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Relativistic version 2S

12)2(/)3( PSSOSO C

Berry phase 

Anti-ferromagnetic Heisenberg model (in continuum limit)  

   O(3) nonlinear sigma model or         model  
1PC



u *u

momentum 

Cf: relativistic 

and       are momentum conjugate! 

Only 1 NG mode is independent 

 dIg  ),( Kahler 2-form 
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More 
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Classification of NG modes completed for  

                                             internal symmetry 

vortices,solitons 

objects systems 

Quantized vortex Superfluid He, BEC 

Domain wall Anisotropic ferromagnets 
2 component BEC 

Skyrmion lines Isotropic ferromagnets 

Non-Abelian vortices Multicomponent BEC 

NG modes localized around but not yet for  

space-time symmetry 
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Relativistic 
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Central extension of algebra due to topological charge 

Somehow similar to supersymmetry algebra 
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Tensorial central charge 
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Summary 

(1) Dispersion relations in finite systems 

     type-I NG: e~k,      type-II NG:   e~k2 

(2) Symmetry (commutation relation) 

     Watanabe-Brauner relation 

      <[X,Y]>=/=0: 1 type-II   <[space-time,internal]>=/=0 

      <[X,Y]>  = 0: 2 type-I 

(3) Dispersion relations in infinite systems 

 normalizable         : the same with finite system 

 non-normalizable e~f(R)kn : Rk-1,non-integer power 

(Kelvon&ripplon were not recognized as NG thus far) 



What I didn’t talk about: 

1) So far, mean field,  

   Beyond mean field: Coleman-Mermin-Wargner 

   type-II NG seem to be stable at quantum level 

   …can be proved by Bethe ansatz (for some case) 

2) Bogoliubov theory approach: Gram matrix 
  

Disscussion: 

1) Proof for general cases (finite & infinite R) 

2) Jacobi id. do not hold. Consistent algebra? 

3) Nonrelativistic supersymmetry 

4) NG fermions (SSB of fermionic symmetry) 



3-comp BEC with U(2) x U(1) symmetry 

Stability 

 T21,0
U(1) U(2) 

Lagrangian for GP 

0 21,

U(1) U(2) 

MN, S.Uchino & W.Vinci, 

arXiv:1311.5408 [hep-th] 

ground state      TT
vv 0,,0,0,0,, 00 

http://arxiv.org/abs/arXiv:1311.5408


Non-Abelian vortex 

Effective theory 

12 ~ PS C1S
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Quantum level 
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3S


type-I 

NG 

type-II 

NG 

nei 

U(1) recovers: Lieb-Liniger gas,  

             (c=1 CFT, Tomonaga-Luttinger liquid) 

NG remains gapless 

SU(2)/U(1) remains broken 

~Two components in 1d trap 

0 vortex plays as a trapping pot 

Quantum Exact Non-Abelian vortex 

Quantum analysis: Bethe ansatz 

MN, S.Uchino & W.Vinci, arXiv:1311.5408 [hep-th] 

1st example  

in physics 
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