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Number of Nambu-Goldstone(NG) modes
type-l &) @~k #=N,

Only type |
type-ll B)y@ ~ k® #=N, in relativistic theories

non-relativistic theories
Nielsen-Chadha inequality Nielsen-Chadha(76),Nambu(04)
N, +2N, = N, =#broken generators
_ 21 Lij :<GS‘[TUTJ]‘GS>
Ny =Ngg =Ny = 2 rankp WB matrix

Watanabe-Brauner(WB) relation Nambu (‘01,°04)
Watanabe-Brauner(‘11), Watanabe-Murayama(‘12), Hidaka(‘12)




Number of Nambu-Goldstone(NG) modes
type-l &) @~k #=N,

type-Il )@ ~ k* #=N,

example Heisenberg magnets
SO(3)/S0(2) =S* Ngg =

(GS|ls,.S, ||GS) =i(GS|s, |GS)

= 0 Anti-ferro _ —0ON..=2
Ny, 2 Nir=0 The

0 Ferro N, =0, N, =1 N, =1
MM




Anti-ferromagnetic Heisenberg model (in continuum limit)
O(3) nonlinear sigma model or CP* model

SO(3)/SO(2) =S* = CP*
s i(u*t — u*u) Vul?
T u?) (1 [uf?)?

Berry phase

O XS

— - -

Relativistic version
wl? — [Vul?
ﬁrel — | - | 5 2|
(1 + [ul?)




momentum el 0L el L’

o 2(11 [uP)

Uand U are momentum conjugate!
“=» Only 1 NG mode is independent

Cf: relativistic v = o (1 + [u?)?

More @ = g(l*,%) =da Kahler 2-form
generally o = pdqg (p,qg)symplectic pair



Classification of NG modes completed for

internal symmetry

NG modes localized around but not yet for
vortices,solitons space-time symmetry

objects _________systems __________

Quantized vortex Superfluid He, BEC

Domain wall Anisotropic ferromagnets
2 component BEC

Skyrmion lines Isotropic ferromagnets
Non-Abelian vortices Multicomponent BEC



Broken | NG Dlspersmn

_ 7 eg.
Vortex Ime e~logR k* \Chayashi & mn
in superfluid kelvon (’13.07)

Skyrmionline X, Y Il e~ Kk? kelvon Well-known

(scale inv) D3 Il e~ Kk?2 dilaton- Kobayashi & MN
(scale violated) B;g | e~k magnon  (*14.03)

: — 2 ripplon- Kobayashi & MN
.Domaln wall X, Il e~k o e
in ferromagnet

. Takeuchi &
Domainwall X,3 I e~RYk?®  yicamatsu(13.09)
in 2comp BEC ripplon- well-known for

magnon ripplon



Broken | NG Dlspersmn -

Vortex Ime I e~logR k2 ,
in superfluid " Rotation is not
. . indep of translation
Skyrmion line X, Y kelvon

(scale inv) D, ¥
(scale violated) B, O

O( (=,t) Y(?j‘lz) / -1

Domain wall X, O 7
in ferromagnet )) V% ’IZ’?

: - < 7 Vs
Domainwall X, = .o / R
in2compBEC 1 GNYT «2 KT >>R>>E




Broken | NG Dlspersmn -

Vortex Ime e~log R k? 5
in superfluid

R T
Rotation is not
indep of translation

Skyrmion line X, Y
(scale inv) D, 9 X(t1®)

51 ripplon-
(scale violated) G (+.%2) magnon
B, & %
Domainwall X, &

in ferromagnet R

Domain wall X, ¢
in 2comp BEC S's k' >>R>>¢&



Broken | NG Dlspersmn

_ 7 eg.
Vortex Ime e~logR k* \Chayashi & mn
in superfluid kelvon (’13.07)

Skyrmionline X, Y Il e~ Kk? kelvon Well-known

(scale inv) D3 Il e~ Kk?2 dilaton- Kobayashi & MN
(scale violated) B;g | e~k magnon  (*14.03)

: — 2 ripplon- Kobayashi & MN
.Domaln wall X, Il e~k o e
in ferromagnet

. Takeuchi &
Domainwall X,3 I e~RYk?®  yicamatsu(13.09)
in 2comp BEC ripplon- - well-known

magnon for ripplon



Relativistic

«<— U(1) phase
tt‘ l tl (magnon) tt 3% H
'L \¥ translation — ' ATAR
f—; ' > (ripplon) $ t g‘*\b‘ﬁb’
I [ th type-I NG | t
t t1 p1
4

Non-relativistic \\
coupled +t
magnon-ripplon '
type-Il NG




Relativistic

< translation X
translation Y —
type-1 NG

Non-relativistic
coupled translation

(Kelvon) (X,Y)—
type-ll NG




Relativistic
«<— U(1) phase
(magnon) (9
Size (dilaton)R —
type | NG

Non-relativistic

coupled
magnon-dilaton ——
(R, O)type-1l NG




(2)Symmetry

Vortex line X, Y
in superfluid

Skyrmion line X, Y

(scale inv) D, ¥
(scale violated) B, O

Domainwall X, &
in ferromagnet

Domain wall X, ¢
in 2comp BEC

Watanabe-Brauner relation
sym

<[broken,broken]>
:/:O
for type-li



Watanabe-Brauner relation
sym

Vortexline X,Y [P,P,]~ vortexcharge
in superfluid Watanabe&Murayama(’14.01)

Skyrmion line X, Y [P, P,]~skyrmioncharge
Watanabe&Murayama( 14.01)

(scale inv) D, &
! ) [D, ®] ~ r* (skyrmioncharge
(scale violated) g 9 Kobayashi&MN('14.03)

(2)Symmetry

Domainwall X,¢ [P, ®]~ wall charge

in ferromagnet Kobayashi&MN(’14.02)
Domainwall X, ¢ [P,,®]~ wall charge
in 2comp BEC Kobayashi&MN(’14.02)

Watanabe&Muravama(‘14.03)



(2)Symmetry

Watanabe-Brauner relation
sym

Vortexline X,Y [P,P,]~ vortexcharge

in superfluid Watanabe&Murayama(’14.01)
Skyrmion line X, Y [P, P,]~skyrmioncharge

il __pp ) o Vit
Central extension Kobayashi&MN(*14.03)
ofalgebra __ [ip  ®]~ wall charge

in ferromagnet Kobayashi&MN(’14.02)

Domainwall X, ¢ [P,,®]~ wall charge

. Kobayashi&MN(’14.02)
I Zcomp BEC Watanabe&Muravama(‘14.03)



Watanabe-Brauner relation
sym

[P, P, ]~ vortex charge
Watanabe&Murayama(’14.01)

(2)Symmetry

1  well-known
(Magnus force)
SKY DI 1T

(scale inv) D, ¥
(scale violated) B, O

[P. P, 1~ skyron charge

[D, ®] ~ r* (sky rmioncharge
Kobayashi&MN(’14.03)

Domain.wal_l X U [P, ®] — wall charge
[space-time,internal] Kobayashi&MN(*14.02)
=/=0 [P,,®] ~ wall charge

Cf) Coleman&Mandula(‘67) Kobayashl&MN( 14. 02)
for relativistic case i o : A (1




Central extension of algebra due to topological charge

P,O] =[] =g

1+ |ul?

translation U(1) topological charge
Somehow similar to supersymmetry algebra

A Vo M Dvali & Shifman(’96)
{Qa7Qﬁ} G aIBPIu

{Qa,Qﬁ} @ Tensorial central charge

topological charge



.. Brok \[€
@miinite R |

Vortex line X, Y

yvrmionline X, Y

(scale inv) D, ¥
(scale violated) B, O

Domainwall X, &
in ferromagnet

Domain wall X, ¢

Dispersion Dispersion
for finite R for infinite R

=

e~(2 9‘3 e~(2

e~k ([ % e~k
(M)

e ~ k2 Z e~Kk2

— |,3/2 Kasamatst
€ k (’13.09)

in 2comp BEC non-normalizable well-known

for ripplon



Summary

(1) Dispersion relations in finite systems
type-1 NG: e~k, type-ll NG: e~k?

(2) Symmetry (commutation relation)
Watanabe-Brauner relation
<[X,Y]>=/=0: 1 type-ll <[space-time,internal]>=/=0
<[X,Y]> =0: 2type-I|

(3) Dispersion relations in infinite systems

normalizable . the same with finite system

non-normalizable e~f(R)k" : R2>k*,non-integer power

(Kelvoné&ripplon were not recognized as NG thus far)




What | didn’t talk about:

1) So far, mean field,
Beyond mean field: Coleman-Mermin-Wargner
type-Il NG seem to be stable at quantum level
...can be proved by Bethe ansatz (for some case)

2) Bogoliubov theory approach: Gram matrix

Disscussion:

1) Proof for general cases (finite & infinite R)
2) Jacobi id. do not hold. Consistent algebra?
3) Nonrelativistic supersymmetry

4) NG fermions (SSB of fermionic symmetry)




3-comp BEC with U(2) x U(1) symmetry
MN, S.Uchino & W.Vinci,
Lagrangian for GP arXiv:1311.5408 [hep-th]

) ) h2 h2
L = il + ihWT W —

Vi dVito — =—V, 0TV, 0

2m

2mg

| 1 | 1 |
10|t + p[W[* = Sholo|* — SAUT — klto|*| W[

u@) | UE

Ve Y=(w,yw,)
(1) U(2)

Stability \o\ — k2 > 0
poX — s > 0, Ao — pok < 0 o — s\ < 0
ground state (y,, ¥)=(v,,0,0)",(0,v,0)'



http://arxiv.org/abs/arXiv:1311.5408

Non-Abelian vortex .
Vo \ _ [ folr, 9)639 | | 2\/@;2
qj 90(7“ 9)?7 0.4;‘ “ -—- g
nTn — 1 S’zUu@Mu@©@ . ~ 7
NG modes T

Effectlvegth eory 2 o, e /ww,,gg G fﬁ” S
[.: — Zﬁg(mTﬁ + K h (771-77) - —gO|vZ77| K = —(pofi + gy — 3Mofofi — 3A\gogs

m —dkfogofran — kg f1 — 1597).

_ nl? - 2

77 _ re ?J Log. = KR (p — %(nTh — ?'1.T71.))
2 . 2

Sl X 82 ~ CPl f (E)z:;) — %(n.fazn. - é:)zn.fn))

2m
type-1 type-ll 2
NG NG +2if(n"n —nTn) — ‘ﬁ— ((32?1)2 — (nT@zn)g)

2m




Quantum level WMN,s.Uchino & W.Vinci, arXiv:1311.5408 [hep-th]
W, vortex plays as atrapping pot

n = eicarT]J ~Two components in 1d trap
S e e SU@IU() remains broken

type-l type-ll — NG remains gapless

NG NG Quantum analysis: Bethe ansatz
L, U(1) recovers: Lieb-Liniger gas,
(c=1 CFT, Tomonaga-Luttinger liquid)
Quantum Exact Non-Abelian vortex 1°example
SU(N) In physics
Can be generalized to syin_p-u@ =
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