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1 Introduction

Matrix models as a constructive definition of superstring theory'

IKKT model (IIB matrix model)

= Promising candidate for the constructive definition of superstring theory.
Ishibashi, Kawai, Kitazawa and Tsuchiya, hep-th/9612115.

1 1
S=N <—Ztr Ay AP + S tra(Tu)apl Ay, qu]) :

e A, (10d vector) and v, (10d Majorana-Weyl spinor) = IN X N matrices .

e Fuclidean model after Wick rotation = SO(10) rotational symmetry.

Path integral is finite without cutoff.
W. Krauth, H. Nicolai and M. Staudacher, hep-th/9803117, P. Austing and J.F. Wheater hep-th/0103159.

e Recent observation from Gaussian Expansion Method (GEM):
J. Nishimura, T. Okubo and F. Sugino, arXiv:1108.1293.

Rotational symmetry breaking SO(10) — SO(3).



Monte Carlo studies of the rotational symmetry breaking in dimensionally reduced matrix models , Aug. 16th 2012 16:00 ~ 17:00

N _
e After integrating out fermion, /dz,be_sf = PfM, where S; = ?tr Va(Tp)aplAps V5],
(M) aaps = —ifabc(CI‘u)agAz = (16(N? — 1) x 16(IN? — 1)matrix).

For the Euclidean model, this Pfaffian is complex in general.

* Crucial for rotational symmetry breaking.
Nishimura and Vernizzi, hep-th/0003223.

* Difficulty of Monte Carlo simulation.
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2 Gaussian toy model

We want to understand the rotational symmetry breaking in the Euclidean IKKT model.

Toy model with similarity to the Euclidean IKKT model.
Nishimura, hep-th/0108070.

N _

Y —5
=5y

» I'o = 02 = )
10

e A,: N X N hermitian matrices (u =1,--- ,4)
P!, N-dim vector (¢ = 1,2, f =1,--+- , Ny = (number of flavors))
= CPU cost is O(IN?) (instead of O(IN®) in the IKKT model)

e SO(4) rotational symmetry:.

e No supersymmetry.
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e Partition function:
Z = / dAe %8 (det D)7 = / dAe %0e", where

Az + 1Ay A — 1A, .
D=T,A, = = (2N X 2N matrices),
A +1A; —Az + 1Ay

Phase-quenched partition function
Zy = / dAe 0 = / dAe °B| det D|N7.
det D becomes complex conjugate under
AP = A,(n=1,2,3), Ay = —A,.

In general, det D is complex, while det D is real when A, = 0.
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Monte Carlo simulation of the phase-quenched model'

Simulation of the partition function Z;, with the phase omitted.

1
Observable for probing dimensionality : 7}, = Ntr (ALAL).
An (N =1,2,3,4) : eigenvalues of T},, (A1 = A2 = A3 = \y)

3 T T T T T 45
= 4+ A
2.5 B ////// T //ED////
/EL////// 3 . 5 r ////////
2 | _— 1 3t L
o ///’E// ,,,,, T g; 777777777 o N ///////// [UUURPRIRRRS
AC 15 "gé//g/z @ N AC 2.5 /E////E 777777777 I T,
3 5§ ol
n=1 ——=— v 1t n=1 —=s— - v
05 F nN=2 o v n=2 e .
n=3 0.5 r n=3 .
n=4 [ At} n:4 b
O I I I I O I I I I o
0 0.05 0.1 0.15 0.2 0.25 0.3 0 0.05 0.1 0.15 0.2 0.25 0.3
1/N 1/N

Results for » = 1 (left) and » = 2 (right).

(/\1)0—..-:(/\4)0—>1—|—g (as N — o),

(x)o = ( V.E.V. for the phase-quenched model Z).

The effect of the phase is crucial for the spontaneous rotational symmetry breaking.
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Gaussian expansion analysis up to 9th order:
Okubo, Nishimura and Sugino, hep-th/0412194.

4
4 35 +
35 3
3 25 Lo e e e ..................................................................................................... |
25 r A 5 /
A2 n1 5 n=1.2,3
1.5 '1 M ,
1 0.5 -
0.5 ; 0 i
0 0 0.5 1 1.5 2
0 0.5 1 1.5 2 .
SO(2) an;atz SO(3) ansatz
~ An An
Results for r =1 (A, = = -):
e SO(2) ansatz: (A1) = (A2) = 1.4, (As) = 0.7, (A4) = 0.5.
e SO(3) ansatz: (A;) = (A2) = (A3) = 1.17, (A4) = 0.5.
LN 0.69 (SO(2) ansatz)
e No constant volume property : H (An) ~ # 1.
n—1 0.79 (SO(3) ansatz)
e Comparison of free energy: Fso2) = —1.8 < Fgo(3) = —1.5 = SO(2) vacuum is favored.

: Ny
Spontaneous breakdown of SO(4) to SO(2) at finite r | = ~ )
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3 Single-variable factorization method

Difficulty in simulating complex-action systems:

e Sign problem: Standard reweighting method:
<)‘ > B <Anei1‘>0 B <Anei1‘>0
" (eiT)q (eiT)q

(Number of configurations required) ~ e

, where (x)o = ( V.E.V. for the phase-quenched model Z).

O(N?%).

e Overlap problem: Discrepancy of a distribution function between the phase-quenched

model Z,; and the full model Z.. _
\ |m£ortant for important for

px) p(X)
phase-quenched full model

////

Y
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Factorization method: An approach to overcome the overlap problem in Monte Carlo simula-

tion.

K. N. Anagnostopoulos and J. Nishimura, hep-th/0108041,
J. Ambjorn, K. N. Anagnostopoulos, J. Nishimura and J. J. M. Verbaarschot, hep-lat/0208025.

Factorization property of the distribution function

()\n det An/(An)o: deviation from 1 = effect of the phase)

reweiihting (5($ - Xn)eir>0

pu(z) € (5(z — X))

(e,
1 . 5(x — Ay)e'r
— — X (5(z — An))o X (@ = An)e’ o
<ez >0 <6(33 - An))O
1 - —S0§(x — Ap)eTdA —S0§(x — A\,)dA
— . X <5(33 o )‘n)>0 X fe (33 )6 = fe (33 )
(et} [ e~SodA [ e~SodA
1 - [ e 58 (x — Xn)eiFdA 1
= . X (0(x — A\,))o X - — 0O (2)w,,(x
— —pn)(w) h N
:% =wnp ()

where

C = (e")o, p(o)(w) = (0(z — S‘n)>07 wp () = <eir>n,w9
(¥)n,z = [V.E.V. for the partition function Z, , = /dAe_SO(S(a: — )]
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In fact, w,(z) = (1), = (cosT), . in our model.

Under parity transformation A = A,,(n =1,2,3), A = —-A, =
e Partition function Z is complex conjugate.
e However, the action Sy is invariant — C = (e1')y = (cosT),
® )\, (eigenvalues of T),, = Ntr A, A,) are also invariant — w,(x) = G

Simulation of partition function Z, , = x is trapped at S\n.
The system visits the configurations important for full partition function Z.

Resolution of overlap problem.

(cosT')p -

10
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In practice, we approximate the partition function Z,, , by
Zpyv = /dAe_SOe_V()‘”), where V() = %(w — ¢&)?, ~,¢ = (parameters).

Monte Carlo evaluation of p(%(z) and w,(z):

Py () Z (3(z — X))y x pO(@) exp(—V ((An)oz))-

The position of the peak x, for the distribution function p, v(x):

0 def

0
O pm— alog pn,V(w) — f?go)(w) — <An>ovl(<An>Ow), Where f”gl())(w) < alog plflo)(w)_

e Determination of z,: p, y(x) has a sharp peak for large ~

= x, is approximated as x, ~ (S\n)n,v.

e Determination of p((z): Vary &, and calculate f\")(z,) for different z,.

Then, evaluate p!”(z) = exp {/ dzf9(z) + const.}.
0

11
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[Monte Carlo evaluation of (5\”)|

wy(x) > 0 = (A\,) is the minimum of F,(z):

1
Fn(x) = (free energy density) = “N? log pn(x).
We solve F/ (x) = 0, namely i_f(o)(az) = _a {ilog'w (:I;)}
g ’ N2 dr | N? "

Both ilo w,(x) and if(o)(w) scale at large IN as
~7z 108 wn ~z/n g

1 1
3 log wn(z) = B,(), = fO(x) = F,(x)

o & ) bw, (X)

fi (X) p i (X)

[

12
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[Behavior of @n(w)j

1
Asymptotic behavior of ®,(x) = Nz log w,(x) at € < 1 and > 1.

When we fix the n-th largest eigenvalue —

er kK1 (n=2,3,4): (5 — n) directions are shrunk
= (n — 1)-dimensional configuration

er>1(n=1,2,3): (4 —n) directions are shrunk

= n-dimensional configuration

Fermion determinant det D is complex conjugate under

AP = A, (n=1,2,3), A = —A,

n

Q4 =(d-dim. configuration such that A, = A;, > = --- Ay = 0 after a certain SO(4) rotation)
3-dimensional configuration {23 = Fermion determinant is real.

J. Nishimura and G. Vernizzi, hep-th/0003223.
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For d-dimensional configuration (2,
o"r
047 - OAT;

=0forn=1,---,3—d

(Up to (3 — d)-order perturbation = configuration € (2;)

Expected power behaviors:

Cnox’ "+ (K 1,n = 2,3,4)

P, (x) x
D e (x> 1,n =1,2,3)

. 1
(*) = has the order of the eigenvalues of T}, = ﬁtr (ALAL).

14
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(Simulation for r = 1)
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Double-peak structure of p,(x) for n = 2,3

d
Three solutions of o log pn(x) =0 ( x5 <
x

Which peak is higher?
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Summary of the result for » = 1:

n T T A, |[SO(2) (GEM) SO(3) (GEM)
— | 2.14(1) | - 1.4 1.17
21 0.49(1)| 1.317(1) | 0.33(2) 1.4 1.17
N——
S0(2)
30.62(2) | 1.11(2) | 0.11(4) 0.7 1.17
S0(2) SO(3)
4)071(5)| - - 0.5 0.5
N——
S0(3)

16

o (A1) > (X2) > 1> (X)) — SO(4) rotational symmetry breaking due to the effect of phase

(it is subtle whether Aj is positive or negative).

® (\;) ~ 2.14(1) is far from (A)ggm ~ 1.4 — still remaining overlap problem.

wi(x) comes from the configuration (A;) > 1 > (A3) > (A3) > (Ay) —

w1 (x) is underestimated.
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4 Multi-variable factorization method

Still remaining overlap problem (e.g. (A,—1)).

We constrain the observables ¥ = {Oy|k = 1,2,--- ,n}.
Oy

<0k>0,
where (.- )o=(V.E.V. for the phase-quenched partition function Zj).

Observables are normalized as O, =

Generalized distribution function p(zq,--- ,x,) = < H O(xy — @k)> factorizes as

k=1

@n)eir>0

def ° ~ reweightin <Hn: 6(33 -
plar - swn) = ([] ey — On)) ™ETE EREE
k= e )o

1

(ITh_, 6(we — Or)eMg

X <H d(x — Op))o X

>4

ATz 0z = O

(ew}

— _p(O)(wl’... ,ajn)w(ajl’--- ,a’;n), where

C

P(O)(wla te ,:Bn) - < H 5(wk¢ - @"’)>0’ w(wl’ T ’wn) — <eir>w1,°",
k=1

(*+* )2y, .x, = V.E.V. for partition function Z,, ... ,, = /dAe—SO H 6 (xy — @k)

=¢ —p<0><w1, ) =@

17
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Evaluation of the observables (Oy):
Peak of the distribution function p(xy,--- , ;)

= solution of the saddle-point equation

d d
d 1ng(0)(331,... awn) — logw(wla”' 933?1)
L dwkz

Set of observables in Gaussian toy model:

e Single-variable factorization method: ¥ = {O; = A\, } for n = 1,2, 3,4 separately.

e Multi-variable factorization method: ¥ = {0} = A\¢|k = 1,2, 3,4} simultaneously.

Partition function to simulate:

4
Zzy,wz,w3,04 = /dA e H d(zr — Ak),
k=1

Distribution function:

4
p(wlaw%w?n 334) = < H 5(33147 — S\kz)>°
k=1

18
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SO(3) Vacuuml

Solutions which satisfy ©1 = 2 = 3 > 1 > x4.

Result of Gaussian Expansion Method: (A;) = (X;) = (X3) = 1.17, (Ay) = 0.5 (r = 1).

Minimum of the free energy density F(x)

0 0
’ — T A ’ — Ly ’ h
5 Cpso(g)( y)=-3 Cws0(3)(w y) ((=wz,y), where

Pso(s)(i"3 y) = p(z,z,z,y) ,

'wSO(3)(w7 y) = w(z,x,T,y)

19
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{Calculatlon of (An—3) at r =1

Calculation of (\,_3) for fixed ( n=4) = 0.5.

(0) 0

fso(g),m(wv y) = _5@80(3)(377 Y),

1
where fi0); . (z,y) = 5 108 PSo (3 (T5 ) and Bsogs(z,y) = ~z 108 Wso() (% ¥)-

Scaling behavior of the phase:

(I>so(3)(a: y = 0. 5) ~ —dix ' + dyx”

0 : : 7 0.6 -

, N=16 — = —
) N=32
g 04 T N=64 o -
>€ '005 g Ag*ﬁ:;\é‘ (d/dX) ¢SO(3)(X 0 5) R
s X 02t R,
> % G
™ Lo
2 .01 g 0 o
U) 8 = ‘N‘\A“ 7 P
9 - %?)7
5 < 0.2 e EAA\::@
L, -0.15 z
=~ ~— |
A 0.4 %0
_0.2 o | | | | -06 . . . . . | | I‘:Q
0 2 4 6 8 10 12 14 16 05 06 07 08 09 1 11 12 13 14

X

X
Numerical Result: (\,_3) = 1.151(2), (GEM result (\,_3)geym = 1.17).

20
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{Calculatlon of (An—y) at r =1
Calculation of (X,— 4) for fixed (A,—3) = 1.17.

0
(O) (x =1.17,y) = —a—y‘I’so@)(fB = 1.17,y),

S0(3) Yy
0
where £, (z,y) = 5y %8 Psos) (> Y)-
Pgo(s)(x = 1.17,y) suffers finite-INV effect at y = 0.50 =
Calculate ®gq(3)(z,y = 0.45), Pgo(3)(x,y = 0.50), and Pgo(s)(z,y = 0.55) at x = 1.17,

done in calculating (A,—3)

0
and obtain —a—<I>SO(3)(a: = 1.17,y).
x

-0.12 : : : 0.6
'013 B ”\;.? 05 L
= -0.14 =
G| 2 04l e
>
= -0.15 ¢ P
= 5 03¢
e 016 0
g 017} ::\ 0271 N=16 — = |
Z N=32 -
-0.18 | S 01y N=64 ]
0.19 | | | 0 - (dldy) g5y (1.17y) ——
0.4 0.45 0.5 0.55 0.6 04 045 05 055 06 065 0.7

Numerical Result: (\,_;) = 0. 59(2) (GEM result (\,_s)cem = 0. 50)
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SO(2) Vacuuml

Solutions which satisfy €1 = x> > 1 > x3 > x4.

Result of Gaussian Expansion Method: (A\;.) = 1.4, (As) = 0.7, (Ay) = 0.5 (r = 1).

Minimum of the free energy density F(x)

0 0
8CPSO(2)( 'Yy 2) = —8—Cw50(2)(w,y, z) ((=x,y,z), where
pSO(z)(w y,z) = p'(z,2,y,2) ,

'wSO(Z)(wv Y, z) — w(:c, LY, z)

22
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{Calculatlon of ( n—2) at r = 1|

Calculation of( nez) for fixed (A,—3) = 0.7 and (A,—4) = 0.5.

)
gm(%y_07p_mn_—géwm@w_o7z_om,

o 1
where fs()(z) (T, y,2) = Oz log pso(z)(wa Y, z) and (I)SO(Z)(wa Y,2) = N2 log 'wSO(Z)(e’I3 Y, 2).
Scaling behavior of the phase:

Pso2) (T, y = 0.7,z = 0.5) ~ —dix”? + dyx~

) ° 04 N=16 — =

L 00z & L N2

~-0.04 ¢ < (d/dX)Pgop) (x,0.7,05)

=3 ' Ba

L -0.06 | Z —

< 008 | 8 0

~ . 8 Py

; '01 r @ 8 %“‘;:‘.;

3 = 02}

— 012} 2

S o014y | N5 - oal

0 2 4 6 8 10 12 14 16 07 08 09 1 11 12 13 14 15

X X

Numerical Result: (:\nzz) = 1.373(2), (GEM result (:\nZQ)GEM = 1.4).
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{Calculatlon of (An—3) at r =1

Calculation of( nes) for fixed (A —2) = 1.4 and (A\,—4) = 0.5 .

where fSO(z) y(a:, Y,z) =

8
£O . (z = 1.4, Y,2=0.5) = ——-&
y

SO(2),y

0
8—y log pso(z)(wa Y, Z)

Aug. 16th 2012 16:00 ~ 17:00

so@)(z =1.4,y,z = 0.5),

Calculate ®gg(2)(z = 1.4,y = 0.65,z = 0.5), Pgo(2)(z = 1.4,y = 0.7,z = 0.5), and

done in calculating (A,—2)

0
Pgo(2)(x = 1.4,y = 0.75,z = 0.5), and obtain _8_(1)80(2)(33 =1.4,y,z = 0.5).
Yy

Dgo(z) (1.4.y,0.5)

- y - y
Numerical Result: (\,—3) = 0.649(4), (GEM result (\,—3)cenm = 0.7).

-0.13

-0.14 ¢

-0.15

-0.16

-0.17 ¢

-0.18

0.6 0.65 0.7 0.75

(WN?) 1905, (1.4.y,0.5)

-0.1
-0.2
-0.3

0.6
05 ¢

0.4 "“E;E (d/dy)(Dso(z)(l 4y,05) 1

03} “u

'N=16 =

N=32 ]

N 64 """ Leoo--nd

0.2 r hﬁﬁ
0.1t g
0t

Ag
=
N

05 06 0.7 0.8 09

1 11 12 13 14

24
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{Calculatlon of ( n—4) at r = 1|

Calculation of( nes) for fixed (A\,—2) = 1.4 and (\,—3) = 0.7 .

0

s((()))(z), (x =1.4,y = 0.7, z)——a—@so(z)(w—lél ,y = 0.7,2),

0
where fso(z) z(wv Y,2) = 92 log ps()(z)(a3 Y, 2)-
Calculate ®gg2)(z = 1.4,y = 0.7,z = 0.45), Pgo(2)(z = 1.4,y = 0.7,z = 0.50), and

done in calculating (A,—2)

0
Pgo(2)(x = 1.4,y = 0.7,z = 0.55), and obtain —a—<I>so(2)(a: = 1.4,y = 0.7, 2).
z

-0.12 0.6 ———
0.13 N s
-0.13 ¢ N \
=~ S 0.5
N - r <t
. 0.14 3 o4l
q: '015 B N ) ‘A‘:\L‘EA‘_@,
d @ 0.3 ¢ ‘A‘*E'@s,,ig
S 016 3 S
3 017 | < 02 N=16 -
o < N=32 -
-0.18 | £ 0.1r¢ N=64 -~ - ]
= - (d/dz)® 1.4,0.7,z
019 | | | 0 (d/dz)®g05)( 2) —
0.4 0.45 0.5 0.55 0.6 04 045 05 055 06 065 0.7

Y4
Numerical Result: (\,,—4) = 0.551(2), (GEM result (\,—4)cenm = 0.50).



Summary of the result for » = 1:
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ansatz SO(3) SO(2)

method | single-obs. | multi-obs. | GEM | single-obs. | multi-obs. | GEM
(A1) — — 1.17 — — 1.4
(X2) — — 1.17 | 1.317(1) 1.373(2) | 1.4
(Xs) | 1.11(2) | 1.151(2) | 1.17 |  0.62(2) 0.649(4) | 0.7
(Xs) | 0.71(5) | 0.59(2) | 0.5 |not available| 0.551(2) | 0.5

26
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[Comparison of the free energy]

1
We evaluate A = —Fg5o(3) + Fsoz) = N2 {log p(Zs0(3)) — P(Eso(2)) }-
e A <0 = SO(2) vacuum dominates. @A > 0 = SO(3) vacuum dominates.
o Fs0(3 = (X, X', X',Y'), X' ~1.17, Y'~0.5.
Fsoe = (X, X,Y,2Z), X ~1.4, Y ~0.7, Z=0.5.

This 1s rewritten as

Tso(3) 1
A = Ps03)(X,Y') = Ps0r)(X, Y, Z) + [ dzj-— N2 8, -log p© (1, @, T3, 24) = +0.060(4) > 0, where
~—0.160(3) ~—0.155(1) o) - _
—E~0.065
[1.4 o M1
== . szSO(Z),y(1'47y? 0.5)dy /117 szSO(S),w(

Systematic errors of ®go(s)( ’) and ®go2)(X,Y,Z) =
It is difficult to determine A’s si
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[Is there any more overlap problem?|

Observables to constrain: ¥ = {O, = A¢|k = 1,2, 3,4}. Is this enough?

Partition function Zp = /dAe_S°5(az — 0) H O(Ln — Ap)

n=1

(here we constrain ¥ = {O, Ay, -+ , A\s}).

Peak of the distribution function p(zy, z2, 3, 24, ) = (§(z — O) H S(xr — Ar))-
k=1
po(r) =p(X =14,X =1.4,Y =0.7,Z = 0.5,x) (with xy,--- , x4 fixed at GEM results).

d 1 d 1
Saddle-point equation: T N? log po)(w) = ———logwp(x), where
x

) dx N2
p(Q (w) — <5(w - O)>X5XaYaZ
(VEV of partition function Zx xy 7 = / dAe™55(X — X1)0(X — X2)d(Y — X3)0(Z — A4).)
wo(x) = (e "F) (VEV of partition function Zp with x; = 2 = X, x5 =Y, x4 = Z).

Do the peaks of po)(w) and pp(x) match?
1

We consider O = ——tr[A,, A,]°.
N
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Simulation with X, fixed at GEM result of SO(2) ansatz
(A12) = 1.4, (A3) = 0.7, (A\g) = 0.5 (r = 1).
wo(x) - 1 as ¢ — 0.

([Ay, Ay] — 0 as £ — 0 = diagonal configurations become dominant.
For A, = diag(al(jll), .o ,aLN)), we have det D =[], <Zi:1(aff))2> > 0.)

Asymptotic behavior: Nz log wo(x) = —cn,owz + cn,1w2'5 + .
(0) d (0)
e Peak of p,,’(z): Solution of ﬁd_ log p’ () = 0 = = ~ 0.92.
Peak of po(x): Solution of — a4 O () L 4, (z) = 0.85(3)
e Peak o x): Solution o 0 r) = ————logwe(x x ~ 0. .
pPo N2 do g Po N2 do g Wo

Systematic error is around 10% = there is only a small overlap problem left.

3

0 r—==——
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5 Conclusion

Monte Carlo simulation of the toy model with similarity to the Euclidean IKKT model.

Factorization method to overcome ”overlap problem”.

e Phase of the fermion determinant =- crucial for rotational symmetry breaking.

e VEV’s (\,) = consistent with the GEM.

[Future problems)

Monte Carlo Simulation of the IKKT model Anagnostopoulos, T. A. and Nishimura, in progress

Effect of supersymmetry on dynamical generation of spacetime.

Application of factorization method to wider range of science.
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