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Zg — /dUe_Sg, where S, = N“(tI.U_l_trUT) U ="Pexp (i]ﬂ. th(t)).
Static diagonal gauge: A(r) = %diag(al,az,--- o), (o <) u, = e
1 Eigenvalue distribution oar: unit circle
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K (Jua) = i - 1
d2<|u,|>/du? is discontinuous at pu=1/2 P M=

Gross-Witten-Wadia (GWW) third-order phase transition

[D.J. Gross and E. Witten, Phys. Rev. D21 (1980) 446, S.R. Wadia, Phys. Lett. B93 (1980) 403]
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Partial deconfinement
[M. Hanada, G. Ishiki and H. Watanabe, arXiv:1812.05494, 1911.11465]

Mixture of M "a;'s " in the deconfinement phase and
(N-M) "a;'s " In the confinement phase

N-—-—M M
P(9) = —5 pconﬁne(e) +— Pdeconfine(0)
N me NN
=1/2n
. . N
“partially” deconfined 1 A
p plO) =D (00 —ar) A
Hagedorn b=t EH
transition transutmn V
F ‘ ‘_\ completely
. . . deconfined
: ‘ ‘ m confined 7
confined “cr::-mple-tely,,r deconfined O T, T, T

[Quoted from arXiv:1911.11465]
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2. BFSS model

Finite-temperature matrix quantum mechanics

with a chemical potential
S =5, + 5+ S, where (u=1,2,....D, =1/T)

s —Nfﬁt LY 0021 ¥ )X 01 ba
b— 0 r 2M=1 1A 4 ul\l ), Ay

w,v=1
DX, (1) = 0e X, (2 @[A(t)aXu(t)]

Sg= N/ tr{ Z Vo (t) Dy Wa(t) — : E Vo (1) (Tw) an [ Xu (1), Wn(f)]}

H= 1%0”7:‘1

3
q = Npu(trU + tr UT) U = Pexp (s/ At )df)
o 0

*Bosonic (S=S,+S,): D=2 3 4 5..
*Fermionic(S= Sb+Sf+Sg) (D,p)= (3 2),(5,4),(9,16)

(For D=9, the fermion is Majorana-Weyl ( Y—WV )

In the following, we focus on D=3.)

A
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2. BFSS model 5

A(T), X (1), P(t) : NxN Hermltlal( = )3)

Boundary conditions: A+ 5) = A1), X.(t+8) = X,(t) ¢+ p)=—v(t)
Static diagonal gauge:

1

At) = Ediag(aljoﬂgj 0 QN ) —1Tr é o < T
N

= Add the gauge-fixing term S, =- > log

. 1 ' S nog, k‘l:l‘kil
Under thlS gauge Uy, = FH.U” = %2( i

Supersymmetry for S=S,+S; (u=0), broken at p#O0.

X — (]

sin

Non-lattice simulation for SUSY case
(Iattlce regularization for the bosonic case)

A-1 AL

_ 2 =kl .
U H c‘w 1‘ Lkl . U T t 1kl Jdwrt
X, E X o (t) = E o e o () = E U

r—— A1 r— Al
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Previous works for p=0 (without S)

Bosonlc (S Sy) SUSY (S Sb+Sf)
! T 1.00
: T =5 e B = A
-—"‘{’_“‘ -
08 “1<'de-confinement
Iﬁ
1# 0.90
A 06
o A
= _ =
V 04 f ] v |
confinemerjt Ne16 o 080 |
02 | I N=32 +a— - N=8, \=2 =
:" m%l leading ———— mﬂi ﬁfj e
o *“@f@*ﬁl T next-leading e
% 4 o 25 30 0.70 ———— | — =
' ' 0.0 1.0 2.0 3.0 4.0 5.0
finite-N effect O(l/N) T
[Quoted for D=9 from N. Kawahara, J. Nishimura [Quoted for D=9 from K.N. Anagnostopoulos, M. Hanada,
and S. Takeuchi, arXiv:0706.3517] J. Nishimura and S. Takeuchi, arXiv:0707.4454]

Confinement-deconfinement <|u,|>= a, exp(-a,/T)
phase transition at T=T
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3. Result of the BFSS model

First-order phase transition at D= 20 for bosonic y=0 (S=S,)

[T. Azuma, T. Morita and S. Takeuchi, arXiv:1403.7764]

Susceptibility x = N*{(|u1]?)

p=1 at critical temperature T,

= suggests first-order phase transition.
[M. Fukugita, H. Mino, M. Okawa and A. Ukawa, Phys. Rev. Lett.65, 816 (1990)]

= ()}

7
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= yVF+c (V=N?)

0.8 r 60 30 ‘ :
D2N24% ‘D=2 N=24 —o— D=2 —e—
o L D=2« D= 2@ SR
il a0 8885 T a0 ] 20 | D=15 —a—
! I & B © D=20 -~ S
04 ﬁ@f{gé%@ | =30} 4* 1 3175 = 15 |
o D ot 0| o, 0 |at critical temperature T,
0.2 j A & | 10 & o 51 ,,.1;3'::'::'_::'_:;;{“
$ 'T 1.3175 - BREE T first“order up to D=20
0228 130 132 134 136 138 140 128 130 152 134 135 138 140 0 200 400 600 800 1000
T T NZ (V)
D 2 3 9 15 20
T, 1.3175 1.0975 0.901 0.884 0.884
P 1.05(3) 1.00(1) 1.01(4) 1.12(14) 0.92(9)




3. Result of the BFSS model 8

First-order phase transition at D= 20 for bosonic y=0 (S=S,)
[T. Azuma, T. Morita and S. Takeuchi, arXiv:1403.7764]

Density dlstrlbutlon of |u | at T=T,
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3. Result of the BFSS model

<|ut]>

<|L|1|>

Result of D=3, N=16,

9
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after large-/\ extrapolation:

Gapped<

'Ungapped

|Possible phase
itransitions at
' (M., T,) where

<|u,|>=0.5,

<ﬂ\
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Result of D=3, N=16, after Iarge/\extrapolatlon

History of &= / di X, (1)
at A\=3

f‘ sty No instabllity in the typical
2 | =0.00, T=0.10—— f '
t =0.20, T=0.10" """ (IJ’T) reg|0n.
11 p=000,T=025— _
1=0.20, T=0.25"~"""
. 1=0.00, T=1.00" . .
0 1000 2000 3000 4000 5000 6000 7000
sweep
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3. Result of the BFSS model 11
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Bosonic model without fermion S=S,+S

: : 9
[T. Azuma, P. Basu and S.R. Wadia, arXiv:0710.5873]
1 ‘ . . . .

05 T T
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Bosonic model without fermion S=S,+5,
[T. Azuma, P. Basu and S.R. Wadia, arXiv:0710.5873]

Results of D=3 (D=2,6,9 cases are similar)
Critical points (Y., T,) at <|u,|>=1/2

At (U¢, T¢), d<|uy,|>/du and d<|u, ,|>/dT are not smooth
(d°<|uy ,|>/dp? and d?<|u, ,|>/dT# are discontinuous)

= suggests third-order phase transition.
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3. Result of the BFSS model

When p=0, at the critical point T_,=1.1,

there Is a first-order phase transition at small D.

[T. Azuma, T. Morita and S. Takeuchi, arXiv:1403.7764]

2 =N{(lu]) = (w1 )"} = WP + ¢ (V=N

7
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3

<

p=1 = suggests first-order phase transition.
0

13
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u, |0.00 0.004 0.01
T.  |1.095 1.085 1.070
Sdp [114@  [0943)  Jo.42(10)
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Phase diagram for D=2,3,6,9 (boson) and D=3(fermion) .
Some phase transitions at (J. ,T.) where <|u,[>=0.5

I D=2,boson =
1.2 [ o D=3, D=3 SUSY, u=0:
,,L D=6’
1 & D=9, <|u;|>=a, exp(-a,/T)
L e =3,f — —
= g: — a,=1.03(1), a,=0.19(1)
- =<|u,|>=0.5 at T=0.28.
0.4 [M. Hanada, S. Matsuura, J. Nishimura and
0.2 [ | D. Robles-Llana, arXiv:1012.2913]
0 ‘ . o s A, .
0 01 o 04-.05 o6  H=0:<[u>=0.5at
IR TC:1.39><O.52-3020.28
Fitting of the D [12(boson) | 3(boson) 6(66§an). 3(fermion)
critical point by |a [1.36(12) |1.01(15) |0.91(9) 09~~~ 1.39(72)
_ b — _w"‘“‘mm—.'—'-‘--—'-—__-~ "—-T_-- 1
T.=a(0.5-p)P. |b dUB56) |0.34(7) |0.25(4) ~ 12 30(59)
______________________ - S ———
O<b<1: convex upward b>1: convex downward
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Generalization of the Gross-Witten-Wadia (GWW) model
Sy = N(attU + btrtU 1) V(n) = A=)

B
U= Zexp (i/o A(r)dt) =V(n)V(n,— 1)V(n, —2)---V(1)

U : N XN unitary matrix
a,b are not necessarily the same or real=sign problem

Solve this model by Complex Langevin Method (CLM).

Lattice regularization of the temporal direction:
t=0, (At), 2(At), ..., (n-1)(At), n(At)=p

Invariant under the gauge transformation
A(t) = g(A@) g +ig(1)ag™ (1) = V(n) = gln+ 1)V(n)g™" (n)

SETSUNAN UNIVERSITY



4. CLM of the (a,b)-model 16
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Complex Langevin Method (CLM)

= Solve the complex version of the Langevin equation.
[Parisi, Phys.Lett. 131B (1983) 393, Klauder, Phys.Rev. A29 (1984) 2036]

The action S(x) is complex for real x.

X(t) Is complexified as x=>z=x+ly

(S(z) i1s holomorphic by analytic continuation)

2 () =

drift term

‘N, real white noise obeying exp (_1/17’? t dr)

Probability distribution P(x.y:1) = <H6(xk A (0))8 (v — y,E")(t))>
n

_JPn-exp (=g [ ni()dr) _ _
(- )n = f@nexp(—%i}nf(t)dt) (M ()M (12))n = 2010 (11 — 12)
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P(Xx,y;t) satisfies %—f =L'P
When the boundary term vanishes
[ @rtxete)dsay = [ flx)(LT gry))dxdy

- aik{Re(3;)+%} aik{lm(ﬁzi)}

b= { Re(gjc)-l_aaxk}aik { Im(ji)}ain
To justify the CLM, does the foIIowmg actually hold?
/6”? x+iy) P(x,y;t)dxdy = /ﬁ (x;1)dx

holomorphic 77

dp(x;t) 9 (9S 9 - g
or dx;, (axk i 33%) pxr) = ptlme—mdep.(x) 25 (2

~




4. CLM of the (a,b)-model 18

At t=0, we choose P(x,y;t =0) = p(x;t =0)5(y)

Time evolution at t>0: we define an observable O(z;t)
9 ( d dS\ 0
575 = azk"azk) 92

O(zt) [initial condition &(z;1 = 0) = £(z)]

-

=L

_ 0 79 o\ a 0%t =0) = O)
Setting y=0, 5 0x)= <8xk - 8xk) 5, 75 [ ot s = [ oL st

S(z) is holomorphic = O(z;t) remains holomorphic.

=L

_ (_ as\  d | df(z) EN df(2)
Lf(z) = <\ Re(&zk)+@} > +{_Im(9zk)} rm
=d/dz  =df(z)/dz =id f(z)/dzk
dS d ] d .
2)s (5 i‘(a—)u } e =L
holomorph <k k) O%k

SETSUNAN UNIVERSITY



4. CLM of the (a,b)-model 19
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Interpolating function F(z,7) zfdxdyﬁ (x+iy; T)P(x, ¥ — T)

JF(t,7) A0 (x+iy;T)
ot N /dxdy{ o1

= /dxdy(iﬁ’(x+ iy;T))P(x,y;t — T)'— /dxdyﬁ(x+iy;T)LTP(x,y;t — 1)
lntegratlon =0

by part' /dxdy{L L)O(x+iy; ’c)} (x,y;it—17)=0

o Integration by part
S|m||ar|y, /dxﬁ (x:7)p(x; ’_T) ) =0 w.rt. real x only.

P(x,y;t —7)+ O(x+iy; ﬂép(xafc Tl}

.—G(t,r)
=0(z) I_eL 6 (x+iy)| =p(x=0)8()
~ - lf—’k
/ﬁ(x—i—iy;t—O) (xytdxdy/Iﬁx+zyt]nyt—0dxdy /ﬁxt dx /ﬁxt—
~F(10) —F (1) —G(14) ~G(10)

1. Is the integration by part w.r.t. (x,y) justified?
2. Is ¢*o(z) well-defined at large t? 2250 _ 1o = o - do



4. CLM of the (a,b)-model 20

1. Integration by part is justified when P(x,y;t) damps rapidly
*in the Imaginary direction

-around the singularity of the drift term

[G. Aarts, F.A. James, E. Seiler and O. Stamatescu, arXiv:1101.3270,
K. Nagata, J. Nishimura and S. Shimasaki, arXiv:1508.02377]

N +oo ™
2. /dxdy{eTLﬁ(z)}P(x,y;t) — /dxdy{L”ﬁ( ) }P(x,y;1)

This series should have a flnlte convergence radius

=Probabillity of the drift term should fall exponentially.
[K. Nagata, J. Nishimura and S. Shimasaki, arXiv:1606.07627]

Look at the drift term = Get the drift of CLM!!

H
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Discretized Complex Langevin equation for unitary matrices:
(henceforth, [ is the fictitious Langevin time)

V(n,l+ (Al)) —exp( Z?L ( (Al) X ya(V(n,l))J +\/(Al)na(n,l)>)V(n,l) where

o

=L S[ei%aV (n)]]a—0
(ﬂa(n, l)na’ (n,a ll)) — 26aa’611’ 6nn’a G = N2 — 1 (SU(N))

A2 ;. basis of SU(N) Lie algebra tr(A4;) =6 (a,b=1,2,---,9)
Vo(V(n,l)) = iNatr(AV(n,)V(n—1,1)---V(1,)V(n:,0)---V(n+1,1))
— iNbtr(AV Y+ 1,0 -V i, )V, D) -V, D))

Drift norm u, = \ m;; Va(V(n, 1))

SETSUNAN UNIVERSITY
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Excursion problem: V(n) gets too far from unitary
Gauge cooling minimizes the unitary norm

Ny

My =) a[V(n)Vi(n)+ V=1 (n)(V™(n)" —2E]
n=1

ny

- ;u- (VT ) HE=V()'V()}] {E-V)V () }V(n)] .

e

=W =[(V-1(n)){E=V(n)'V(n)}|'=WT"

N, =0 (the equality holds only if V is unitary).

Gauge transformation after each step of discretized Langevin equation
(yy: real parameter such that N,, is minimized)

V(n) = eWHV(H-H)V(n)e—WHV (n)

Hy(n) = % A4 {2tr7L“{—V(n —Win-D)+VinyVmn) + V' in-1))vIin-1) - V—l(n)(v—l(n))*}} :
a=1

p . -

Ve

=G4(n)
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_ (B
(a’b)_mode| Sg = N(atrU + btrU 1) U= Zexp (1/0 A(t)dt) =V(n)V(n, —1)V(n,—2)---vV(1)
0 X« ‘ ‘ ‘ ‘ 2 ‘ . . .
oz | L | s U'seigenvales
04 @ 5 \\ 1 L S 0o
: © 0.5 | P
0.6 | |3 1
I .
08 : 05 o
4 N=16, T=2.0, b=2a, SU(N) 1 D
<wU> s 15| N=16, T=2.0 a=0.5, b=1.0
qp Y= - ‘ ‘ , LSU(N) _ (M(eig.)=1)
: 0.1 0-2 0.3 0.4 0-5 -2 -1.5 -1 -05 0 0.5 1 15 2
a
10° [ 4=0.10, 6=0.20 _ | | | 1P | e e10°
a=0.20, b=0.40 Gl dt=10?
16t | a=0.30, b=0.60 10 dt=1010
a=0.50, b=1.00 — 1 : : :
[ 10 drift norm histogram with
10 I [ 0*t  static diagonal gauge
| — : 7
10" | histogram SU(N) . 10% | (dt=Langevin step size)
fall faster than exp. L 10% |
102 . | o | a=0.35, b=0.2, N=64
. ”“‘\JMEEW(”"”" - _|_power law -
10 0.2 0.4 0.6 0.8 1 12 10 2 10 50 100 5001000 5000

u
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We have studied the matrix quantum mechanics
with a chemical potential S, = Ny(trU + trUT)

-bosonic model = GWW-type third-order phase transition
(except for very small u)

-phase diagram of the bosonic/fermionic model

Future works:

Use of Complex Langevin Method for sign problem:
-Generalization to S, = N(atrU + btrU")

[P. Basu, K. Jaswin and A. Joseph arXiv:1802.10381]

supersymmetric guantum mechanics
[A. Joseph and A. Kumar, arXiv:1908.04153]

SETSUNAN UNIVERSITY



backup: example of the sign problem 25

Example: S(z) = g(a? — )2 = g( 2 —1)+i (—px)

Gaussian action (g kagaku2023/1 p14] ———" _15m)

- =ReS(x)
large B=>mimics large DOF(~V)
< 2> \i"elzwl/lg\lllvtlrrfg Fesf e—ReS(m)e—iImS(:c)QdeI ol fe—ReS(a:)d:U
i — , — _
(e_ﬂms(w))reweighting fe—ReS(a:)e—zImS(m dr = f e—ReS(z)

+o00 +o0 +o9 +0oo
= (/ mzewme%ﬁ(xz_l)dx:/ e%ﬁ(mg_l)daj) = (/ eiﬁme%ﬁ(:ﬂz—l)dw:/ e_TB(xz_l)darj

oo
J ~ J ~ S

.
-~ ~

—(R— 27 — 27
=(8=1-1)\/ % =PV F

(e—iImS(afJ) 72

-
"

"

—eB/2, /20

:\/% 5
highly oscillatory at large 3
(BTN = 1)e™82 numenic (871 —1)e™#/2 £ 0(1/y/Neonsg.)

-/

e—B/2 - 6_6/2 io(l/\/Nconﬁg.)

(Standard deviation of <=5 — ZX ) > O( Njonﬁg_)

Necessary config.: |Nconfig. =
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Example: - S() = g(a? —§)? = g( *—1)+i (—fBz)
Gaussian action (g kagaku2023/1 p14] ——" 15m)

' Imz —ReS(x)

BRI highly
| ' 1 \oscillatory

+OO 03 _IB 2—0.1 f 0.1 0.2 + a. . _6 i
Contour—: (z*) = / r2etPe= @Dy | = / BTz (=" 1) g,
Contour—: X—z=u+i (-~<u<+<«) No oscillation

(z?) = (/;Oo(u + i)QeZB“2du) o (/;OO 626“2du)

Cauchy's theorem=both are equivalent

O Rez
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Example [G. Aars, arxiv:1512.05145]

S(x) = %(aﬂb)xz, (@beR, a>0) S(X) is complex for real x.
5 2 Complexify to z=x+ly.
—N— 2 2
S(z) = —O'Z = ;(a-l—ib) (x+iy)* = alx 5 ) + ibxy, 3—5 =o0z=(a+ib)(x+iy)

Complex Langevin equation for this action

d
x(t) = —Re (%z) +n(t) = (—ax+by)+n(tr) y(t)=-Im ((i) (—ay — bx)

The real white noise satisfies {om (1 Fr ()
exp(—1
<Tl (tl)n( )) 25(“ o tz) )= [ Pnexp (=5 [n2(t)dt)

SETSUNAN UNIVERSITY
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Solution of the Langevin equation
t
x(t) =e ™ [x(0) cosbt—l—y(O) sin bt] + / n(s)e =% cos[b(r — s)]ds

—A(1)
¥(t) = e~ [y(0) cos bt — x(0) sinbt] — n ~all=5) sin[b(t — s)]ds

)y = tgrfm(xz(:)> =IETm{e-zafA(t)z+2e—afA(:) /O t (n(s)) e~ cos[b(r — s)]ds
—0 =0
-|-// "(ZI_S_SI)cos[b(t—S)]cos[b(t—s’)]dsds’}
=28(s— s)
) b o a—s 2a% + b?
= IETOO{Z/O el )cosz[b(t—s)]}dsz 2a(a2_|-_|-b2)
b* . =b
Slmllarly (¥ ) 2a(a + b2)’ (xy) = 2(a2 + b2)
. . 2 2 2 : a—ib 1
77) =(x°) — + 21 == = —
This replicates () = (") — (") +2i0w) = —7——5 =

SETSUNAN UNIVERSITY



Fokker-Planck equation

JdP d
15;- E{; Re

backup: example of CLM
dS

(az)+

=ax— by
P(x,y) = Nexp (—ch2 — By2 - Zyxy) = Nexp (—ﬁ (y + —

_7Tp where L' =

Ansatz for its static solution:

0= P=L"P=[(2a—2a)+x" (4a* —2ac —2by) +y* (4y* + 2by—2apB)
N——_—— ~ ~ v - ~ 2
=0—a=0 =0—y=a?/b =0—B=a(1+2a%/b?)

Foo 2 AL

: tce " dt |
Usin J e — — (A >0) we have
J Tpmeatar T Y
2 L2 12)
(2 = JJx"P(x,y)dxdy 1 ia(a”+b7)
J[P(x,y)dxdy 2 i 2a*+b?

29
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Simulation via Rational Hybrid Monte Carlo (RHMC)
algorithm. [Chap 6,7 of B.Ydri, arXiv:1506.02567, for a review]

We exploit the rational approximation 002

0
—1/2 Ak N 0
y B a0+,;1 X+ by %“5 -0.0002 |
after a proper rescaling. s ggggg :
(typically Q=15=valid at 10 1ZC<X<C)N'§ 10,0008 |
a,, b, come from Remez algorithm. =, -0.001 |
[M. A. Clark and A. D. Kennedy, -0.0012 ¢
https://github.com/mikeaclark/AlgRemez] 00014 2 02 (BTN 1 1o
So = Sp+ Sy — log|det.Z| :
|det.#| = (det2)/? ~ /dFdF exp ( F o 12F) ~ /dFdF* —Spr
Q —
Spg =|agF " F + ZakF*(@-l-bk)_lF, (where 2 = ///T;///)
k=1

F: bosonic Ny-dim vector (called pseudofermion)
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Hot spot (most time-consuming part) of RHMC:
=>SOIVing (@+bk)Xk =F (k — 132:'” aQ)
by conjugate gradient (CG) method.

Multiplication . X =
1S a very sparse matrix. No need to build .z explicitly.
=CPU cost is O(N3) per CG iteration

The required CG iteration time depends on T.
(while direct calculation of.# -1 costs O(N®).)

Multimass CG solver: [B. Jegerlehner, hep-1at/9612014 |

Solve (2 + by)xr = F only for the smallest b,
=The rest can be obtained as a byproduct,

which saves O(Q) CPU cost.

SETSUNAN UNIVERSITY
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Conjugate Gradient (CG) method
Iterative algorithm to solve the linear equation Ax=Db
(A: symmetric, positive-definite n X n matrix)

Initial config. xo =0 ro=b—AXy Py =1r0
(for brevity, no preconditioning on X, here)

(f’k,l’k)
(PksApi)

Xir1 = Xp+ OPr Try1 =Tk — OGAPr o =
(rk+lark+l)

Pit1 = Tit+1 + Pk
i (rkark)
| - - (Tht15 Tkt 1) _4
terate this until < (tolerance) ~ 10
(ro,Tro)

The approximate answer of AX=Db IS X=X, .

SETSUNAN UNIVERSITY



