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Difficulties in simulating complex partition functions.

/= /Q’z‘ﬁle}’(p(—SO-|-ll_‘)j ZO — /dAe_SU

Sign problem:

il
The reweighting (¢) = $2¢ 1

(e)o

<*>, = (V.E.V. for the phase-quenched partition function Z,)

requires configs. exp[O(N?)]

Various methods to address the sign problem:

(Complex Langevin Method (CLM), factorization method,
Lefschetz-thimble method...)

In the following, we discuss CLM.
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type IIB matrix model model (a.k.a. IKKT model)
= Promising candidate for nonperturbative string theory

[N. Ishibashi, H. Kawali, Y. Kitazawa and A. Tsuchiya, hep-th/9612115]

2= [andye-rs

Sb — —Ztr[AujAv] ) Sf Ntl‘l]_fa(l_'“

Euclidean case after Wick rotation A;—IA p,[—-il"
= Path integral is finite without cutoff.

[W. Krauth, H. Nicolai and M. Staudacher, hep-th/9803117, P. Austing and J.F. Wheater, hep-th/0103059]

A, W, =N XN Hermitian traceless matrices{
=120, of 1’2, -,-,16 (D =10)

-Originally defined in D=10 (y: Majonara-Weyl)

We consider the simplified D=6 case as well

(w: Weyl, not Majorana dy—dydy)
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- Result of Gaussian Expansion Method (GEM)

[T.Aoyama, J.Nishimura, and T.Okubo, arXiv:1007.0883. J.Nishimura, T.Okubo and F.Sugino, arXiv:1108.1293]

SSB SO(6)—S0O(3) (In D=10, too, SO(10)—S0O(3))
Dynamical compactification to 3-dim spacetime.

1
A(Ay > -+ > Ap) : eigenvalues of Ty = Ntr(AuAv)
(Au) 0.30 (u=1,2,3)
PU= S0 () T 0035 (=456 o) AXiv:1007.0883 (D6)
M T )
E<A 5>=17
Shrunken | <A, s>=0.2
€ == =3} pydim | +ooow T

Extended d dim.
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Z = / dAde " ( / dl[fe_Sf) — / dA e
——
\——— e—{Sb—log(detfPfJé’ )}

_ =det/Pf.#/ =|det/Pf./ |e!! _
-Integrating out y yields det.# in D=6 (Pf.# in D=10)

-det/Pf .#'s complex phase contributes to the
Spontaneous Symmetry Breaking (SSB) of SO(D).

No SSB with the phase-quenched 1s

. . 141 D=10
partition function. il
[J. Ambjorn, K.N. Anagnostopoulos, W. Bietenholz, T. Hotta 11
and J. Nishimura, hep-th/0003208,0005147, ACC’
K.N. Anagnostopoulos, T. Azuma, J.Nishimura < 08 o
arXiv:1306.6135, 1509.05079] 06 r L : :
e )

04 ri—a o, §

Zy = f dAe " = [ dAe 0 |det/Pf.A | 0.2 | M e
xS — 0 0.05 0.1 0.156 0.2

1/N
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Complex Langevin Method (CLM)

= Solve the complex version of the Langevin equation.
[Parisi, Phys.Lett. 131B (1983) 393, Klauder, Phys.Rev. A29 (1984) 2036]

d(Ap)ij | IS

My ij (1
drift term
as | 9S oM O _ I (D=6—det#)
IAw)ji| I(Ap)ji _CdTr<3(Au)j£% ) B { 3 (D=10—PLA)

*A, : Hermitian—general complex traceless matrices.

"N, Hermitian-matrix white noise obeying the
probability distribution (_ U Lm0 dt)
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CLM does not work when it encounters these problems:

(1) Excursion problem: A Is too far from Hermitian
=>Gauge Cooling minimizes the Hermitian norm

. ’r 2 [K. Nagata, J. Nishimura and S. Shimasaki,
i Z trl(A W) arxivi1604.07717]

A, : Hermitian—general complex traceless matrices.
=We make use of this extra symmetry:

After each step of discretized Langevin equation,

Ay —gAug!, g=e*", H=— Z[AH,AT
u 1
a: real parameter, such that .4 is minimized.
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(2) Singular drift problem:
The drift term dS/d(A ); diverges due to./# 's
near-zero eigenvalues.

We trust CLM when the distribution p(u) of the drift norm

”Jl 3|0 Tfalls exponentially as p(u)oce?.
e dAu)iil K. Nagata, J. Nishimura and S. Shimasaki, arXiv:1606.07627]

u=1i,j=1

Look at the drift term = Get the drift of CLM!!
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Mass deformation I[Y. Ito and J. Nishimura, arXiv:1609.04501]

. D
-SO(D) symmetry breaking term AS, = SNe }. mytr(Ay)’
u=1

Order parameters for SSB of SO(D): A, =Re { %tr(A,u)z}

- Fermionic mass term:

,

I's (D=06)
T3l (D= 10)
Avoids the singular eigenvalue distribution of _Z.
This breaks SO(6)—S0O(5) (SO(10)—SO(7) )
We study the SSB of the remaining symmetry.
Extrapolation (i) N—e =(ii)e—0 = (iii) m—0.

SETSUNAN UNIVERSITY

ASy = Nmftl‘(l,l_fa’}’aﬁ l[fﬁ) s Y=<
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4. Result for D=6
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The effect of adding these mass terms

(£.m)=(0.00,0.00)

(€,m)=(0.25,0.00)

Scattering plots of
the eigenvalues of
the 4(N2-1) x 4(N2-1)
matrix . for
D=6, N=24.

AS, narrows the
eigenvalue
distribution.

AS; shifts the
eigenvalues, to
evade the origin.
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AS;, = %Ns )l:): mute(4,)>  ASt = Nmstr(Wo (I'p) ap W) (D=6)
= m,=(0.5, 0.5, 1, 2, 4, 8)

I & & | 98 - iotri '
u= J v L Llsay| S distribution p(u) (log-log)
Ju‘_ L=
10’ ' ' ' — 10’ —n
@ reject —=vus ol /7 \ £20.050
AR £=0.150 10 / /i A\ £=0.075
100t RN £=0200 1 £=0.100
, ,{ 400" 107 | [ i =0.300
= 107 ‘ . I i £=0.350
= i 3 2 I
T & 5 |/
H [ 4, m:=0.90
1o | | 1 faster than 103 /i
f : 4 | exponential R / N | G
165 | L %} 104 ¢ fﬁ | faster than
' . | !
/6 ' S N 24 mf_o 65 | exponential
2 4 20 30 4050  10° —
25 35 4
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4. Result for D=6

Ne Y mar(an?  ASt = Nmetr(Wo(T) op W) (D = 6)

AS, =

u=1 m =(0.5,

(1) N—-<o limit for fixed (g,m)

14 ¢

1
0.8

06
04 1
02 ||

(¢,m7)=(0.25,0.65)

| I(< 7\,1>+<;}Q>)/2 e
TN w1 <)z>
| (l) N_)OO <>

(e,m)=(0.25,0.65) I -

N=40_

Nz48  N=32 N=24

i
i
vl
vl
\
N7

/O 0.01 002 003 004 005 0.06 0.07

1/N

(Aw)em; atlarge N

12
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0.5, 1, 2, 4, 8)

(€,m)—(0,0) extrapolation
for finite N

=We cannot observe
SSB of SO(D).
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1 D 2 . 14 N
ASy = oNe Y mur(An)? ASp = Nmitt(Wo(In)ap Wp) (D = 6)
. u=1 m, =(0.5, 0.5, 1, 2, 4, 8) (;Lp,)em
(i) e—>0 after N— pu(e m) = f
0.2 ===z . . — 0.4 V= 1<;LV)8 s
i e w (o1 +p2)2 mf_l 40
! Q//,@/‘\- _____ 0.35 ¢ p3 .
e 7L & s0(6)—SO(5)
S A == s ¥ ol
S 016 R ; Beg | e 5
N £ 03| le—8—F 4
£ 014 P S bl
& (p1 +p2)/2 %ﬁ & |
0.12 pP3 O.‘lI IJL,ﬁ .
| g: mf_looo T 0.05\\ : /" TR S——e—a-5 & 5. 4
”y s = NO SSB of SO(6) o'l . ,
. 0 0.05 0.1 0.15 0 0 0.05 0.1 0.15 0.2 0.25

"my— . Y decousples from A, and reduces to the bosonic IKKT.
The bosonic IKKT S, does not break SO(D).

[T. Hotta, J. Nishimura and A. Tsuchiya, hep-th/9811220]

-The SSB of SO(D) is not an artifact of e—0 but a physical effect.
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AS;, = %Ns )l:): mute(4,)>  ASt = Nmstr(Wo (I'p) ap W) (D=6)
u=1 m,=(0.5, 0.5, 1, 2, 4, 8)

A
(") 8_)0 after N—>°° Pu(8 mf) ( M)Smf
04' ‘ 0.5 v 1<)'V)8mf
035 o2 - m=1.00 "l ez - m=0.65
09, T p3 _ s
. 50(6)*50(4)\-\9;- " SO(6)—S0(3)
S Y = i ) i PS il
§ 0.2,,5\\‘_ 06 %/@/@/E/.//’.‘/J/ g Oﬂé \ p W
I [ v :
A £ 0:2303)
‘g 0115 I P oi.z B
0. 13 9.227(13)
0:;‘05 ;Ifg‘mww——cr—@—@ ”T:R‘ —S9oeo8oc006000004
. ol oot
L0 005 0.1 015 02 025 "0 0.1 0.2 0.3 0.4 05
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AS;, = %Ns )l:): mute(4,)>  ASt = Nmstr(Wo (I'p) ap W) (D=6)
p=1 m =(0.5,0.5, 1, 2, 4, 8)
(i) m—0 after e—-0

""" SO().-SO(4) SO(B) su=gis={ toss (sosse @9

GERRELEES N (Ay) 0.035 (u=4,5,6)
0.35 " ": - Il P A .
™ 0. 338(6) i (p1 +PZ)/ % o3 l'. (p1 +p2 +p3)/3 e
0.3 M. 5L 0.3~ (P4 * p5 + pe)/3
0250 | G-\ \\99(48) g o2s || (P1TPEL )/3 0. 333(19)
w ! > e L e
E gl P g, ! ey 2t
& 0'2; 0061(32) 5 6
- 01 | o.1'g-' e
s P - (0,+5*P/3=0.046(3)
T 0.055(5)
9 00 BB BE W 55 6D G 8F &
0 0.5 1 15 2

nf
mf

(dotted line: m.—0 limit fixed to GEM results)
SSB SO(6) — at most SO(3) Consistent with GEM.



5. Resultfor D=10 , 050512488888 1

10
ASy = N& Z mytr(Ay)?

AS; = Nmftr(ufa(zrgr rm)aﬁwﬁ) pu (e, mr) =

SETSUDAI

(A’j.t >8 Jmyg

Yyl

N 128 64 48 32 hlstogram of fermionic drift {: “ai%
i u=1,2 O\ mEL00 N=32f
< +111m=1.00, €=0.325 ~ all fgé{er thani: 54
i WO oemenial i
all “~<.. H=3 RN
II _l!—— N ~ 0.001 } _ \ £ =06
i ~LI= | Wil ' BSe
o‘\.U:8,é9j.Q 7k| .i iJ=U,-‘- P 0.0001 uf' J 10w Z Z 0, .
0.005 001 J N o0z 0025 003 0035 - 16 L7 18 19 2 21 22 23 24 23
0.35 ——0 \\\0.4
(u) c—0 after N—>oo mf-l 00 SO(lO)—>SO(3)
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1 = " 25 | 1 ) : l|
Q_a.z - . ﬁ- £ Iy
. Q.. - : !
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10

AS; = Nmgtr (q‘fa(irgrgrm)aﬁ wﬁ) (NO as,=n5 Y mua,)?  term)
u=1

e,

GEM result for m>0 at 3 loop pulE,me) = 15y
solutions of SO(4) and SO(6) ansatz |

_ ; SO(7) in éO(S) ansatlz

| Favors lower symmetry
1 at smaller m..

free energy

® o®© A N O N »
| D R . V|
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Dynamical compactification of the spacetime

In the Euclidean type 1IB matrix model.
"Complex Langevin Method" =trend of SO(D)—S0O(3).

Future works
Application of CLM to other cases

Lorentzian version of the type |IB matrix model

generalization to Gross-Witten-Wadia model
Sg = N (atrU + btrU T) [P. Basu, K. Jaswin and A. Joseph, arXiv:1802.10381]

supersymmetric guantum mechanics

[A. Joseph and A. Kumar, arXiv:1908.04153]
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Example [G. Aars, arxiv:1512.05145]

S(x) = %(aﬂb)xz, (@beR, a>0) S(X) is complex for real x.
5 2 Complexify to z=x+ly.
—N— 2 2
S(z) = —O'Z = ;(a-l—ib) (x+iy)* = alx 5 ) + ibxy, 3—5 =o0z=(a+ib)(x+iy)

Complex Langevin equation for this action

d
x(t) = —Re (%z) +n(t) = (—ax+by)+n(tr) y(t)=-Im ((i) (—ay — bx)

The real white noise satisfies {om (1 Fr ()
exp(—1
<Tl (tl)n( )) 25(“ o tz) )= [ Pnexp (=5 [n2(t)dt)

SETSUNAN UNIVERSITY
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Solution of the Langevin equation
t
x(t) =e ™ [x(0) cosbt—l—y(O) sin bt] + / n(s)e =% cos[b(r — s)]ds

—A(1)
¥(t) = e~ [y(0) cos bt — x(0) sinbt] — n ~all=5) sin[b(t — s)]ds

)y = tgrfm(xz(:)> =IETm{e-zafA(t)z+2e—afA(:) /O t (n(s)) e~ cos[b(r — s)]ds
—0 =0
-|-// "(ZI_S_SI)cos[b(t—S)]cos[b(t—s’)]dsds’}
=28(s— s)
) b o a—s 2a% + b?
= IETOO{Z/O el )cosz[b(t—s)]}dsz 2a(a2_|-_|-b2)
b* . =b
Slmllarly (¥ ) 2a(a + b2)’ (xy) = 2(a2 + b2)
. . 2 2 2 : a—ib 1
77) =(x°) — + 21 == = —
This replicates () = (") — (") +2i0w) = —7——5 =
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Fokker-Planck equation

JdP d
15;- E{; Re

backup: example of CLM
dS

(az)+

=ax— by
P(x,y) = Nexp (—ch2 — By2 - Zyxy) = Nexp (—ﬁ (y + —

_7Tp where L' =

Ansatz for its static solution:

0= P=L"P=[(2a—2a)+x" (4a* —2ac —2by) +y* (4y* + 2by—2apB)
N——_—— ~ ~ v - ~ 2
=0—a=0 =0—y=a?/b =0—B=a(1+2a%/b?)

Foo 2 AL

: tce " dt |
Usin J e — — (A >0) we have
J Tpmeatar T Y
2 L2 12)
(2 = JJx"P(x,y)dxdy 1 ia(a”+b7)
J[P(x,y)dxdy 2 i 2a*+b?

21
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