202006 B o X v v 7TIE T, T 2 &UHRZ R
T [14]. T OHEX v v ZEI, BCS #lE) SHAEMZKRES T2 IC >0 THFIHML, 2= —
MBRDARE X T, & D bEHFICKE 2 3.

TICBWTT* & T 13—%E7, BCS#TId T* > T, BECHBTIE T < T £&->Tw5. Z
E, A7 VB D double-peak &4, IREHEEICHN X v v 7L AT LOIMGL TRnwI %
HERL w3, llL, BCS fEBIC BT, A7 FILVEIBD double-peak F§itiA3iH 2 single peak & 75T
b, Fermi FiffETARY FUBESHIHI SN TRNE K RoT0 5o, EHRICOWTOMZILS LIRER
R X vy 79 5. £72, BEC fHIBIC BV TIE, A7 FLVBIEIC double-peak BEETAE L TH, Ml
DE—=IBN70u—Filzd, HEIRICOWTOMZINS LIREEEOX vv 7Sl FE>TLE, ZO7RDHIR
REHEDEX v v 7IEMATLE ).

CDEICT E T BELZZ LG WETIYHBEICL T vy 7IRENEZZZEZRBLTY
2. B2, HRFAEEACTARY PV ENET 2FHICIDBONEX v v 7L T TH Y,
B EOREEEDIR 2 2 EHEKT 2 YR ZHE L TEX v v 7TREZ RO GEICIE T B
Bonz L FHRTEL. BX vy 7HRBMHEE TR 2 70 A4 —N—BRTH 220, X v v TiREL
—REIZIZRD 2 HIFTERLI ERERELTEL.

N E TOWFZETIE BCS BERIC B 1 2 BMBIHEMIREL Thcs 2T L 72 b D2 WO HLDWRE L & 2,
Tges #BX v v 7OEUZMELE RAZLTEL. L2 LK 7TICB W TEBICREHEE, A2 bR 5
REb o X vy 7ME T, T 13 Theg ERELS B >T0E I EBbd 5.

BEC fillc 8V CHTOFML 2N ¥ —1F Byna ~ 2|u(T.)| L REEb N2, L7285 TRED Eyng &V
BRI A I3 OB 2 el X HH S 4, RIBIEBHE S TR Y Y55/ — <)L Bose Kk E L TR S
WS, 20D, LRTFARZ PABERX vy 7HEZ R > T TOROWEEICIEKBEI A w, Tk,
BEpina = 2|u(T.)| 24X v v 7880 BEC Mlic ks 2 B L 2. Z20f5E, X v v 7O T,
Eping, T £ T ko THEN Bk E %2 5.
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5 F&oH

ARGTIE, FOEDWE Fermi RIS B T 25X v v 7BIRICBIT 2028120 W TEH 5 OWf%E %
IZHA L 7. mIE D photoemission spectroscopy % A7 928 [11, 12] 12 & b, BCS-BEC 7 # 24 — ¥ —
FEIHIC 3\ T Fermi 50X v v 7BIRZ R THPHS 2 L o TE K. Txd, T A7FEMZ T
TREES I X 2GR ZID AR, 1 K IRBEE, AX7 FVBEED T, BLEICE 1T 2R 2523
X, INGOYIBRICEX vy 7B I EEHO T L, ERRERE AT PVEBDZENEND
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ML EIBEEARIC BT 2 X v v 712 o0TE, WES F2 GO TINE TV L D DRIFE R X
NTEH, BUETH ZOBJFICH L TRERERICHREI N T» S LIFF vy, —75, WE) Fermi 54 I1CE
38X vy 7R E2RIEE L Tw 3 2 EPHATH L. 2 2T, Fermi R FXAEOEX v v 7O WHE
WKOWLTHFEL SRR, MRS ERIHE T 28X v v 7OM@EEZED 5 2 LI XD, fER YR8 7k
BUI2MES E2RFET2HUCOWTIDFELCMELT 2 2 L3 TE 2 LHIfFE 5.
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B Bt IR [16, 21] 2SS v,

BRI, ARSI EZ DR A R 7 L U CBEESAREB LB A RS s, KERE 3%, Kbt
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H=Ha+ Hy + Han + Hyvr + Her, (1)
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HA:/WQLPZ4wmﬂyu,HM= WWMLj7+WMﬂ+AEWM7(m
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Bha-—g;a dr UL (00 (1) 0o (1) Ta(r) (0 = A, M), goo = 700 (3
Me
H =)\/al1'\IlJr (r)Wa(r)Va(r)+he., a a _iﬁ (4)
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0000000000000000000000000000000000000000 BECO
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We study finite-temperature phase structure of two-component hard-core bosons in a cubic optical
lattice. This system is an effective system for the bosonic Hubbard model with strong on-site
repulsions and is called bosonic t-J model, which can be regarded as a bosonic counterpart of the
t-J model for the strongly-correlated electron systems like the high-temperature superconducting
materials. We study the model by means of path-integral methods and Monte-Carlo simulations. We
found that this system has very rich phase structure including checkerboard-type “insulating” state,
superfluid, phase-separated state, inhomogeneous cloudlet state, etc. This result gives important
insight into mechanism of the high-temperature superconductivity of cuprate.

I. INTRODUCTION

In the last decade, system of ultra-cold atoms has been one of the most actively studied area in
condensed matter physics and its various physical properties have been investigated quite intensively
by both experimental and theoretical methods. In particular, it is expected that atomic systems in
an optical lattice exhibit a new exotic quantum state and its discovery gives an important insight
into quantum phenomena for which interactions plays an essential role. As dimensionality and
interactions between particles are highly controllable and also there are no effects of impurities and
defects, cold atomic system in an optical lattice is regarded as a “final simulator” for quantum
many-body systems and it sometimes elevates purely academic theoretical model to a realistic one.

It is expected that obtained knowledge of cold atomic systems give useful insights into physi-
cal properties of strongly-correlated systems. In the present talk, we investigate a system of two-
component bosons with strong repulsions. We first introduce a bosonic t-J model, which is an
effective model of the bosonic Hubbard model with strong on-site repulsive interactions between
atoms. The original t-J model of fermions is a canonical model for the high-temperature (7°) su-
perconducting (SC) materials. The fermionic t-J model has been studied quite intensively since
the discovery of the high-7, SC, but precise knowledge of its phase structure etc is still lacking
partially because of difficulty of numerical study on the fermion system. We expect that study on
more tractable bosonic counterpart of the t-J model is useful to understand the strongly-correlated
quantum systems including high-7,. materials. This is one of our motivation to study the bosonic
t-J model.

Another motivation of the present study is to see if some exotic state like the supersolid (SS),
which was theoretically predicted in a single-component hard-core boson systems, exists in the
multi-component system. In 2004, it was reported that the SS of “He, i.e., solid with superfluid
(SF), was observed by experiment. Soon after this report, possibility of SS in cold atom systems was
theoretically studied. By study on the hard core bosons on a square lattice, it was concluded that
the realization of the SS was difficult in that system unless a long-range interaction exists. On the
other hand for the hard-core bosons on a triangular lattice, parameter region for possible SS state
has been clarified. In the SS of single-component boson, a density wave and SF coexist.

In the present talk, we study the possibility of SS in the two-component hard-core boson systems.
It should be remarked that the SS state with paired superfluid and checkerboard order in the bosonic
system corresponds to the coexisting phase of the antiferromagnetism (AF) and SC in the electron
system. Recently this AF and SC coexisting phase was really observed for highly homogeneous
samples of high-T,. materials. Then it is quite interesting to see how the SS emerges in the present
system.
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II. MODEL HAMILTONIAN AND SLAVE-PARTICLE REPRESENTATION

As explained in the introduction, we study the t-J model of hard-core bosons in the cubic lattice
and its phase structure at finite temperature. Hamiltonian of the t-J model is derived from the
bosonic Hubbard model whose Hamiltonian is given as follows,

1

3 3
1
Hyw, = — > talala;+he) = (bl bi+he) + U (ng — ) = 5)

ra=1 ra=1

—i—% Z Valar(Nar — 1) — Z HeaNar, (2.1)

r,a=a,b r,a=a,b

where r denotes site of the cubic lattice, i(= 1,2,3) is the unit vector in the i-th direction (it
also sometimes denotes the direction index), and a, and b, are boson annihilation operators. n,
is the number operator of the boson «, and therefore U and V,, are inter-species and intra-species
interactions, respectively. In the present paper, we shall consider the case t,,t, < U, V,, V,, and the
total filling factor of bosons less than unity. Furthermore we set t, = t, =t and V, =V}, and also for
the chemical potential p., = pe. More general cases like t, # t, will be studied in a future paper.

The effective Hamiltonian in the large on-site repulsion limit can be obtained by the standard
methods of expansion in powers of /U and t/V/,

3

Hy = = tala +bl b +he)+ LY S7.S;
ri=1 (80}
—JL> (SESE+SLLSY) = pie Y (1= Nar — ), (2.2)

where 5’; = %Bic_r'Br with B, = (a,,b,)", & is the Pauli spin matrices, and up to the second order of

the expansion

462 42 2t?

- ___  J ==. 2.3
U Lfa 1 U ( )

e in Eq.(2.2) is the chemical potential of hole. In the following discussion, we shall treat ¢, J, and

J1 as free parameters. In the system H;; in Eq.(2.2), the physical state at each site r is expanded

by three orthogonal basis state vectors {|0), |a) = al|0), |b) = bl|0)}, where |0) is the empty state of

the bosons.

J

III. SYSTEM IN GRAND-CANONICAL ENSEMBLE: MONTE-CARLO SIMULATIONS

In this section, we show the results of the phase structure obtained by the MC simulations for the
system in the grand-canonical ensemble(GCE). This calculation corresponds to the case in which
the density of particles can vary depending on the interactions between particles. In the cold atom
system in an optical lattice, the system of the GCE corresponds to the case of nearly flat confining
potential.

Partition function of the GCE at temperature T', Zgcg, is given by the path-integral methods as
follows,

ZacE = /[DwaDZDz]eﬁH"J(“”“”Z’Z), (3.1)
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3

where 8 = 1/(kgT’) and the Hamiltonian Hyy(w,w, Z, 2) is obtained from Hiy in Eq.(2.2). We
have numerically studied the system (3.1) and obtained phase diagram etc for various values of the
chemical potential .. In order to identify a phase boundary, we measured the “internal energy” E
and the specific heat ', which are defined as

1 1
2
E= ﬁwHu), ¢ = ﬁ((ﬁHw -U)7), (3.2)
where L is the linear system size. We impose the periodic boundary condition for practical calcula-
tion.
A. Phase diagram
FM | AF
p=0.475 - c | p=0.465
S o
s
/ M 05
p=0.25 "7
3 2 -1 0 1
a
FIG. 1: Phase structure of model for ¢ = p. = 0 in o — ¢1 plane, where « = —J,/J, and ¢1 = BJ.. There are three

phases, PM, AF and FM phases. Physical meaning of each phase is explained in the text. Typical value of particle density
p = (ala,) = (blb,) in each phase is also shown.

We first consider the case of ¢ = 0, i.e., the system without particle hopping. In Fig.1, we show
the obtained phase diagram in the o — ¢z plane for pu, = 0, where o« = —J, /J, and ¢3 = .J,. Similar
phase diagrams are obtained for other values of p.. There are three phases, paramagnetic (PM),
z-antiferromagnetically ordered (AF) and xy-ferromagnetic (FM) phases. At high-T, the system is
in the PM phase without any long-range order, as expected. As T is lowered, phase transition to the
2-AF or zy-FM phase takes place. The AF state corresponds to the checkerboard state and the FM
state to the state with the SCF, as we explained previously. These phase transitions are of second
order. In the low-T region, there exists a line of the phase boundary between the AF and FM phases
at @« = —1 as predicted by the MFT. On the line o = —1, the pseudo-spin symmetry is enhanced to
SU(2) as the inter-species and intra-species interactions between atoms are the same, otherwise the
symmetry is U(1)xZy. The enhancement of the symmetry is seen by the redefinition of operators
as a, — —a, for r € odd site. By this redefinition, (57, SY) — —(5%,5Y) for r € odd site, and then
J1 — —J,. For ferroelectric materials, similar transition line to the present & = —1 one is called a
morphotropic phase boundary (MPB) and plays a very important role.

Results of study on systems with finite hopping ¢ and systems in the canonical ensemble will be
reported in a future publication[1].

[1] Y.Nakano, T.Ishima, N.Kobayashi, T.Yamamoto, I.Ichinose, and T.Matsui, paper in preparation;
I.Ichinose, T.Ishima, N.Kobayashi, and Y.Kuno, paper in preparation.
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Analysis of cold fermi gas with p-orbit in optical lattice
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Anomaly-induced charges in nucleons

1Recent advance in observations and exper-
iments explores new effects of strong electro-
magnetic fields on fundamental particles. Since
matter consists of baryons, electromagnetic
properties of protons and neutrons are of most
importance. Under the strong magnetic fields
such as in neutron stars, supernovae and heavy
ion collisions, tiny quantum effect of quantum
chromo-dynamics may lead to an unveiled and
significant consequence.

In this article, we investigate baryons under
external electromagnetic fields. For describ-
ing the baryons, we use the Skyrme model [2]
with Wess-Zumino-Witten (WZW) term [3, 4]
including electromagnetism. The consequence
is amazing: Nucleons in the external electro-
magnetic fields have anomalous charge distri-
bution due to the chiral anomaly. Nonzero
net charge, which is generally non-integer, is
induced even for neutrons. Correspondingly,
we will show that the Gell-Mann-Nishijima for-
mula, @ = Is + Np/2 (Q: electric charge, I3:
the third component of isospin, Np: baryon
number), has an additional term due to the
quantum anomaly.

Figure 1 shows a schematic description of
the phenomenon. Due to the anomalous in-
teraction with a quark loop through the WZW
term, nucleons (= Skyrmions) have an addi-
tional interaction to the electromagnetic field
A,. Under the external electromagnetic fields,
the anomalous coupling induces the additional
electric charge.

Skyrmions and anomaly. — We adopt the
Skyrme model for a concrete illustration in this
article. The essential idea of the Skyrme model
is to unify baryons and mesons: baryons are de-
scribed as topological solitons of mesons. This

! This is study in collaboration with M, Eto (Yam-
agata Univ.), K, Hashimoto, H, Iida (RIKEN) and T,
Ishii (Univ. of Cambridge), and summarized in Ref. [1]
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Figure 1: A schematic figure for electric charge
generation of a nucleon.

model, known to reproduce experimental data
of nucleons within 30% accuracy, is suitable for
our purpose. This is because we concentrate on
the anomalous contribution to baryons, which
is described by the coupling between mesons
and photons shown in Fig. 1. Any baryons
wearing mesonic clouds will follow our mech-
anism of anomalous charge generation.

The action of two-flavor Skyrme model [2, 5,
6] coupled with electromagnetic field is

S = /d4ﬂ? (Ekin + Lmass — %F;WF“V) )

F2, A 7 5 B e D
Lyin = — 1 tr(R,R*) + ﬁtr([Ru, RJ|[R*, R"]),
['mass = %mitr(U + UT — 2), RM = DMUUT,

where m,; and F; are the pion mass and the
pion decay constant, respectively. eg is a
dimensionless constant and D, U = 9,U +
ieA,lq,U] with ¢ = diag(2/3,-1/3). The
pseudo-scalar field U is an SU(2) matrix which
transforms as U — GLUGE with G, € SU(2),
and Gr € SU(2)g. In the following, we use
dimensionless variables: r — r/(esF;) and
my — (esFr)my. In the Skyrme model, a gen-
eral hedgehog-type ansatz in the absence of the
electromagnetic background is written as

U = GUyG' = Gexp(if(r)a - T)GT, (1)
G =ag+ia-T€SU(2);, p, (a3 +a*=1),
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where & = /x|, T are Pauli matrices, ;’ . \ /T* N f”'m‘miﬂf—\\\v
and (ap,a) are moduli parameters spanning { \ ' " / | /] (/
SU2),,p ~ S%. We treat electromagnetic ef- ‘\ b f ! Q ‘,/ 4 % /
fects as a perturbation in terms of e. The equa- \ [ ,»’ \ | \
tion of motion gives e , LA A |/
(a) TN //' (b) T (c) \\J

(% +2sin? f) £+ 57
. 21 in? 2
+ sin(2f) (f —Z—S”;—Qf>—m4r

2

sin f =0.

Solving this under the boundary conditions,
f(0) = m and f(r — oo) = 0, one obtains a
solution with baryon number B = 1. The solu-
tion is a topological soliton, called Skyrmion.

We focus on the coupling between mesons
and photons in the WZW term. In the two-
flavor case, this can be given by [7, 4, 3]

Swzw = — /d4$ Ay (Begl+ 3580), (2)
P71 [Ry R, R, (3)
__te NC 6,u,upch1 tI‘[ ( (4)

jzl;nm = T 96r
where jg, is a baryon current giving an integer
baryon number, L, = UT(?MU, R, = @LUUT,
and €"123 = —1 in this article.

In the presence of background electromag-
netic fields, not only the first term but also
the second term in Eq. (2) is important. The
electric charge () with the contribution from
anomaly (NN, = 3) is written as

10
JB = 24 2

o+ Rs)),

Q=13+ Np/2+4 Qanm/2, (5)

where Ng = [d3zj% and Qanm = [ Pz,
Thus, the Gell-Mann-Nishijima formula is
corrected under background electromagnetic
fields. Substituting Eq. (1) into Eq. (4), we
obtain

jgnm — zgﬁNc EHV'DUF P

Py = 410,35 + 2200, 35)].

s,.rot

73 = (ad + a3 — af — a3)@s3

+ 2(ayag + apaz)z1 + 2(azas — apay) 2

This is a classical anomalous current for the
general hedgehog solutions.

Figure 2: The constant-height surfaces of (a)
density distribution of baryon number, (b) elec-
tric charge under magnetic field along the 3rd-
axis, and (c) electric charge under magnetic
field along the 1st-axis.

Induced charges from quantized Skyrmion.
To obtain physical values of the anomalous
charge depending on the baryon states, we
need to quantize the Skyrmion. By solving a
quantum mechanics of the S$? moduli parame-
ters on the Skyrmion, quantum states of a nu-
cleon with spin quantized along x> are given by
Ypr = (a1 +1ia) /7, etc.[5]. We evaluate matrix
elements of the anomalous current,

<jgnm>1375'3 = /dQ?’w?g,Sg jgnm(a()?a’) ¢I37537

where [ dQ23 denotes the integration over the
S3, and 15,5, is the baryon states labeled by
the third components of isospin and spin. The
matrix elements are calculated as

2N,
janm>13753 - Zgﬁ EMVpUF

< <PU>13,S37
<P0>I3753 = 0,

(

(

e U o

P3>I g = _1?61'[353 [(fl i sm2(2f)) 72 + sm(2f)]
3,93 N

In the following, we concentrate on the
case with magnetic-field backgrounds B;. The
anomalous charge density is indeed induced in
nucleons:

487r2 B <Pi>13,53~ (6)

Figure 2 shows the baryon number distribution,
and the anomalous charge distribution under
magnetic field along the 3rd- and the 1st-axes

<jgnm>13,53 -
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of quantized Skyrmions at m,; = 0. The con-
figurations of the charge distribution look like
wave functions of an electron in a hydrogen
atom.

In contrast, we find that the matrix element
of the spatial component of the current den-
sity vanishes, (ji, V7, s, = 0. Thus, the electric
current is not induced [8].

Let us calculate the total electric charge from
the anomalous effect of (F;)r, s, over the whole
space gives

/d3x<Pi>13,53 = {

where ¢g = [ dr{r?f +sin(2f)}. Its numerical
value is ¢y = (—5.32,—-12.3,—-10.2,—7.32) for
pion masses my = (0, mE™® /2, MBS 2mPhs)
respectively (mE™® = 0.263 is the physical
value of the pion mass in the unit of eF};, deter-
mined from the mass splitting between nucleon
and A [5]).

for nucleons

0o (i=1,2),
—10m (41355)c (i = 3),

We obtain the anomalous charge

Equation (7) shows that an electric charge is
actually induced by the anomalous effect even
for a neutron. We further find that dipole mo-
ment vanishes while quadrupole moment ap-
pears as a leading multipole [8].

Observation. — Let us argue possibilities to
observe the anomalous charge. First, we esti-
mate the amount of induced charge in a nu-
cleon. Using Eq. (7), we obtain Qanm ~ € X
107291353[G™Y] x B3[G]. Under the terrestrial
magnetic field B ~ 1[G], the induced charge
Qanm is about 1072%¢, which would be too small
to observe. On the surface of a magnetar,
which is a neutron star with very strong mag-
netic field of order 10'[G] [9], Qanm is about
10~®¢. In heavy ion collisions, magnetic field of
order 10'7[G] would be created [?]. However,
Qanm is about 10~ 3e even for such an extremely
strong magnetic field. Hence, it is natural that
the electric charge of neutrons has never been
detected until now.

Next, electric dipole moment (EDM) of nu-
cleons is not induced from the anomaly. This
is consistent with the experimental results that
there is no evidence for the existence of neu-
tron EDM (see, e.g., [10]), which is performed
under a magnetic field. In our study, the lead-
ing multipole is a quadrupole, Q33 = —2Q11 =
—2Q22 ~ e X 10*19[35‘3[fm2G*1] X B3[G] Its
experimental measurement would be interest-
ing.

To see the universality of the generation of
the anomalous charge, confirmation in other
approaches is desirable. For instance, lattice
QCD simulation with external electromagnetic
fields is a reliable approach. Holographic QCD
is also helpful for gaining insights.

We have found that a neutron has a nonzero
electric charge in external magnetic fields.
Neutrons play an important role on the fron-
tiers of hadron physics, such as neutron stars
and heavy-ion collisions, where strong mag-
netic fields exist. Such neutrons would have
anomalous charges which may be physically
significant. Our results will bring new aspects
of the dynamics of hadrons.
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Equation of state and magnetic monopoles
in hot SU(2) gluodynamics
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Abstract

Charmonium spectral functions at finite temperature are studied using QCD sum rules and
the maximum entropy method. As a result, J/v, e, xo and x1 dissolve into the continuum
already at temperatures around or slightly above the critical temperature Tt.

1 Introduction

The method of QCD sum rules [1] provides a powerful tool for investigating the properties of
hadrons at finite temperature directly from QCD [2]. Using this approach the charmonium
system was studied recently [3], and evidence for a considerable change just above T. in the
spectral functions of various channels was found. To specify the nature of this change is the
major goal of the present study. For this task we employ the Maximum Entropy Method
(MEM), which is applicable to QCD sum rules [4] and has the advantage that one does not have
to introduce any strong assumption about the functional form of the spectral function, such as
the “pole + continuum” ansatz, which is often used in QCD sum rule studies. This approach
is especially suitable for the investigation of spectral functions at finite temperature, whose
behavior can change drastically above the deconfinement temperature 7. In these proceedings,
we can only show the most important results of our investigation, while more details can be
found in [5, 6].

2 Formalism

The QCD sum rule approach makes use of the analytic properties of the correlator of some
general local operator J(z), which in this study stands for &y,c(z), ¢ysc(x), ¢c(z) and eysy,c(x)
in the vector, pseudoscalar, scalar and axialvector channel, respectively. Using a dispersion
relation, one can connect the values of the correlator calculated in the deep-Euclidean region
to an integral of the spectral function p”(s). After applying the Borel transform, one arrives at
the following expression:

M (M?) = /000 dse_S/MQpJ(s). (1)

In this equation, the left-hand side can be calculated analytically using the operator product
expansion (OPE). To obtain the spectral function p”(s) one therefore has to invert the integral
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Figure 1: Spectral functions in the vector (top left), pseudosclalar (top right), scalar (bottom

left) and axialvector channel (bottom right). For obtaining these curves the default
model was chosen to be a constant with a value adjusted to the perturbatively
calculated spectral function at large energy.

of Eq. (1). This is, however, an ill-posed problem and can not be solved rigorously. Nevertheless,
using Bayes’ theorem, it is possible to obtain the the most probable form of p”(s), given Eq. (1)
and additional information on the spectral function such as positivity and asymptotic values.
This is the essential idea of the MEM approach, for the concrete implementation in the case of
QCD sum rules, see [4].

Using this method, we investigate the charmonium spectral functions at finite temperature
in various channels. For charmonia not much above T, all the finite temperature effects can be
included into the temperature dependent condensates owing to the large separation scale in the
OPE [2]. The temperature dependencies of the condensates are obtained as in [3]|, where the
relation between the gluon condensate and the energy momentum tensor is employed to give
the value of the gluon condensate as a function of the energy density and pressure:

vac 8
Go=Gy " — 1 [e(T) — 3p(T)],
as(T) @

GQ = [G(T) + p(T)} .

™

The thermodynamic quantities €(T"), p(T) and the effective temperature dependent coupling
constant a,(7") are then extracted from quenched lattice QCD calculations [7, 8]. Afterwards,
the above results for the condensates are plugged into the MEM analysis of the sum rules and
the respective changes of the spectral function is investigated.
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3 Results

Obtained spectral functions of the vector, pseudoscalar, scalar and axialvector channels at sev-
eral temperatures are shown in Fig. 1. Here, to eliminate the possible effect of the transport
peak at w = 0, we have used for all channels (except the pseudoscalar channel, where such a
peak is known not to appear) a derivative sum rule, in which the contribution of the transport
peak is eliminated. Furthermore, for this analysis we have used a default model chosen to be a
constant with a value adjusted to the perturbatively calculated spectral function at large energy.

First, it is instructive to look at the spectral function at zero temperature. For the positions
of the various peaks, corresponding to J/1, 1, xo and x1, we can extract the values:

my/y = 3.06 GeV, my, = 3.02GeV,
My, = 3.36 GeV, My, = 3.50 GeV.

Comparing these values to the experimental masses, one observes that all the states are repro-
duced in the right order and with a precision of about 50 MeV.

Turning now to the results at finite temperature, it is seen that the lowest peaks of all
channels disappear (“melt”) just above the critical temperature T.. This melting effect is caused
by a sudden change of the gluonic condensates around T¢, which can be related to the behavior
of the energy density and pressure of gluonic matter in this temperature region. These results
quantitatively disagree with the earlier findings of lattice studies [9], which suggest that both 7.
and J/v can survive at temperatures of up to 1.5 T¢ or higher and it remains to be seen whether
or not the two methods will converge to compatible conclusions when more accurate analyses
will become available in the future. A more thorough discussion on all important details of this
study will be given in [6]. Furthermore, we note that the same calculation can be done also for
bottomonium channels. Such an investigation is presently in progress, preliminary results are
shown in the article of K. Suzuki in these proceedings.
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2.4 0000 Derivative expansion
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Phase Transition due to Quantum Dissipation
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The phase transition here is the quantum-to-classical phase transition. Consider a quantum
system of the double well potential. Due to the tunneling, the system is oscillating and sym-
metric, which we call ‘quantum’. With dissipation effects, the tunneling is suppressed, and the
ground state is localized to break the symmetry, which we call ‘classical’. Then, there must be
a ‘phase transition’ between these two states. Our subject is to evaluate the critical dissipation
for this phase transtion.

It is non-trivial to include dissipative effects in the quantum mechanics, since there is no
simple Hamiltonian to realize friction proportional to the velocity. We take the Caldeira-Leggett
model[1], where dissipation comes out of the microscopic origin, The model consists of a target
system and environment degrees of freedom of infinitely many harmonic oscillators,

Sl g, {za}] = /dt { %Mq’2 —Volq) + zo; [ %maxi — %mangi — qCaxa] } . (1

The target variable and each environmental variable are coupled linearly with coupling constant
Cy- Due to these couplings, the energy of the target system is transfered to the environmental
oscillators, and it exhibits as dissipation effects. To describe the effective target dynamics, we
integrate out the environmental degrees of freedom. Then the non-local interactions of the target

variable emerge as,

Asn = / dsdr W : 2)

where 7 is an effective coupling constant to represent the strength of dissipation and parameter
p denotes the damping rate of the non-local interactions.

In the Euclidean path integral formalism, the quantum mechanical system is equivalent to a
one-dimensional statistical system. If we approximate the system using the minimum degrees of
freedom, that is, two states par site, it is transformed into the Ising spin chain with long range
interactions. Long range Ising models have its own long history and it has been understood that
with strong enough long range interactions there occurs the spontaneous magnetization.

For the long range Ising models, we evaluated the

critical dissipative interactions to bring about the spon- r—F————— |

taneous magnetization. We developed a new method of —— 11— 1 1 2
o T e & & & 6,0 & & o
the Block Decimation Renormalization Group (BDRG) n site | x st
(K k)
and the Finite Range Scaling (FRS) method .[2] Our re- L 1 - I
RGT

sults obtained by a simple calculation with a very small " |

size of the computatinoal resources give results which

are almost same as the large scale Monte Carlo studies. Figure 1: BDRG procedure
We show the BDRG method in Fig.1 in case of range n = 3. The DRG is a block spin trans-

formation method formulated by Wilson to calculate the partition function.[3] In the case that
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there are non-nearest neighbor interactions, the original DRG does not work. So we developed
its extended version, the BDRG, which may accomodate long range interactions.

We consider a system with long range interactions with coupling constants K,,. We set the
maximal range of interactions to be n and investigate the inifinite range limit by increasing n,
one by one. Frist, we divide spins into blocks of size n. Then there are interactions only between
nearest neighbor blocks. Next, the middle block in Fig.1 is decimated, namely, is integrated for
all possibble states of the block. Then the renormalization transformation is defined and can
be repeated by making a product of Transfer matrices, T*++1) = T7®) . 7(*)  where T") matrix
represents the interactions between k-th renormalized neighboring blocks.

By BDRG we calculate the susceptibility of the system with a finite range interactions
exactly. We increase n to see the change of the susceptibility and defines the corresponding
scaling exponent ( as follows,

> 71\ BPm)
) . 3)

o0
log x(n = o00) = Zlogx(n) —logx(n—1) = Z (n
n n
Using the exponent we estimate the divergent point of the susceptibility and it gives the critical
dissipation. That is, the infinite n behavior of the susceptibility is controlled by the zeta function
¢(B), which has a pole singularity at 5 = 1. Finally, the critical n is determined by the condition
B(p,n) = 1. This method of using finite range systems to evaluate the infinite range divergence

is the Finite Range Scaling method we have developed.
1
We move on to BDRG for quantum mechanics with a double well potential V' (z) = —5:1:2 +

Az*. Note that states on a site is infinite dimensional in quantum mechanics and T matrix is
defined by bi-local potential W as,

T — e—W(:El"'lfn, y1~--yn) — <x1$2 P :L'n | ﬁ | y1y2 . yn> . (4)

Here we introduce a new complete state set a,, and redefine T' matrix,

T = e Wlarmanbiebn) — (g . c.qn | U |by---by)

where site variables x, y and z is replaced with the complete set indices a,b and c.

Now we approximate the states with only 2 states. We take the linear combination of two
states, the ground state | 0) and the 1st excited state | 1) of the double well potential without
dissipation (n = 0), ¥ | = (|0) 4 [1))/v2. We call this type of 2-state approximation as the
ground state approximation. Hereafter, our aim is to evaluate the plausibility of our BDRG and
FRS methods in the effective Ising model with the ground state approximation.

For example, in n = 2, initial 7" matrix is calculated as follows,

T = e~ W(amaz bib2) /dmdmdwdw Yy (1) V5, (22)06, (Y1) V0, (Y2)

m(zy — x2)? ~ m(xg — y)? _m(yr — y2)?
4e 2e 4e
1

—%62_1) B(iﬂl —22)? + (x2 —y1)* + 5(1/1 —y2)® + % ((301 — 1)’ + (w2 — y2)2)] ) (6)

xwp% — 5 (V) + Vi) + V) + Vo)
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where € is the discretization step. The first group of terms are the original kinetic terms, the
second are the potential terms, and the last are dissipation terms given by the CL non-local
interactions. In the ground state approximation, generally, 22" integrations of 2n-dimensions are
necessary to get the initial 7" matrix of BDRG. To evaluate these large dimensional integration,
we adopt the Monte Carlo itegration method.

We show our numerical results. Fig.2 shows a behavior of 3 versus n for n = 5,6,7 at
A = 0.04. We take the following parameters: the damping factor p = 1.9, the discretization
step € = 0.9, the number of configurations for Monte Carlo integration =6 million. The FRS
exponent 8 changes smoothly from the weak coupling region to the strong coupling region and
the critical point 7, is given by the point § = 1. In this case, 7, reads 0.18.

At the end, we have our preliminary results of 7. versus A in Fig.3 comparing with the results
of earlier researches. Our results and those of sophisticated Monte Carlo simulation[4] supports
complementary parameter regions, and they seem to be smoothly connected. Also the instanton
results looks consistente with our results. We also note that a non-perturbative renormalization

group approach.[5] gives restuls at a very large A region beyond this plot area.

18 . 4.5 Mé T
=5 . o e
17 2:6 + i Instanton } p=20
B n=7 4r FRS-n5 —e—
" s FRS-n6 —— - P =19
. 35 FRS-n7
1.5
|
14 3 °
13 . 2.5
+ Ne o
1.2 - 0 2
1.1 . 5
v + 1.5
5 > *
v 1
0.9 o
v P = o e e = ol
038 . 05 S
0.7 0
0 0.1 Te 0.2 03 7 04 0.5 0.6 0 0.05 0.1 by 0.15 0.2 0.25
Figure 3: Critical dissipation compared with
Figure 2: An example behavior of G other approaches
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Bose-Einstein condensation and thermalization of the quark-gluon plasma
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This talk is based on two recent papers [1] and [2], in which appropriate references to the topics

discussed can be found.

[. INTRODUCTION

There is ample evidence from the RHIC experiments, and now from the LHC, that the matter pro-
duced in ultra-relativistic heavy ion collisions is strongly interacting: this is manifest in the absorption
of jets, commonly attributed to a large energy loss in matter, and the collective behavior responsible
for the elliptic flow. Particularly striking, in the latter case, is the success of hydrodynamics, suggest-
ing perfect fluid behavior with a low ratio of viscosity to entropy density.

The strongly coupled character of the quark-gluon plasma that is revealed by the data is at first
sight puzzling. Does this imply that the initial concept of the quark-gluon plasma, based on QCD
asymptotic freedom, is wrong ? Is the coupling constant truly large ? The answers to both these
guestions are negative [1]. | argue in the talk that a resolution of the puzzle relies on the fact that quark-
gluon plasmas areftectively multi-scale systems, in which modes witlifelient wavelengths are
differently coupled. In particular long-wavelength modes, akin to collective excitations, are strongly
coupled even if the coupling constant is small.

A further puzzle is the success of hydrodynamics. To be applicable, hydrodynamics requires some
degree of local equilibration. To understand how this is achieved, that is, to understand the detailed
mechanisms by which the partonic degrees of freedom of the initial nuclear wavefunctions get freed
and subsequently interact to lead to local equilibrium, is a challenging problem. Some elements of a

possible scenario for how this happens are presented in this talk.

Il. THE OVERPOPULATED QUARK-GLUON PLASMA

Let us recall that the density of gluons that make most of the wave function of nuclei at high
energy grows as nuclei are boosted to higher energy. This growth eventually “saturates” when non
linear QCD dfects start to play a role. This phenomenon is characterized by a particular momentum

scale, called the saturation moment@a Partons in the wave function haveffdrent transverse
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momentaky. Those withkr > Qg are in a dilute regime; those wilty < Qs are in the saturated
regime. Note that at saturation, naive perturbation theory breaks down, even thg@hmay be

small if Qs is large: the saturation regime is a regime of weak coupling, but the large gluon density
induces non perturbativefects.

In collisions of nuclei, the gluons that contribute dominantly to the energy density of the produced
matter are freed over a time scale of ordgr~ Qz!, and have typical transverse momenta of order
Q.. Their contribution to the energy densityeis~ Qf/as, while their number density isy ~ QZ/as.

One may characterize this initial distribution of gluons by the dimensionless combimx@tigﬁ/4 ~
1/a2’*. In comparison, in an equilibrated system of gluons at temperatuegy ~ T%, Neq ~ T3,
s0 thatnegeaq * ~ 1. There is therefore a mismatch, by a large fae@?* > 1 (in weak coupling
asymptoticsps < 1), between the value of3/# in the initial condition and that in an equilibrated
system of gluons. We interpret this mismatch as an “overpopulation” of the initial distribution.

Gluons in a plasma become massive as a result of their interactions, and the number of massive
gluons can be controlled by a chemical potential. It is easy to show, however, that a chemical potential
will not help decreasing the overpopulation if the system is driven to equilibriueidstic collisions
alone In this case, Bose condensation will occur, leading to an equilibrium state in which most of
the particles are to be found in the condensate, while most of the energy density remains carried by
thermal particles. Note that inelastic, particle number changing, processes preclude the possibility
that the true equilibrium state is a Bose condensate, but it leaves open the possibility that a transient

condensate develops during the evolution of the system.

1. KINETIC EVOLUTION DOMINATED BY ELASTIC COLLISIONS

In order to address the question of how the system evolves towards its equilibrium state, we rely
in [2] on a simple kinetic equation of the formi(+ v - V) f(k, X) = Cg[f] , whereCy[ f] is the usual
collision integral for 2 to 2 processes. We ignore here possible mean field contributions in the left
hand-side: we assume that such terms are responsible for instabilities of various kinds whose main
effect is isotropize the momentum distribution on a short time scale, and maintain at least some degree
of isotropy in spite of the fast longitudinal expansion that takes place in heavy ion collisions.

One finds, in the small angle approximation for the collision integral, that the dynamics is gov-
erned by two scaleg\s andA, obtained from

AA o0 df AAZ o
Sz_f dppzd—, -2 Ef dp PP f(1+ f). (1)
as 0 p as 0
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Remarkably, in the regime where > 1 (f ~ 1/ag), all dependence oas disappears. Thus, the
typical collision time tscat= A/AZ, is independent afs. A simple analysis reveals that provided one
is not too close to equilibriuntsca; ~ t. This, together with energy conservatigxsA® ~ constant, is
enough to fix the evolution of the two scales. In the absence of longitudinal expansion, ong gets
QS(%)% and A ~ QS(%)%. Thermalization occurs typically wheks ~ asA, i.e., forty ~ é (ais)‘z‘ )

Inelastic particle production or annihilation processes modify the collision integral, but in the
overpopulated regime, the dependence of the collision tim&gendA remains unchanged. Thus,
quite remarkably, including theffects of inelastic scattering does not change the scaling behaviour
for AsandA. There are modifications of the treatment of the condensate however. As we have already
mentioned, inelastic processes will inevitably lead to an equilibrium state without a condensate. The
guestion then arises of whether such a condensate can exist as a transient statééterd stnount

of time to influence the dynamics of the system. Of course, the answer to this question can only be

obtained after a detailed numerical analysis of the solution of the transport equation.

IV. SUMMARY

This talks argues that, because of the large initial (over)population of the low momentum modes
expected at weak coupling, the quark-gluon plasma formed in the early stages of heavy ion collisions
is strongly interacting with itself up to parametrically late times when the system thermalizes. In

addition, a transient Bose—Einstein condensate may develop during the approach to equilibrium.
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Abstract

We investigate properties of the spontaneous chiral symmetry breaking and the color supercon-
ductivity in finite density QCD by using non-perturbative renormalization group. When we lower
the renormalization scale, effective 4-fermi interactions are generated by the gauge interactions,
which consequently bring about the spontaneous symmetry breakdown at the low energy scale.
We analyze the behavior of these 4-fermi coupling constants to obtain the critical density for color
superconductivity at zero temperature.

1 Introduction

In high energy region quantum chromodynamics (QCD) is verified by using the perturbation theory
due to the asymptotic freedom. On the other hand, the strong gauge interactions in low energy region
bring about the quark confinement and the spontaneous chiral symmetry breakdown (SxSB) as non-
perturbative phenomena. Furthermore various phase structures are expected at finite temperature
and finite density.

:3a+65

AN

Figure 1: diquark channel exchanging one gluon.

The spontaneous chiral symmetry breakdown and the color superconductivity at zero temperature
and finite density are our targets of this article. First of all we explain the color superconductivity
briefly. The color superconductivity is the phenomenon that the condensation of quark-quark pair
(diquark) breaks the color symmetry. The condensation is caused by the attractive interaction of the
antitriplet channel of diquark. Let’s see quark-quark interactions due to one-gluon exchange (Fig. 1).
To diagonalize the interaction Hamiltonian, we take irreducible representations in the color space of
the quark-quark state, that is, antisymmetric state and a symmetric state. We rewrite the direct
product of two color generators at the gauge vertices of the Feynman diagram in the following way,

2_
Nt N.+1 N.—1

Azl TﬁaTbjab = _TJVC (5(la'6b’b — 5ab’5a’b) + TM (6aa’6b’b + 5ab’5a’b) . (1)

We find that the antitriplet state is the attractive channel while the sextet state is the repulsive
channel. Due to this attractive interaction, the antisymmetric state of diquark may have non-zero
expectation value at low temperature and high density:

()] PP0l) ~ eije, (2)
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where ¢;; and €% are antisymmetric tensors in the flavor and the color spaces, respectively.

We need some non-perturbative methods to analyze these phenomena. The lattice QCD known
as a first principle calculation is a very effective method, however, the sign problem arises at finite
density. The Dyson-Schwinger (DS) equations are usually limited to the ladder approximation, where
the dependence on the gauge-fixing parameter is a serious problem.

The non-perturbative renormalization group (NPRG) method [1] is a complementary approach,
where we can use the approximations without these difficulty. The central object in NPRG is the
effective action Seg[¢; A], which is defined by integrating fields with higher momentum than the scale
A in the partition function:

2= [ TLdo<) T do tp)e 000 = [ Tl (e Sirio<i g

p<A A<p<Ao p<A

The NPRG equation describes the dependence of the Wilsonian effective action Seg[p; A] on the
renormalization scale (momentum cutoff) A in terms of differential equations,

0 Surlt: Al = B[S Al (4)
The right side of this equation, called the 8 function (actually, a functional), is evaluated by infinites-
imally lowering the scale A in Eq. (3)

In this article, we report the analyses of the SxySB and the color superconductivity at zero temper-
ature and finite density in 3-flavor QCD. In NPRG language, two types of 4-fermi operators, scalar
type and vector type, are automatically generated by the QCD interaction when we lower the renor-
malization scale. The scalar type operators are the source of SxySB just like Nambu—Jona-Lasinio
model. On the other hand, the vector type operators bring about the spontaneous color symmetry
breaking at law temperature and high density.

So far, the color superconductivity has been analyzed by using the ladder DS equation. In our
analysis of using NPRG, diagrams beyond the ladder approximation can be taken into account, which
we call the non-ladder contributions. We will evaluate the critical chemical potential for the color su-
perconductivity by analyzing the NPRG running behaviors of the effective 4-fermi coupling constants.
This is a first step analysis towards the evaluation of the diquark condensates themselves.

2 Non-perturbative renormalization group

Several types of the NPRG equation for quantum field theory have been derived in Refs. [2, 3, 4].
We adopt the Wegner—-Houghton (WH) equation [2, 5] among them. The WH equation is given by
differentiating Eq. (3) with respect to A. We parametrize the renormalization scale A by ¢ = log Ag/A
and transform all variables into dimensionless ones by taking A as a moving unit of mass. Then we
have the following functional differential equation,

(9 1 de 52Seff
G Su[@;t] = = | 2L 51— |p|) Strl
at‘S%H[ ) ] 92 ]/ (Qﬂ)l) ( |Zﬂ) Strln <<5d}5¢i>1%_$

1 [ dPpdPq 6Seit [ 62Set\ " 0Sest
£ 2501 — 1—
5 [ ot~ ot ~ o 3o ( 5@5@)%_(1 ot )
1 dDZ) Ne g 6
DS — i AP -

where ® represents all types of fields (scalars, spinors, vectors, and so on), dg is the mass-dimension of
® and “Str” is the super-trace for generally Grassmann-valued matrices. We introduce the wave func-
tion renormalization to normalize the kinetic term of each field, which adds the anomalous dimension
term 7ng of each field.

Here we explain the physical meanings of the right-hand side of the WH equation (5) briefly (see
[1] for details). The first and second terms are represented by ring-type and dumbbell-type diagrams
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of Fig. 2 respectively, whose external lines represent fields having the momentum lower than A. In
those diagrams the momentum [ of every internal line is the shell mode which satisfies the condition
|I| = A. These diagrams are nothing but the quantum corrections due to the shell mode fields, while
the low momentum modes are “external” source fields. Among all the loop diagrams using the shell
mode propagators, only the tree and the one-loop diagrams survive, because diagrams with two or
more loops do not contribute to the derivative with respect to ¢ (or A). The rest of terms in Eq. (5)
come out of the rescaling of fields which are necessary to make all the variables dimensionless using the
moving unit A(¢). Change of the effective action due to these terms are called the canonical scaling.
There is an another origin of rescaling (¢ ), which is the normalization of the kinetic term of each
field.

Ring Dumbbell

_.< = 0Sex / 525ch e Shell modes
N  5B,00,

Low modes

Figure 2: Ring-type diagrams and Dumbbell-type diagrams

3 Procedure of solving NPRG equation in QCD

In this section, we will explain how to solve NPRG in QCD. The NPRG equation is a functional
differential equation and it is the first order equation in ¢ (A(t)). We solve it as an initial value
problem, that is, we start with an initial (ultraviolet) condition and solve it downward in A(?).

As the initial condition, we set the initial renormalization scale Ay to be large enough so that the
obtained renormalization group flow well approximates the renormalized trajectory corresponding to
the infinite Ag limit. At this scale Ay, we take the standard bare action of QCD:

Salan, = S8, 0d = [aefop— gty (L) + - @A) ©

where we ignore the current mass of the quarks and the action has the exact chiral symmetry. Solving
the NPRG equation, we get the effective action Seg(A) at the renormalization scale A, which exhibits
the low-energy information including the SxSB and the color superconductivity.

We can not exactly solve the equation (5), and we have to develop an appropriate approximation
method. In general approximation is defined by projecting the original functional differential equation
(5) onto some small dimensional sub-space. Here we adopt the so-called local potential approximation
(LPA), where we ignore all corrections to the effective action containing derivative of fields. Then the
effective action is limited to be local potential terms and the fixed (non-moving) kinetic terms. In
other words our subspace here is a function space of local potentials instead of the general functional
space. Actually we set all the external fields in Fig. 2 to have the vanishing momentum, that is,

e (p) = (2m)"57(p) - 2. (7)

In this approximation, we can expand the effective action Seg in terms of all possible local operators
respecting symmetries of QCD. Then, expressing the right-hand side of (5) by these local operators,
we obtain the § functions for the coupling constants of the operators. In fact, however, we can not
evaluate an infinite number of the 8 functions for infinitely higher-dimensional operators. Due to the
canonical scaling, we suppose that the contributions of higher dimensional operators are relatively
smaller. Therefore we truncate operators having more than a certain mass-dimension. By checking
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the convergence of physical quantities with respect to the order of the truncation, we may confirm the
reliability of the truncation itself.
The massless QCD with Ny flavors has the following chiral and color symmetry,

SU(Nf)RXSU(Nf)LXSU( )XU( ) (8)

The effective action generated by NPRG equation necessarily respects this symmetry since the (8
function does not break any global symmetry in the initial action Sp. As for the working ground of
NPRG equation, we adopt the complete 4-fermi operator space satisfying this symmetry[6]. Ignoring
the operators which are not generated by QCD gauge interactions, the 4-fermi operators we need are
the following 4 operators,

= () = (Prs70)°
= (70)? + (Pr1s79)°
P T)° — (P57, T)°,
3T ) + (Dys7.T)° .

On the other hand, we truncate higher order corrections to the gauge interactions themselves since
we consider that they are not important for analysis of these symmetry breakings treated here.
Finally the effective action we analyze is

(9)

cl—

N N

62_

4—fermi ~ -
Sunld, v AiA] = [ d's {W oW+ > o)+ ] () + 5 @Am} - (10)

Here we use the Landau gauge (o = 0) because it has been known to be a good gauge for LPA.

?>C><WW><X
><§ D ED ¢

Figure 3: All diagrams giving the 3 functions for 4-fermi operators in our framework. The diagrams
surrounded by the dashed line are called the ladder-type diagrams.

The special diagrams (similar to the Feynman diagrams), are used in order to calculate the [
functions. In LPA the internal-line momenta of the dumbbell-type diagrams can not take the shell
mode because the external-line momenta are all vanishing. Therefore the dumbbell-type diagrams do
not contribute, so that we evaluate only the ring-type diagrams, which are drawn in Fig. 3.

Using these g functions, the NPRG equation is now written down as a set of ordinary differential
equations as follows.

Y _ 3 7<1—7) 2(N¢Ne + 1 (N——)
L g1 + NfNC{ gl+4 N2 91 + 2(N¢Ne + 1)g192 + TN, 919c2 )
n 3 (1 1 ) +3NfNC(1 1 ) 9
—(1— s+ —— |1 - — |
in 2919 T 62 Nz)%
492 _ _ NgN, NeN, — 1 —7(1——) (N——)
dt g2+NfNC{ f cgl+( fiVe )92 4 NC2 902+ c N, 929c2 (12>
7)

3NN, 1y
(-

1672 N2
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dgcl 1 3 2 1
— 2 2(]\7——) 6 <N——) 2
It ge1 + NfNC{ <7 9N, g1 +0919c1 + | Vs N, ge19c2 + 2929c1
+3 +1<N 2) +9NfNC< 8 ) 9 (13)
= g1 9 c N, el (O 3972 c 3N, Ay,
i —_29c2+m §(Nf+Nc+ﬁc>gc2+7gcl —4g29c2
3 1 3 8 (14)
2
- ;(92 - Eg(ﬁ)as - 327T2NfNC (Nc - E)as-

Here 4-fermi coupling constants are transformed into dimensionless ones, g; = A%(t)G; /472, Note that
using dimensionless variables are essential for the direct correspondence between the fixed point of the
renormalization group flow and the phase boundary (in case of 2nd order phase transition). By this
transformation, we can reveal the fixed-point structure of the g functions [7]. The first term, —2g;,
in the above beta functions represents the canonical scaling contribution due to this transformation,
and it suppresses the 4-fermi interactions. The quadratic terms coming from the ring-type diagrams
generally enhance the 4-fermion interactions. Therefore, there is a point where these opposite effects
are canceled, that is, a fixed point (a zero of 8 function), which corresponds to the phase boundary.

As for the gauge coupling constants, we adopt the following (N)PRG equation given by the one-loop
perturbation,

d

o 8’

7 (15)

where By = 11N./3 — 2N¢/3 and as = g2/4w. Also we introduce the infrared cutoff effect [10] that
the gauge coupling constant stop increasing at a proper low energy scale, which is naturally expected
by the confinement. Adopting the cutoff scheme in Ref. [11], the running gauge coupling constant is
given explicitly as follows (Fig. 4),

( 47
Bolog(A%/Acp) (4> A)
A 4 [log(A1/A)]? — [log(A1/Arp)]?
an(A) — il AL <A< Ap)
s(A) Bolog(Afe/Adep)  Bo log(A1/Awr)[log(Ae/Adep))? (b < A < Am) 16)
47 _4r log(A1/Ar) (A < Ay)
Bolog(Afe/A2cn)  Bo loa(Afe/Adcp)? 1

Here we take a fixed scale for Ai, Aqep - e~ 1, and Ay is left as an infrared cutoff scale parameter.
Because the scale Atp is rather arbitrary, we will check the dependence of our results on this parameter.!
As for the initial condition to solve the NPRG equations, we take following values

Ao = My =91.1 GeV, as(Ag) = 0.1176, (17)

and also we set Ny = N, = 3, and Aqcp = 241 MeV.

If we take the initial renormalization scale Ag at which the perturbation theory of QCD works well,
we can set the 4-fermi coupling constants g; to be zero at Ag. When we lower the renormalization
scale A, the 4-fermi operators are generated by gauge interactions, that is, two diagrams in third line
of Fig. 3, having only the gauge interactions. The 4-fermi operators are normally irrelevant at low
energy scale because of its mass dimension larger than 4. However in case that gauge interactions
are strong enough, 4-fermi interactions are generated sufficiently large so that the self interactions
may overwhelms the canonical scaling, that is, they become relevant. This change of the relevance of
4-fermi operators, from irrelevant to relevant, characterizes the SxSB at low energy in QCD.

The critical gauge coupling constant for the SxySB obtained by NPRG method is equivalent to that
by the ladder DS equation if we use the § function of the ladder-type diagrams (in Fig. 3) only. Note
that we can easily add non-ladder diagrams to the  function in our NPRG framework, which may
improve the dependence on the gauge-fixing parameter.

'Physical quantities like the chiral condensates are not sensitive to the choice of the infrared cutoff scale Arr[11]
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Figure 4: The running gauge coupling constant with infrared cutoff

4 Introducing the bare mass

As noted before, no effective operator breaking the chiral symmetry can be generated in the effective
action by NPRG equation. To deal with the spontaneous breakdown of the chiral symmetry, we
introduce a mass term in the effective action as follows [6]:

Seff (massless) + /d4:z: m(mo; A)Y, (18)

where m(mg; Ag) = myg is a bare mass which is also regarded as an external source for chiral conden-
sates. Due to this explicit chiral breaking mass, the 4-fermi S functions are modified [6].

If the bare mass my is finite, the running mass m(mg; A) is increased by the gauge interaction and
the 4-fermi interactions at the infrared scale (Fig. 6). We obtain the spontaneously generated mass
at the infrared scale by taking the zero bare mass limit (the chiral limit),

Mdyn. = méigio /1\13%) m(mo; A). (19)

To confirm that this method works well, we check the behaviors of the effective mass operator in
detail as a function of the bare mass and the renormalization scale. In the left graph of Fig. 6, we plot
the effective mass (with mass dimension, not scaled by A) for each bare mass at zero temperature and
zero density. The dashed lines connect the same renormalization scale points. We see a “the phase
transition” at some lower scale. At high-energy scale, the effective mass vanishes when the bare mass

goes towards zero. Below some scale, however, behavior of the effective mass changes drastically, and
there remains a finite effective mass even in the zero bare mass limit.

2, (O

Figure 5: g function of mass

A different view is shown in the right graph of Fig. 6, where the renormalization flow of the 4-fermi
coupling constant g.; (dimensionless, rescaled by A) is added. We see that the effective mass increases
rather suddenly just when the 4-fermi coupling constant is increased to have a peak. The dashed lines
connect the same bare mass points. The quarks are decoupled from the interactions when the effective
mass is much larger than the renormalization scale. Therefore, at the infrared limit, the effective mass
(with mass-dimension) converges towards a finite certain value while the 4-fermi coupling constants
(dimensionless variables) vanishes according to the canonical scaling.

As shown in the right graph of Fig. 6, the peak value of the 4-fermi coupling constant increases when
we lower the bare mass. In the ladder approximation without the operator expansion, we can prove that
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Figure 6: Renormalization group flows of the effective mass and 4-fermi coupling constants at zero
temperature and zero density.

the scalar-type 4-fermi coupling constant corresponds to the susceptibility of the chiral condensates
with respect to the bare mass. Hence, taking the zero bare mass limit, this scalar-type 4-fermi coupling
constant will be increased to be infinite at the transition scale, and the behavior of the effective mass
with respect to A is very similar to the second-order phase transition. Also in our calculation with non-
ladder effects included, we may claim the correspondence between the spontaneous chiral symmetry
breakdown and the divergence of the scalar type 4-fermi coupling constant in case of vanishing bare
mass. It should be mentioned here that the 4-fermi S functions in Egs. (11) — (14) do not contain
any higher dimensional operators in the LPA due to the exact chiral symmetry. This is called the
perfectness of this operator coordinates. Inclusion of the bare mass term breaks this feature and there
appear 6-fermi operators which contributes to 4-fermi 8 functions. In this stage of calculation we
ignore this sort of operator mixings, because naively they have only small effects after evaluating the
chiral limit.

5 Property of 4-fermi operators

We discuss basic properties of 4-fermi operators in relation to the spontaneous breakdown of the chiral
and the color symmetries. Only two 4-fermi coupling constants, g1 and g.1, appear in the 8 function
of the effective mass [6]. These operators are projected onto a scalar-type 4-fermi operator as follows,

N2-1

Gq Ge1 B 1 2 1 1 - 2 - 2
O 0 = s [Nchal b (1 - m) Gcl] < 3 (@A) - @A)+

I1=0
(20)

where A7 is the generator of U(Ny). Therefore g; and g1 are related to the susceptibility of the chiral
condensates.

Other 4-fermi operators, O2 and O.q, are vector-type operators for quark-antiquark pair. Using
these 4-fermi operators, we can construct the following scalar-type operator for diquark,

Oq = (&icea%‘) (jeyf) — (1@'06“75%) (pjevs9f ) (21)

where 7, are flavor indices and (e?)’ = € is the antisymmetric tensor in the color space. This
operator (g is coupled to the color antisymmetric (attractive) channel of diquark, and has been
considered to induce the color superconductivity in the analysis of NJL-like effective models. Hence
we suppose that Oy and O.s trigger the diquark condensates in the framework of NPRG, which will
be confirmed below.
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In order to effectively take account of the symmetry breakdown of the color symmetry, we introduce
a Majorana mass term explicitly breaking the color symmetry as follows,

1 .. _
Sef + 5AW(AO; A)YE e ys1; + (hec.), (22)

where the mass term Ag“ is also regarded as the external field for the diquark condensates. The 3
function of A¥® consists only of the 4-fermi coupling constants, go and geo. This fact confirms that
operators, Oy and O.9, generate the diquark condensates. In addition, according to analogy of the
chiral condensates, we consider that these coupling constants represent the susceptibility divergence
of the diquark condensates.

We will not proceed to direct evaluation of the diquark condensates in this report. In the next
section, however, we will study the change of RG flows of the 4-fermi coupling constants due to
finite density, which will give us a clue about the color superconductivity phase transition at zero
temperature and finite density.

6 Results

Fig. 7 shows RG of 4-fermi coupling constants with various values of the chemical potential. Here we
ignore finite-density effects to the running of the gauge coupling constant.

We should mention here that the scalar-type 4-fermi coupling constants, ¢g; and g.1, diverge at
infrared region obeying the behavior of the susceptibility of the chiral condensates if we make the bare
mass smaller to be zero. The vector-type 4-fermi coupling constants, g and gcs, corresponding to the
susceptibility of the diquark condensates, also diverge because the § functions of ¢g; and g.; include
not only the self coupling constants but also go and g.o. This mixing between the scalar-type and the
vector-type 4-fermi operators comes from the non-ladder effects. Of course we do not conclude the
color superconductivity from this divergence of go and gco.

Let us look at the chemical potential dependence in detail. The absolute value of peaks of the
scalar-type 4-fermi coupling constants (g1 and g.1) are larger than the vector-type ones at low density
(1 = 0.01 GeV). Increasing the chemical potential, the vector type 4-fermi operators are enhanced
while the scalar type ones remain rather stable. Finally the vector-type 4-fermi coupling constants
diverge at a density (1 ~ 0.26 GeV). This behavior implies the color superconductivity phase transition
occurs due to high density.

Next we evaluate the critical density p. for the color superconducting phase transition. In Fig. 8
we plot the inverse of the peak value of g.o with respect to density p, where points connected by a
line are those with the same bare mass mg. The critical density u. is given by a point at which the
inverse of the peak value goes to zero. We show the dependence of . on the bare mass in the left
graph of Fig. 9, where we extrapolate . linearly to get the zero bare mass limit.

The dependence of the extrapolated critical densities p. on the infrared cutoff scale Arp is small
as shown in the right graph of Fig. 9.

We conclude that the critical chemical potential for the color superconductivity at zero temperature
reads

fie = 0.16 GeV (Arp = 0.393 GeV) (23)

Note that our result above is approximately a half of that which has been obtained by other methods
until now. We expect that the critical density might become larger if we use the two-loop 3 function
for the gauge coupling constant.

7  Summary

We analyzed the color superconductivity at zero temperature and finite density by using the WH
equation, one of the methods of NPRG. In this report, we worked with the one-loop S function for
the gauge coupling constant and the complete 8 functions in the 4-fermi operator space respecting the
chiral symmetry of QCD. We have taken into account the diagrams beyond the ladder approximation.
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Figure 7: Dependence of the effective mass m(A) and the 4-fermi couplings constants g;(A) on the
renormalization scale A. The bare mass myg is fixed and the chemical potential is different in each
graph.

We introduced two types of mass operators explicitly breaking the chiral and the color symmetries
in order to evaluate the size and the criticality of the spontaneous breakdown of these symmetries.
These masses at the initial renormalization scale are nothing but the external fields giving the chiral
and the diquark condensates, respectively.

We have classified the 4-fermi operators into two categories, which are the scalar type operator
generating the chiral condensates and the vector type ones generating the diquark condensates. Ac-
cording to this observation, we investigated the running behavior of the 4-fermi coupling constants at
zero temperature and finite density. We obtained the critical density (chemical potential) by evaluat-
ing the divergence point of the 4-fermi operators responsible for the color superconductivity. This is
the first result of the critical density for the color superconductivity in the NPRG (LPA) framework
with non-ladder effects included.
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Novel Kinetic Theory Describing Ultrasoft Fermionic Mode
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Staggered-Wilson fermion IC331F % Aoki phase D5&AG & fEHT

WP S b2, A REL  ARRER 2, ks B Y
PRSP E EIES T2 SRS RS E RS AR,
P BRUREERE G S LR

B E

IR, 187 QCD $ufiiatF 2 KE IS @nd b LTS 58T L WS T fermion ORERIEDNMER SN
7z. T T TlX Staggered fermion I taste-splitting mass 23 A9 % T & T Staggered IZFED <
Wilson *® overlap DWHERE N 5. TN 5 DT fermion FHC Staggered-Wilson fermion DFEH]
{RICFR U THEEIC 7R % DA parity-broken phase (Aoki phase) DFETH 5. FLd Staggered-
Wilson fermion IC350) 2 HHKEIE | 5885548 1 QCD FRT KR w ¥ J 8T A— 2Rz W T
AN, KFED 7 A — 7 BHEIIC Aoki phase DMAES % T L2/mLic. Xic/ A4V HEHED
ROl in s T LR L, 7ERD Wilson fermion & [FREIC 14 Z VMR EEHFR S T
LRLTz.

1 EA

T OMEIZETE1% (QCD) OB 2 Al Relc 3 SR E i 1aMm TH 5. O
A CIEREZE 2 BERUE 3 2 T LI K > TEY T AIVEEHRIC K 2R O THAREIC A S. LY
U, ¥47 ED fermion ICIZ X 7Y > FTRE & FHEN B ERIDFE L, 11 FIVFMER ED QCD I
A RIZHEZ KT fermion IR & X T T — EMHEN SR HBENHELTLE S . TR
& Nielsen-Ninomiya @ no-go iEBE [1] & U THIENTWE A, T DEFEDFGHES 2 @Y i
% T & CHEZ T 2 TIEDNEEZ TOL ORI N TV S. il 21X Wilson fermion (&, 7717
FIVRFREZR & 5 DICH; 53 (Wilson term) ZEA L, 75—z < U, il T decouple &
H T3 [2]. Overlap & Domain-wall fermions (& ¢ Wilson fermion ICEEDWTHEKE N, T
bR 72 H E Nt A A Z IV 2 ISR D T ISP LTV 5 [3, 4], —75, Staggered
fermion 3 X7 T —HZz|E LENEZ T L—N\—LRRT 5 & T4 7L—N— QCD Z3Blg
% [5]. LML, TN5 DT fermion IZIFFICRKEZHUERIRHIA M e B350, £ L3
KD QCD ZrlilbHiRZ N &V S MEZ A TR Y B2 FEREMIGF SN TEL,

I, KT QCD BUiEE HE 2 K mndi b LIS 2 8T LS T fermion (Staggered-Wilson, Staggered-
Overlap) DMEREE N7z [6, 7, 8]. Staggered-Wilson (&, Staggered I /117 Z )V FREZ & 5 DITHE
%IH (flavored mass) ZB AL, X757 —ZH D[R T & T 1 HHE (Hoelbling’s type) & L <13 2
FIFHE (Adams’s type) @ fermion 2381 L T3 D Wilson fermion O Staggered version 72 & & A
%. Staggered-Overlap I& Z D Staggered-Wilson % kernel IZ$§D Overlap TH 5. TNSHDH L
fermion 11X, REZOET fermion ICEEXT 2 DORFEANH S, 1 DHIEZT /< VU —OMEMNET 5
BNEFIRTHD, THINERD Staggered & LG U753 ORI TH 5 [6]. KD Staggered
57T —ZYEEE fermion & LTS 728, 7 /< VU= LT UQ1) ST /< U —0
LB 285 2l R OATREMEMN S 5. — 5, Staggered-Wilson, Staggered-overlap Tl
7 /<) —DHEENS O THEERMNICHF R LWVEENFEBEENTWS. 2 DHIFHERD Wilson
*® overlap &L L7 EORHRTH O, BEFHRE EO T A F VKL @dEIEDNA[EETH S &
I FTH B [9]. Wilson % overlap B 4 A E/ NV ETFRICERZL TVWHDICH LT, 2D
Staggered versions (& 1 i/ AE / JVITEDWT WS, THUIEY T HIVEEITRE TIRE I A MHW
B2 T 4w JHEFOITHY A XD 16 7D 1ICE> T2 EZERLTED, TNET
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EWVETEREI X NDETH S & SN TET overlap DWEZ KiEICE K S, LM LTINS DR
F fermion 24+ QCD ICIGHS % T DICIFBUHRTE_EOFFEZRN, EIC XK > TdEY)I AN R
ZMA 088 H 5. ZOEEEL 75 D135 D Staggered-Wilson ICF1) % Aoki phase DEEE Z
DODMHETH 5. Staggered-Wilson (& Wilson & BLDMEE ZHi D78, Aoki phase (parity-broken
phase)[10, 11] DEHNB EEZ 5N 5. jr&k Wilson fermion Tl parity-broken phase OFHEEFMN
R TH D, VA — PV EHBEZZT ICHETT A L ThHA IIVIBRZE&EKT B T LMK
AL DHFND X &L Staggered-Wilson I BN T & [AREDOHMIENFEL, QCD ZHEIT 5729
DA Z)VRZE D T EMAIRETH B T L Z2/RT T & TH%. Staggered-Wilson ICF51F % Aoki
phase DJEITHIZEE LT Gross-Neveu model ZHWcEIRMNH O [12], TOETIVOHIPANTIE
Aoki phase DB E 7114 FIVEIE DIFEDNHERR SN T WS, Xz, 11 LI BT 2 =M ORFMED
BN DB X5 ERTE Aoki phase ZifiN% C LIZHEETH 5. Staggered-Wilson ( shift
symmetry 7% & DEEBOIFED —E 215 % Z E WIS N TWVWS [7, 8. & LT DN OEENKE
< lattice artifact ZH K B2 HEICIE, #& T fermion OFIFEE- Aoki phase-7x EITFHEN BN S
EEZBND. LIch > T Aoki phase DIFIEZ AN T LT MFREDHEND lattice artifact D
B EHLNTLHEETHS.

AL T, Staggered-Wilson fermion IC351F % Aoki phase (parity-broken phase) 225l
¥ QCD ZHWTHNRS. KT, 23 7 4 WFREDMR =N S EZEDE O TRy €V T I8T A—2 )@
BHD T 1572 IO CTHIRSSE Z R 5. BARINICIZNA & VEFEDFITEN BDFRED 7 + — 7 E &1
BKIC Aoki phase WFEET 5 &R L, £\ A A VEEHMSHESR TR D A1 )VRE %
TEHRTEDH KT,

2 Staggered-Wilson fermion

Staggered-Wilson fermion (, taste (Staggered fermion IC¥51F %7 L —/3—) 7% split 5 K
9 7% flavored mass ZE A L, #EFHMRIC BV TEZ XNV F—TE T I—Z2h7E0E 51T 3
fermion Td 5. Staggered fermion (ZEEARTMFRIC BT 4 7 L—/N\—DHIEHIC /% 5 AV, Staggered-
Wilson fermion ($3#iMRIC BT 2 7 L—/3— (Adams’s type)[6, 7] *° 1 7 L—/N— (Hoelbling’s
type)[8] D¥m & 7% . Flavored mass (&, Wilson term Z—f{t L7zIHT®H 5. Wilson term (3,
naive fermion (X 75 —7Z2H D FROTUWEWE T fermion) I 3513 % 16 {HD fermion H FHE % 5 7
HOHEICH TS, Ko T, 1 HEOD fermion ZYHIR & LTS TENTZX 5.

Flavored mass DHEEZZFZMNE LTy TILI—MEDNH S, THICK D fermion 178D IEE
P2 RAET 5 2 E M TES. Adams’s type & Hoelbling’s type D A Y -7 L—N\—#idE X 7N
TN1RY,100, %%, TOXIBRAEY-TL—N\—MECXD, fiBLTWEXTIF—D
HENTHL, TL—N—HBEEZDTENTES.

Hoelbling’s type @ flavored mass (LA FD XK 9 1C 2 hopping term D5 5.

)
M, = 27\/3 /;emﬂhmu (CuCy + CLC) (1)
1 f
Cu=75 (Vat Vi) . 2)
(nu):fcy = (‘DZK“ 0y Y s (3)
(€uw) = (1) 64y (4)
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CCT, (Viay = Upadotpy CH%. Staggered-Wilson fermion DIEHIZ,

Sk = Z Xa [Mu Dy +7(2 + M) 4+ mol,,,, xy - (5)
zy

&5 %, PB—IHIE, Staggered fermion OFEFHIIHTH 5.

DM:%<VM_VJ> ) (6)

F7z, r lMMEEDINTA—=ZTH 5. T O fermion &, 3 FFHADEED fermion IZ77H N 5. ZHIC
Ko T, @HifRIC BN T 1 7 L—N\—DHERZMK T E 5. AWFE T, Hoelbling’s type @ Aoki
phase ICDWTHHTY 5.

3 RyEVINTA—ZEH

Ry B 78T A—ZJER [10] & VT, Aoki phase Zfi#Hi 9 5. Kw BV 78T A—2EHI,
7+ — 7 EREOWET, 78 T 1 DN TWIRWEZEDFE O TIEMT 2 FETH 2. ZDTdRvE
VIINTGA=R K TNT, IA—T8% v — V2K 2L THL. 12120, K = 1/[2(mo+2r)]
ThHs. ZHROERHE,

SF = Z XXz + K Z N,z (D;L)zy +2Kr Z)Zac(Ms)zyXy . (7)
Eg Z,Y,H T

5%, rl3MEEDOIIST XA—RTHBHDT, HHEOTH, LI r =22 TET 3.

—o— B
X+X+i,\l Kn u,qu,x
X+ X-ﬁ 'Kn p,xUTu,x

X X HIH 2Krin, U, U, /(23 V3)
Xﬁﬁ-ﬁ-o 2Krin, U, U, /(23 \3)

1: Ry ¥V TIRT A—REFHDTZHD Feynman JL—)U (Hoelbling’s type).

X9, A TIVIEHE &8 VR — S BB SETE T . Feynman Jb—)U (K1) 55—
BIEUCRET 2R BV INRTG A= ERIEX 2 £ 755, b INO—RBEEICEEd % 751K
MEINS.

=¥ = (M) = (Xx)
= (My)o+2K* ) oy Be —2- 2—14(K7’)2 > BTt - (8)

I HFV
2ILBWTMHD R AT T 5 LEIFET BD, BA T TT LA T OISR T T A oM EX D
HAD. R, TG S, = 0, +iepmy BEANT D, 04, 1 \TTNTFNAA TIVEKHE 7S A A
MieRd. 12720, e, = (—1)Zu wTHB. G Y, = 0y +ieym, 220 (8) ITRAT B ELL D
XI5,

1
— (0 +ieem) = —1+2K% -4 (o +7%) — 2 ﬂ(Kr)2 4.3 (0 +iegm)? . (9)
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n
O=" 70
[ \
n :?E
X 2: Ky ¥ TINT A—RJERZ W Tz ilfsE SR T o — i B
CONEROME, HTEROELE TN ERDZENTES. TOHERDMEE LT, parity
DN TWIRWR LN TV A RD 2 FEFADREMFIES 5. parity DN TV IR WiRI,

c=1, 7©=0. (10)

Eix%. —J7, parity OB TV BRI,

! (o (1)
T 6Kk T T\ 16K2 16K2 )
Lirs.

COTEND | K |>1/40E %8 51 OMNTANGEET 5T L EEE L. L L, kv ¥
YIRS A—RIBEBNC K BIRHTCIE, | K |> 1/4 D & %80 F ¢ ORNTMAEZE L UTHRT %
ME S DRSS T LW TER. ZDF0h, BAERTH SO, AT VY v U & B ki

EITORENDS.
o ' o
= +
0 () X 0 . X 0 .A () X
n
1 . @
+ O
i '
3: Ry ¥V T IRT A— R ERA e Pl T alis SR ¢ 00 — R BEEL

I, I8 F VB2 R BETET 5. RBEICET SRy ¥V URT A— R R
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387%%. INHSLLNO T HRBICEET % AN ENNS.

S(0,2) = (MoMy) = (XEXEXoAD)
= _6OmNc

R (NS (o) [UﬁdonxZ(UT ye!
+ (U )X xe Ui M}x{;xxxﬁ
? T
(ﬂm f) (REXEXE ()2 [(Uﬂ,ovu,om)“x;‘éwm<U,,wUuo>€f

(UI'/"O VU/EO fa— V)CdXCi,u VXe—,u, V(U/.LO = ﬂUVO l?)ef

(U UI/O-"-M V)Cdxﬁ I/)Zu I/(UI/0+/J VU;E 0)

+ (U, OU ,0— u+u>CdXd :u‘+l/>_< u+l/( 00—+l ef} X£X:ch . (12)
RIS, V27 ERBZIHE L, parity DIEFN TWIRWEZET *((xx) =-1) 25
S(0,2) = —00:Ne — KQiZS([L,m) + <2Kr23if) 2 a+v,x) . (13)
I v
(u#v)
THIC, ZRBBICE LT =Y &Mzl &, “RBEO#EEEER S(p) I FDOX S Ics
AbNs.
-1
S(p) = N, [ 2K2Zcospu+4<2Kr23\[> Zcospucospy—l} : (14)
7 wFv
S(p) DRI A Y VERICHIE L, U FORD SRS ENTES.
—2K22cospu+4 <2Kr \[> Zcosp“cospy—l =0. (15)

I

7272 L, Staggered fermion IC 35T % /34 F VHBEORD G, FEDLDETHS. 52, =
oy +iegmy CBHIEA LTz K S 1T, Staggered fermion TLE/ A F 21 45 IS ST 2 RFZE R T (e,)
eV, HEE - TRV BRI p = (impa + 7,7, w) EREIND. Ko T, %A
F VB &, ilS ¥ O##)E TO pole energy 23K 2121, #EE p = (imga+ 7,7, m m) Z{RAL
Tmy IKDOWTHK (15) ZRTIE K. Ko T, A4 EHE m, &

1—16K*

6K2
L5, TORRMNE | K |< (>)1/4DEEAA VHEMIE (A) ICE>TW0WaA I ehbhs. X
T, RS | K = 1/4 DL A F VEENETICED , hA T)VMRIDVERTE ST EAVREN
. | K[> 1/4D & Z, )31 & VEHED takyonic £722 D, THUI/NY T 4 DN TWIRWVEZED
IO CIERLIZC 2ICEBEDTHS. HNRT Vv IVICBI 272115 & m2 > 0L7%51F
TTH5.

cosh(mza) =1+ (16)
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4 FEHERE

Staggered-Wilson fermion IC351F % Aoki phase (parity-broken phase) Z5@fG &k T QCD Z
FWTHNTz. 230 7 4 DN TOWIRWEZEDJE D TRy ¥ 78T A—2 g2 VTG 2
kT Uz, $55, 78A F VRO RN B, 7 4+ — 7 E B M? < 4 12 Aoki phase HDMFE(ES %
CEWIRENT. Tie, A A VHBEORENS, B T/RAF VI EaERICK D 11 TV
[RMVEZRTZ AT Ehbholz. TOREIE Staggered-Wilson ZHE2K D Wilson & [AlERD /574 T
e+ QCD SRS T e 25 R LTV 5. FEROELE L LT, 1R T Vv v LOfRN
WK XONRAF VHERRD D LWV FAENDH S, KRy BT I8F A— 2 EEIERFMED A FErY
N7 B2 2 AN UL R 0D, 81K T 22 v NS K BEHRTIE N 7« DI 7e 52
ZTEBNICHRS T ENTE 5.

BE XK
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QCD Sum Rules Based on Canonical Commutator Relations
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