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1. Introduction 2
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Zg — /dUe_Sg, where S, = N“(tI.U_l_trUT) U ="Pexp (i]ﬂ. th(t)).
Static diagonal gauge: A(r) = %diag(al,az,--- o), (o <) u, = e
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d2<|u,|>/du? is discontinuous at pu=1/2 P M=

Gross-Witten-Wadia (GWW) third-order phase transition

[D.J. Gross and E. Witten, Phys. Rev. D21 (1980) 446, S.R. Wadia, Phys. Lett. B93 (1980) 403]



2. The model

Finite-temperature matrix quantum mechanics

with a chemical potential
S =5+ 5+ S, where (u=1,2,....D, =1/T)

s —Nfﬁt LY 0021 ¥ )X 01 ba
b — 0 r 2M= tA L 4%‘,:1 u\l), Ay

1
Dy Xu(t) = 0 Xu(t) — @[A(t)aXu(t)]

Sg= N/ tr{ Z Vo (t) Dy Wa(t) — : E Vo (1) (Tw) an [ Xu (1), Wn(f)]}

H= lan=1

3
S’ — \;L(HU—{—J[IUT) UTPexp (3/ Alt )df)
, 0

*Bosonic (S=S,+S,): D=2 3 4 5..
*Fermionic(S= Sb+Sf+Sg) (D,p)= (3 2),(5,4),(9,16)

(For D=9, the fermion is Majorana-Weyl ( Y—W¥ )

In the following, we focus on D=3.)
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2. The model 4

A(T), X, (t), ¥(t) : N X N Hermitian matrix

Boundary conditions; A7) =AM, Xu(t+05) = X.(0)
Ut +B) = =)

Non-lattice simulation for SUSY case

SETSUDAI

/ A—% _-‘\—% o QT
X(1) = i\ X ()= 3 v i = 3 ” (““ B 'ﬁ>

n=-—i r:—_«'\—i—g 7'2—:\—}—5 '

Static diagonal gauge:
1
A(t) = Ediag(oﬂl,oﬂg, e ,OfN) — T é Qp < T
N

= Add the gauge-fixing term  s5,; = - 3 log |sin 2

Je =1,k

I 1 : 1 1N,
LV k=1

Supersymmetry for S=S,+S; (u=0), broken at p#O0.
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Previous works for p=0 (without S)
Bosonlc (S Sb) SUSY (S S,+Sy)
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[Quoted for D=9 from N. Kawahara, J. Nishimura [Quoted for D=9 from K.N. Anagnostopoulos, M. Hanada,
and S. Takeuchi, arXiv:0706.3517] J. Nishimura and S. Takeuchi, arXiv:0707.4454]

Confinement-deconfinement <|u,|>= a, exp(-a,/T)
phase transition at T=T
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3. Result of the fermionic model
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Result of D=3, N=16, after large-/\ extrapolation:
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Result of D=3, N=16, after Iarge/\extrapolatlon

History of &= / di X, (1)
at A\=3
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2 | =0.00, T=0.10—— f '
t =0.20, T=0.10" """ (I“I’T) reg|0n.
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4. Result of the bosonic model

Bosonic model without fermion S=S,+S
[T. Azuma, P. Basu and S.R. Wadia, arXiv:0710.5873]
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Bosonic model without fermion S=S,+5,
[T. Azuma, P. Basu and S.R. Wadia, arXiv:0710.5873]

Results of D=3 (D=2,6,9 cases are similar)
Critical points (Y., T,) at <|u,|>=1/2

At (U¢, T¢), d<|uy ,|>/duy and d<|u, ,|>/dT are not smooth
(d°<|uy ,|>/dp? and d?<|u, ,|>/dT# are discontinuous)

= suggests third-order phase transition.
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When p=0, at the critical point T_,=1.1,

there Is a first-order phase transition at small D.
[T. Azuma, T. Morita and S. Takeuchi, arXiv:1403.7764]

We fit the susceptibility with (y,p,c) as
x =N {{Jur*) = ((Ju]))*} = WP+ ¢ (V= N?)

p=1 = suggests first-order phase transition.
[M. Fukugita, H. Mino, M. Okawa and A. Ukawa, Phys. Rev. Lett.65, 816 (1990)]
70
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5. Phase diagram
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Phase diagram for D=2,3,6,9 (boson) and D=3(fermion) .
Some phase transitions at (4. ,T.) where <|u,|>=0.5

1.4

u D=2,boéon s
1.2 o D=3,boson D=3 SUSY, |J=OZ
11 o - D=6,boson _
ooty B D=9,boson <|u;|>= a, exp(-a,/T)
o 0.8 "\U\\E _»\D=3’ferm|on ° aO:1.03(1), a]_:Olg(l)
ol = | =<|u,>=0.5 at T=0.28.
0.4 ¢ A T ; | [M. Hanada, S. Matsuura, J. Nishimura and
02 F~ey | D. Robles-Llana, arXiv:1012.2913]
0 ‘ -_'*'"‘;:;\-' - s —N. _
0 01 02 03 04.05 06 u=0: <|uy[>= 0.5 at
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-
~~_-_—

SETSUNAN UNIVERSITY

O<b<1: convex upward

b>1: convex downward
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We have studied the matrix qguantum mechanics
with a chemical potential S, = Ny(trU + trUT)

-bosonic model = GWW-type third-order phase transition
(except for very small u)

-phase diagram of the bosonic/fermionic model

Future works:

Use of Complex Langevin Method for sign problem:
-Generalization to S, = N(atrU + btrU")

[P. Basu, K. Jaswin and A. Joseph arXiv:1802.10381]
-D=5,9 cases where fermion det/Pf is complex
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Simulation via Rational Hybrid Monte Carlo (RHMC)
algorithm. [Chap 6,7 of B.Ydri, arXiv:1506.02567, for a review]

We exploit the rational approximation 002

0
—1/2 Ak N 0
y B a0+,;1 X+ by %“5 -0.0002 |
after a proper rescaling. ’fg ggggg :
(typically Q=15=valid at 10 12c:<x<c)N‘E 10,0008 |
a,, b, come from Remez algorithm. =, -0.001 |
[M. A. Clark and A. D. Kennedy, -0.0012 ¢
https://github.com/mikeaclark/AlgRemez] 00014 2 02 (BTN 1 1o
So = Sp+ Sy — log|det.Z| :
|det.#| = (det2)/? ~ /dFdF exp ( F o 12F) ~ /dFdF* —Spr
Q —
Spg =|agF " F + ZakF*(@-l-bk)_lF, (where 2 = ///T;///)
k=1

F: bosonic N4,-dim vector (called pseudofermion)
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Hot spot (most time-consuming part) of RHMC:
=>SOIVing (@+bk)Xk =F (k — 132:'” aQ)
by conjugate gradient (CG) method.

Multiplication - Xy =
1S a very sparse matrix. No need to build .~ explicitly.
=CPU cost is O(N3) per CG iteration

The required CG iteration time depends on T.
(while direct calculation of.# -1 costs O(N®).)

Multimass CG solver: [B. Jegerlehner, hep-1at/9612014 |

Solve (2 + by)xr = F only for the smallest b,
=The rest can be obtained as a byproduct,

which saves O(Q) CPU cosit.
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Conjugate Gradient (CG) method
lterative algorithm to solve the linear equation Ax=Db
(A: symmetric, positive-definite n X n matrix)

Initial config. xo =0 ro=b—AXy Py =1T0
(for brevity, no preconditioning on X, here)

(f’k,l’k)
(PksApi)

Xir1 = Xp+ OPr Try1 =Tk — OGAPr o =
(rk+lark+l)

Pit1 = Tit+1 + Pk
i (rkark)
| - : (Tht15 Tkt 1) _4
terate this until < (tolerance) ~ 10
(ro,Tro)

The approximate answer of Ax=b Is x=x,;.
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