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Difficulties in simulating complex partition functions.

/= /Q’z‘ﬁle}’(p(—SO-|-ll_‘)j ZO — /dAe_SU

Sign problem:

il
The reweighting (¢) = $2¢ 1

(e)o

<*>, = (V.E.V. for the phase-quenched partition function Z,)

requires configs. exp[O(N?)]

Various methods to address the sign problem:

(Complex Langevin Method (CLM), factorization method,
Lefschetz-thimble method...)

In the following, we discuss CLM.
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type IIB matrix model model (a.k.a. IKKT model)
= Promising candidate for nonperturbative strlng theor

[N. Ishibashi, H. Kawali, Y. Kitazawa and A. Tsuchiya,

2= [andye-s

p-th/9612115

Sb — —Ztr[AujAv] ) Sf Ntl‘l]_fa(l_'“

Euclidean case after Wick rotation A;—IA p,[—-il"
= Path integral is finite without cutoff.

[W. Krauth, H. Nicolai and M. Staudacher, hep-th/9803117, P. Austing and J.F. Wheater, hep-th/0103059]

A, W, =N XN Hermitian traceless matrices{
=120, of 1’2, -,-,16 (D =10)

-Originally defined in D=10 (y: Majonara-Weyl)

We consider the simplified D=6 case as well

(w: Weyl, not Majorana dy—dydy)
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- Matrix regularization of the type IIB string action:
1 .

s = [0 { Va3 - J0T (X)) 4 BVE |

—i[X,Y] & {X,Y} = ieabaaxabn tr ¢ / d*c.\/3.

V8

*Eigenvalues of A, : spacetime coordinate=_4"=2 SUSY

s\ =5t 1s? 5P =isV—5) where

[ 6.7, Sf?'],g u = —2i8%e(€Ty)E, 8,7, ng’i:']w =0, (a,b= 1,:].}
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- Result of Gaussian Expansion Method (GEM)

[T.Aoyama, J.Nishimura, and T.Okubo, arXiv:1007.0883. J.Nishimura, T.Okubo and F.Sugino, arXiv:1108.1293]

SSB SO(6)—S0O(3) (In D=10, too, SO(10)—S0O(3))
Dynamical compactification to 3-dim spacetime.

1
A(Ay > -+ > Ap) : eigenvalues of Ty = Ntr(AuAv)
(Au) 0.30 (u=1,2,3)
PU= S0 () T 0035 (=456 o) AXiv:1007.0883 (D6)
M T )
E<A 5>=17
Shrunken | <A, s>=0.2
€ == =3} pydim | +ooow T

Extended d dim.
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7 — / dAde=Sb ( / dl[fe_Sf) - / dA oS
~~

\——— e—{Sb—log(detfPfJé’ )}
_ =det/Pf.#/ =|det/Pf./ |e!! _
-Integrating out y yields det.# in D=6 (Pf.# in D=10)
-det/Pf .#'s complex phase contributes to the

Spontaneous Symmetry Breaking (SSB) of SO(D).

Under the parity transformation A= —A,,

det/PfM iIs complex conjugate

= det/PfM is real for Ay=0 (hence (D-1)-dim config.).
_ . amr

For the d-dim config, IA, A,

The phase Is more stationary for lower d.

[J. Nishimura and G. Vernizzi hep-th/0003223]

=0 (m=1,2,...,(D-1)-d)
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No SSB with the phase-quenched partition function.
Zo = f dAe=0 = / dAe=S|det/Pl.at|  <*>=V.E.V. for Z,

[J. Ambjorn, K.N. Anagnostopoulos, W. Bietenholz, T. Hotta and J. Nishimura, hep-th/0003208,0005147,
K.N. Anagnostopoulos, T. Azuma, J.Nishimura arXiv:1306.6135, 1509.05079]

25 - - - 16 .
D=6 14 D=10
| 1.2 |
I = ' 06 |
05 5 N 1 04 2

: 0.2 |

0 : : : - S 0 I | e T
0 0.02 0.04 0.06 0.08 0.1 0 0.05 0.1 0.15 0.2

1/N 1N

2 L

(=]
A

c
<
\"

<7‘n>0

om
®

am

il
falls
olls

§ous
o041

SETSUNAN UNIVERSITY



3. Complex Langevin Method 8

Complex Langevin Method (CLM)
= Solve the complex version of the

SETSUDAI

Langevin equation.

[Parisi, Phys.Lett. 131B (1983) 393, Klauder, Phys.Rev. A29 (1984) 2036]

"Real" case
X, (t) and the action S are real (t: fictitious time)
()OS
510 = = 575 )
N——
drift term

*n,: White noise obeying the proba

exp (-1 [ niwa )

nility distribution
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Probability distribution of x(), (t)
=<l;[5(xk—x§”)(t))> where
Ui

:f9ﬂ°°°eXP( 1/ M (t)dr) { —28.8(t —
(- T omenn (1 [ (i) (M (1)1 (12))n = 20,0 (11 — 12)

This obeys the Fokker-Planck (FP) equation

oP_ 9 (35 9,
8r_8xk 8xk 8xk

Time-independent solution Prime-indep. (x) o< e~

Equivalent to the path integral.

SETSUNAN UNIVERSITY
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Putting the real Langevin equation on a computer

=discretized version —V/Arf (1)
M+ A = 2 (1) — (AN 2+ TANTI (R
X, (t+Ar) =x7 (1) — (r) e + (A1) M () \

The white noise obeys e (“Z [ t)dr) —>exp(—}1;(Ar)n§(t)

Derivation of the Fokker-Planck equation

(£ (@eran)) ~(r(x"w0)) = [ 10
= w3 +§ (Ar>2< aj2§x~(r)ﬁz(z)>n+o<<m)2>

_ of 9§ 1 I*f Integration by part
= (At){ +—< > (M (r)n (1)) }-I—O((At) )
<ax" ax"> \_\axkf_/ax[ n" — w.r.t. real x only

f-‘\

P(x;t + At) — P(x;t) )dx

depends on 1(0),--,n(t—Ar)

-
-
-
-

- af as  f\ A (9 (3 Y\,
= (At){/ (—an o + 8x,%, ) P(x,t)dx} +O((AI)2),\:/ (At){/f(x) | o, (8xk + an) P(x,t)}dx} +0((Ar)?)

SETSUNAN UNIVERSITY
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Extension to complex actions

The action S(x) is complex for real x.
X(t) Is complexified as x=z=x+ly
(S(z) i1s holomorphic by analytic continuation)

A () = — aiff) + M ()

N —
drift term

‘n,: real white noise obeying exp (“lf"f? t dt)

Probability distribution P(x.y:1) = <H6(xk (1)) 8 (v - y(’”(r))>
n

k
_f-@’? eXP( f’?k() ) _ —
(o hn = f_@nexp(—ifn,f(t)dt) (Mi(t1)Ni(12))n = 2040 (11 — 12)

SETSUNAN UNIVERSITY
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P(Xx,y;t) satisfies %—f =L'P
When the boundary term vanishes
[ @rtxete)dsay = [ flx)(LT gry))dxdy

- aik{Re(3;)+%} aik{lm(ﬁzi)}

b= { Re(gjc)-l_aaxk}aik { Im(ji)}ain
To justify the CLM, does the foIIowmg actually hold?
/6”? x+iy) P(x,y;t)dxdy = /ﬁ (x;1)dx

holomorphic 77

dp(x;t) 9 (IS . 9 -
or dx;, (axk i 33%) pxr) = ptlme—mdep.(x) 25 (2

~

—5
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At t=0, we choose P(x,y;t =0) = p(x;t =0)(y)
Time evolution at t>0: we define an observable O(z;t)

d d dS\ d . -
= 0(1) _\_( o 8zk) aij(?"(z,t) [initial condition &(z;t = 0) = O(z)]
~ =Lo
=L ”~ - Y . — —
| - ( P as) P (O(x;t =0) = O(x)]

S(z) is holomorphic = O(z;t) remains holomorphic.

_ (_ as\  d | df(z) . (9s df(2)
Lf(z) = < Re(azk)+ i)ff‘/} > +{ Im(azk)} rm
=d/dz  =df(z)/dz =id f(z)/dzk
dS d ] d .
2)s (5 i‘ (5) * 5 f B~ 10
holomorph <k k) O%k

SETSUNAN UNIVERSITY
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Interpolating function F(z,7 zfdxdyﬁ (x+iy; T)P(x,y;t — 7T)

JF(t,7) A0 (x+iy;T)
T /dXd { at

= /dxdy(Lﬁ’(x+iy;’c))P(x,y;t—’r —/dxdyﬁ (x+iy;T)L" P(x,y;t — 7)
mtegratlon =0

by part' /dxdy{L L)O(x+iy; ’c)} (x,y;it—17)=0

o Integration by part
S|m||ar|y, /dxﬁ (x:7)p(x; ’_T) VO w.r.t. real x only.

P(x,y;t — 1)+ O(x+iy; ’L'\—P(xar T‘]}

.—G(t,r)
=0(z) "=el 6 (x+iy)| =p(x1=0)3(y)
—_—
/é’(x-l—tyt 0) (xytdxdy/Iﬁx+zyt]nyt—0)dxdy /ﬁxt dx /ﬁxt—
~F(10) —F (1) ~G(14) ~G(10)

1. Is the integration by part w.r.t. (x,y) justified?
2. Is ¢*o(z) well-defined at large t? 2250 _ 1o = o - do
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1. Integration by part is justified when P(x,y;t) damps rapidly
*in the Imaginary direction

-around the singularity of the drift term

[G. Aarts, F.A. James, E. Seiler and O. Stamatescu, arXiv:1101.3270,
K. Nagata, J. Nishimura and S. Shimasaki, arXiv:1508.02377]

N +oo ™
2. /dxdy{eTLﬁ(z)}P(x,y;t) — /dxdy{L”ﬁ( ) }P(x,y;1)

This series should have a flnlte convergence radius

=Probabillity of the drift term should fall exponentially.
[K. Nagata, J. Nishimura and S. Shimasaki, arXiv:1606.07627]

Look at the drift term = Get the drift of CLM!!

H

SETSUNAN UNIVERSITY
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Complex Langevin equation for the IKKT model:
d(Ap)ij IS

+ Nyt
S 3, _CTI( o.M ///_1) Cd:{l (D=6 det.#)
A 0Aw)  \ A I (D=10-PLA)

*A, - Hermitian—general complex traceless matrices.

" : _ _ | .
‘n,: Hermitian white noise obeying = (—thrn (t)dt)

SETSUNAN UNIVERSITY
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CLM does not work when it encounters these problems:

(1) Excursion problem: A Is too far from Hermitian
=>Gauge Cooling minimizes the Hermitian norm

. ’r 2 [K. Nagata, J. Nishimura and S. Shimasaki,
i Z trl(A W) arxivi1604.07717]

A, : Hermitian—general complex traceless matrices.
=We make use of this extra symmetry:

After each step of discretized Langevin equation,

Ay —gAug!, g=e*", H=— Z[AH,AT
u 1
a: real parameter, such that .4 is minimized.

SETSUNAN UNIVERSITY
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(2) Singular drift problem:
The drift term dS/d(A ); diverges due to./# 's
near-zero eigenvalues.

We trust CLM when the distribution p(u) of the drift norm

”Jl 3|0 Tfalls exponentially as p(u)oce?.
e dAu)iil K. Nagata, J. Nishimura and S. Shimasaki, arXiv:1606.07627]

u=1i,j=1

SETSUNAN UNIVERSITY
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Mass deformation I[Y. Ito and J. Nishimura, arXiv:1609.04501]

. D
-SO(D) symmetry breaking term AS, = SNe }. mytr(Ay)’
u=1

Order parameters for SSB of SO(D): A, =Re { %tr(A,u)z}

- Fermionic mass term:

,

I's (D=06)
T3l (D= 10)
Avoids the singular eigenvalue distribution of _Z.
This breaks SO(6)—S0O(5) (SO(10)—SO(7) )
We study the SSB of the remaining symmetry.
Extrapolation (i) N—e =(ii)e—0 = (iii) m—0.

SETSUNAN UNIVERSITY

ASy = Nmftl‘(l,l_fa’}’aﬁ l[fﬁ) s Y=<




Im

Im

4. Result for D=6

20
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The effect of adding these mass terms

(£.m)=(0.00,0.00)

(€,m)=(0.25,0.00)

Scattering plots of
the eigenvalues of
the 4(N2-1) x 4(N2-1)
matrix . for
D=6, N=24.

AS, narrows the
eigenvalue
distribution.

AS; shifts the
eigenvalues, to
evade the origin.
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AS;, = %Ns )l:): mute(4,)>  ASt = Nmstr(Wo (I'p) ap W) (D=6)
= m,=(0.5, 0.5, 1, 2, 4, 8)

I & & | 98 - iotri '
u= J v L Llsay| S distribution p(u) (log-log)
Ju‘_ L=
10’ ' ' ' — 10’ —n
@ reject —=vus ol /7 \ £20.050
AR £=0.150 10 / /i A\ £=0.075
100t RN £=0200 1 £=0.100
, ,{ 400" 107 | [ i =0.300
= 107 ‘ . I i £=0.350
= i 3 2 I
T & 5 |/
H [ 4, m:=0.90
1o | | 1 faster than 103 /i
f : 4 | exponential R / N | G
165 | L %} 104 ¢ fﬁ | faster than
' . | !
/6 ' S N 24 mf_o 65 | exponential
2 4 20 30 4050  10° —
25 35 4
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4. Result for D=6

Ne Y mar(an?  ASt = Nmetr(Wo(T) op W) (D = 6)

AS, =

u=1 m =(0.5,

(1) N—-<o limit for fixed (g,m)

14 ¢

1
0.8

06
04 1
02 ||

(¢,m7)=(0.25,0.65)

| I(< 7\,1>+<;}Q>)/2 e
TN w1 <)z>
| (l) N_)OO <>

(e,m)=(0.25,0.65) I -

N=40_

Nz48  N=32 N=24

i
i
vl
vl
\
N7

/O 0.01 002 003 004 005 0.06 0.07

1/N

(Aw)em; atlarge N

22
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0.5, 1, 2, 4, 8)

(€,m)—(0,0) extrapolation
for finite N

=We cannot observe
SSB of SO(D).

SETSUNAN UNIVERSITY
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1 D 2 . 14 N
ASy = oNe Y mur(An)? ASp = Nmitt(Wo(In)ap Wp) (D = 6)
. u=1 m, =(0.5, 0.5, 1, 2, 4, 8) (;Lp,)em
(i) e—>0 after N— pu(e m) = f
0.2 ===z . . — 0.4 V= 1<;LV)8 s
i e w (o1 +p2)2 mf_l 40
! Q//,@/‘\- _____ 0.35 ¢ p3 .
e 7L & s0(6)—SO(5)
S A == s ¥ ol
S 016 R ; Beg | e 5
N £ 03| le—8—F 4
£ 014 P S bl
& (p1 +p2)/2 %ﬁ & |
0.12 pP3 O.‘lI IJL,ﬁ .
| g: mf_looo T 0.05\\ : /" TR S——e—a-5 & 5. 4
”y s = NO SSB of SO(6) o'l . ,
. 0 0.05 0.1 0.15 0 0 0.05 0.1 0.15 0.2 0.25

"my— . Y decousples from A, and reduces to the bosonic IKKT.
The bosonic IKKT S, does not break SO(D).

[T. Hotta, J. Nishimura and A. Tsuchiya, hep-th/9811220]

-The SSB of SO(D) is not an artifact of e—0 but a physical effect.
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AS;, = %Ns )l:): mute(4,)>  ASt = Nmstr(Wo (I'p) ap W) (D=6)
u=1 m,=(0.5, 0.5, 1, 2, 4, 8)

A
(") 8_)0 after N—>°° Pu(8 mf) ( M)Smf
04' ‘ 0.5 v 1<)'V)8mf
035 o2 - m=1.00 "l ez - m=0.65
09, T p3 _ s
. 50(6)*50(4)\-\9;- " SO(6)—S0(3)
S Y = i ) i PS il
§ 0.2,,5\\‘_ 06 %/@/@/E/.//’.‘/J/ g Oﬂé \ p W
I [ v :
A £ 0:2303)
‘g 0115 I P oi.z B
0. 13 9.227(13)
0:;‘05 ;Ifg‘mww——cr—@—@ ”T:R‘ —S9oeo8oc006000004
. ol oot
L0 005 0.1 015 02 025 "0 0.1 0.2 0.3 0.4 05
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AS;, = %Ns )l:): mute(4,)>  ASt = Nmstr(Wo (I'p) ap W) (D=6)
p=1 m =(0.5,0.5, 1, 2, 4, 8)
(i) m—0 after e—-0

""" SO().-SO(4) SO(B) su=gis={ toss (sosse @9

GERRELEES N (Ay) 0.035 (u=4,5,6)
0.35 " ": - Il P A .
™ 0. 338(6) i (p1 +PZ)/ % o3 l'. (p1 +p2 +p3)/3 e
0.3 M. 5L 0.3~ (P4 * p5 + pe)/3
0250 | G-\ \\99(48) g o2s || (P1TPEL )/3 0. 333(19)
w ! > e L e
E gl P g, ! ey 2t
& 0'2; 0061(32) 5 6
- 01 | o.1'g-' e
s P - (0,+5*P/3=0.046(3)
T 0.055(5)
9 00 BB BE W 55 6D G 8F &
0 0.5 1 15 2

nf
mf

(dotted line: m.—0 limit fixed to GEM results)
SSB SO(6) — at most SO(3) Consistent with GEM.



5. Resultfor D=10 , —050512488888) 2

10
ASy = N& Z mytr(Ay)?

AS; = Nmftr(ufa(zrgr rm)aﬁwﬁ) pu (e, mr) =

SETSUDAI

(A’j.t >8 Jmyg

Yyl

N= 128 64 48 32 hlstogram of fermionic drift ] c5
I o005
fh P °t NPt 00, N=s2kes
/\:If I: (|) —> 0 1 ,.f'/ ‘- \‘\ E E ggggg
~ 1im=1.00, £=0.325 N all faster than -4
VoL | A expcmentlal 1t Zoan
N : VNN F oo
I 2 0.01 [/ ' \ €& =0.550
i “~<.. H=3 RN
| _I!—— RN < 0.001 i ] \ ooeE T
ool |- ~L | ' "0 N 35 .
o‘\.u:.8/é9/iQ /ék .i iv} = U'é I 7 0.0001 Hf‘ J ION? Z Z f fr -
0.005 00 -Loﬁ d “ 002 0025 003 0035 ~ 1.6 L7 1.8 1.8 2 21 22 23 24 23
0.35 =~ 41&

(||) c—0 after N—>oo 0 mf-l 00 SO(lO)—>SO(3)
(p1+p2)/2 RSy pLTP
1 = " 25 | 1 ) : l|

Quo:t - ﬁ- I [
w Q—a.r I : : :
015k 1 : -
0.15 |
g
:|
o1 I
EH‘I_

1 Av)em



4. Result

m=(0.5,0.5,1,2,4,8.8,8,88) %

7
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10
AS; = Nmgtr (q‘fa(irgrgrm)aﬁ wﬁ) (NO as,=n5 Y mua,)?  term)
u=1

GEM result for m>0 at 3 loop

solutions of SO(4) and SO(6) ansatz

' SO(7) in SO(6) ansatz
4l SO®6) ——
SO(4) ——
2 |
>
2 9
C
(]
g -2
4
5
8

extent of space A,

N
o

N

1.5

(Au)em
Yyl (Av)em

pu(€,mf) —
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Dynamical compactification of the spacetime

In the Euclidean type 1IB matrix model.
"Complex Langevin Method" =trend of SO(D)—S0O(3).

Future works
Application of CLM to other cases

Lorentzian version of the type |IB matrix model

generalization to Gross-Witten-Wadia model
Sg — N(atrU ‘I‘ btrU ’ ) [P. Basu, K. Jaswin and A. Joseph

arXiv:1802.10381]

BFSS model S=S,+S; (D=5,9 = det/Pf M is complex)

SETSUNAN UNIVERSITY
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Example: S(z) = g(a? — )2 = g( 2 —1)+i (—px)

Gaussian action (g kagaku2023/1 p14] ———" _15m)

- =ReS(x)
large B=>mimics large DOF(~V)
< 2> \i"elzwl/lg\lllvtlrrfg Fesf e—ReS(m)e—iImS(:c)QdeI ol fe—ReS(a:)d:U
i — , — _
(e_ﬂms(w))reweighting fe—ReS(a:)e—zImS(m dr = f e—ReS(z)

+o00 +o0 +o9 +0oo
= (/ mzewme%ﬁ(xz_l)dx:/ e%ﬁ(mg_l)daj) = (/ eiﬁme%ﬁ(:ﬂz—l)dw:/ e_TB(xz_l)darj

oo
J ~ J ~ S

.
-~ ~

—(R— 27 — 27
=(8=1-1)\/ % =PV F

(e—iImS(afJ) 72

-
"

"

—eB/2, /20

:\/% 5
highly oscillatory at large 3
(BTN = 1)e™82 numenic (871 —1)e™#/2 £ 0(1/y/Neonsg.)

-/

e—B/2 - 6_6/2 io(l/\/Nconﬁg.)

(Standard deviation of <=5 — ZX ) > O( Njonﬁg_)

Necessary config.: |Nconfig. =
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Example: - S() = g(a? —§)? = g( *—1)+i (—fBz)
Gaussian action (g kagaku2023/1 p14] ——" 15m)

' Imz —ReS(x)

BRI highly
| ' 1 \oscillatory

+OO 03 _IB 2—0.1 f 0.1 0.2 + a. . _6 i
Contour—: (z*) = / r2etPe= @Dy | = / BTz (=" 1) g,
Contour—: X—z=u+i (-~<u<+<«) No oscillation

(z?) = (/;Oo(u + i)QeZB“2du) o (/;OO 626“2du)

Cauchy's theorem=both are equivalent

O Rez
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Example [G. Aars, arxiv:1512.05145]

S(x) = %(aﬂb)xz, (@beR, a>0) S(X) is complex for real x.
5 2 Complexify to z=x+ly.
—N— 2 2
S(z) = —O'Z = ;(a-l—ib) (x+iy)* = alx 5 ) + ibxy, 3—5 =o0z=(a+ib)(x+iy)

Complex Langevin equation for this action

d
x(t) = —Re (%z) +n(t) = (—ax+by)+n(tr) y(t)=-Im ((i) (—ay — bx)

The real white noise satisfies {om (1 Fr ()
exp(—1
<Tl (tl)n( )) 25(“ o tz) )= [ Pnexp (=5 [n2(t)dt)

SETSUNAN UNIVERSITY
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Solution of the Langevin equation
t
x(t) =e ™ [x(0) cosbt—l—y(O) sin bt] + / n(s)e =% cos[b(r — s)]ds

—A(1)
¥(t) = e~ [y(0) cos bt — x(0) sinbt] — n ~all=5) sin[b(t — s)]ds

)y = tgrfm(xz(:)> =IETm{e-zafA(t)z+2e—afA(:) /O t (n(s)) e~ cos[b(r — s)]ds
—0 =0
-|-// "(ZI_S_SI)cos[b(t—S)]cos[b(t—s’)]dsds’}
=28(s— s)
) b o a—s 2a% + b?
= IETOO{Z/O el )cosz[b(t—s)]}dsz 2a(a2_|-_|-b2)
b* . =b
Slmllarly (¥ ) 2a(a + b2)’ (xy) = 2(a2 + b2)
. . 2 2 2 : a—ib 1
77) =(x°) — + 21 == = —
This replicates () = (") — (") +2i0w) = —7——5 =
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Fokker-Planck equation

JdP d
15;- E{; Re

backup: example of CLM
dS

(az)+

=ax— by
P(x,y) = Nexp (—ch2 — By2 - Zyxy) = Nexp (—ﬁ (y + —

_7Tp where L' =

Ansatz for its static solution:

0= P=L"P=[(2a—2a)+x" (4a* —2ac —2by) +y* (4y* + 2by—2apB)
N——_—— ~ ~ v - ~ 2
=0—a=0 =0—y=a?/b =0—B=a(1+2a%/b?)

Foo 2 AL

: tce " dt |
Usin J e — — (A >0) we have
J Tpmeatar T Y
2 L2 12)
(2 = JJx"P(x,y)dxdy 1 ia(a”+b7)
J[P(x,y)dxdy 2 i 2a*+b?

33
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Noisy estimator: method to calculate Tr A
using Gaussian random numbers (A: n X n matrix)

X, Y Independently obey the standard normal
distribution N(O,1).

Xy + 1Y}, i} _
Ak = =><X1Xk>:5]k (]akzljza”'an)
V2

n

n
Z <% Ajedr) = Z A ji( XJ Xk) Z A0 = TrA
Jk=1 jk=1 jok=1

SETSUNAN UNIVERSITY
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fdwdl/fe Brta%) — det.t (D= 6=>p= 4) {r6 (D=6)
/ dye () by (D=10=>p= 16) TsTilo (D = 10)

St+ ASt = N {tr (W (Tw) oA, Wp]) + metr(Wo(Yop) W) |

Tracelessness of W=_/ is a p(N2-1) X p(N2-1) matrix

Myamampp = a1+ (@a— 1N+ (a—1)(N°>=1),b;+ (by— 1)N+ (B — 1)(N* — 1)) element]
= %’amza,blbzﬁ _//ZNNa,bleBSamz _///alaza,NNﬁablbg +-//ZNN0:,NNB 661102651572

ap,ar,by,by =1,2,--- N, except for (aj,a) = (N,N), (b1,b2) = (N,N) Ot,ﬁ =1,2,---,p

/ _
ajaro,b1brf — (Fu)aﬁ{(AM)azb\l 6(11,5,?2 _ (Au)bgfu agbl} +meOIﬁ 5(115?2 6a2b1 .
ay,a,b1,by = 1,2, N, including (a1,a5) = (N,N), (bl,bg) (N N) aB=1,2,p

Integrate out Y=

A\
A\
\,’ |y
\
/
X X
I\\

# In the scattering plots ,
(without altering det/Pf/// up to a constant) unit matl’lX

élaza,blbzﬁ (FH '}/ )Otﬁ {(A!J)agbz 501b1 (Aﬂ)blal agbg} + mfbo:ﬁ 5(11191 6a2b2 .
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A 1S a p(NZ-l) X p(Nz-l) Matrix (p=4 for D=6 and p=16 for D=10)

=Naively calculating Tr<ngf§__%_l) takes CPU cost O(NS).

Instead, we use the noisy estimator
X=(random number vector)

/4 o.M
T //1—1) =(x" M
r(a(Au)jf <% d(Au)ji \—v—%>

M ME =4y by conjugate gradient (CG) method.

- #".# is symmetric and positive definite.
- ./ is sparse = CPU cost O(N?) per CG iteration. y
*In solving Langevin eg., we use one noisy estimator x*a(Au)ﬂ//f‘lx

instead of the average (r555-«z)
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Conjugate Gradient (CG) method.:
Iterative algorithm to solve the linear equation Ax=Db
(A: symmetric, positive-definite n X n matrix)

Initial config. xo =0 ro=b—AXy Py =1r0
(for brevity, no preconditioning on X, here)

(f’k,l’k)
(PksApi)

Xir1 = Xp+ OPr Try1 =Tk — OGAPr o =
(rk+lark+l)

Pit1 = Tit+1 + Pk
i (rkark)
| - - (Tht15 Tkt 1) _4
terate this until < (tolerance) ~ 10
(ro,Tro)

The approximate answer of AX=Db IS X=X, .
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p(u)
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Requwed CG iteration time (D 6)
i ) N=24 —&— : N=24 —&—
:mf065ggg | €= 005535%
§1o3 i i N=48 §103’ D m \ Eﬂi N=48
e Y = l
}eject- frust " reject :F trust
E;, ;x reject}g< When we can trust CLM,
y;\\ trust|mm there is small dependence of
102 | P N y £=0500 .
ool | istbr than S CG iter. on N.
ol vi:expd)nentlal \
1 N=24, m=0.65 In total, the CPU cost for

u

v waewn T 2% 1) iS O(N3).
T(a(Au)ﬁ///) (N°)



