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1. Constructive definition of superstring theory '

A large N reduced model has been proposed as a constructive definition
(nonperturbative formulation) of the superstring theory:
N.Ishibashi, H.Kawai, Y.Kitazawa and A.Tsuchiya, hep-th/9612115.
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( where Z = /dAd¢e+S).

e Dimensional reduction of A” = 1 10-dimensional SYM theory to 0
dimension.
A, and ¢ are N x N Hermitian matrices.
* A,: 10-dimensional vectors
* 4):  10-dimensional Majorana-Weyl (i.e. 16-component)
spinors

e Matrix regularization of the Schild action of the type IIB super-
string theory.

e SU(N) gauge symmetry and SO(9,1) Lorentz symmetry
(SO(9,1) x U(N)).

e N = 2 SUSY: This theory must contain spin-2 gravitons if it con-
tains massless particles.
* homogeneous: 5&“:’1(1 = il L:,J&“z,“: = %Fab[Aa,Ab](.

* inhomogeneous: 6(52)44(1 =0, 522)1,“: =¢&.

This gives a shift of the bosonic variables for
s =51 45§52 = i(zS(l) _ 5(2)): (a,8=1,2)

[30,58714, = —2i5°7er ..

2. How can we realize the curved-space background in
terms of a large N reduced model?

The classical equation of motion of IIB matrix model:
[Auv {Alh AV]] =0.

This has only a flat non-commutative background as a classical solution.

[Ap, Av] = dcuplnxn.

There are three approaches to surmount this difficulty:

1. IIB matrix model itself is nevertheless an authentic
framework, since it effectively induces the curved-
space background by the graviton condensation.

2. We enlarge the symmetry of the matrix model so
that it may incorporate local Lorentz invariance.

3. We add a mass term so that the model has a curved-
space background from the outset.

Here, we follow the third approach, and scrutinize how the matrix
model incorporates a curved-space classical solution.

[Example] IIB matrix model with a tachyonic mass term:
Y. Kimura, Prog. Theor. Phys. 106 (2001) 445, [hep-th/0103192].
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EOM: [Ay, [Aa, Ap]] + 2A%A, = 0.

e SO(4) x U(N) symmetry.

a,b runs over 1,2, 3,4 in the Euclidean space.
e Classical solutions of compact curved spacetime:

* SO(3) fuzzy sphere:
[Ai, Aj] = iXeijn Aw (4,7, k=1,2,3), Ay =0.

* two-dimensional fuzzy torus:
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3. osp(1]32, R) supermatrix model'

We investigate a massive matrix model based on super Lie algebra
osp(1]32, R).

osp(1|32, R) was first mentioned on 11-dimensional supergravity.
E. Cremmer, B. Julia, J. Scherk Phys.Lett. B76 ,409 (1978)

This has attracted a new attention as the unified super Lie algebra
for M-theory.

The matrix model based on 0sp(1|32, R) would be a natural extension
of IIB matrix model.

0
M € osp(1]32, R) (ngMG-‘r GM =0, where G = ( r 0 > .

M = ( n} 1(/) > , where TmI'® +T%m = 0; i.e. m € sp(32),
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We add a mass term to the pure cubic action:

s = Tr [stw‘ (—3,@12 + %M[M‘ M]>:|
92

32

= T |3 E MpOMQP | — M3g? Mg
p=1
32
i Q... R . ;o Qi R L. 33
tz E Mp QR MpP) | — M35 T M%)
p=1

2 — 1 , .
= Tr |:3/1(—tr(m‘ ) +2i99) + — (mp‘?[m{ ,my Pl — 3igpP [mp9, uq])} .
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e Bach component of the 33 X 33 supermatrices is promoted to a large
N hermitian matrix.

e 0sp(1]32, R) symmetry and u(N) gauge symmetry are decoupled
(i.e. Osp(1]32, R) x U(N) symmetry).



In order to see the correspondence of the fields with [IB matrix model,
we express the bosonic 32 X 32 matrices in terms of the 10-dimensional
indices.

(Hyvs--=0,1,---,9, § = 10).
W =my, Ay, =m,,B, = m,,:.C“l,,z = My g,
Hyyooopg = Mg opgts Lpg oy = Mpq ooy -

Then, the action is decomposed as
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[cubic interactions involving (W, A, H, Z, %)].

e The rank-1 and rank-5 fields (in 11 dimensions) have a positive
mass, while the rank-2 fields are tachyonic.

A _

A Ay
DAl =Ta;...a 071 = +132x32,
L~
no sum no sum

AL A
Ta,4,T7172 = —135y30.
no sum

e The rank-1 and rank-5 fields has a stable trivial commutative clas-
sical solution:

W=A,=Hyu - py = Zpy--ps =0.

For the rank-2 tachyonic fields B, (), .., the trivial solution

By = Cuyus = 0 is unstable.

= They may incorporate an interesting stable non-commutative
solution!

4. Resolution of the equations of motion'

From now on, we set the fermions and the positive-mass-square
bosonic fields to zero:

1
S 96uTr (B“B” + 50“1“20”“‘2)
+ 32T (3OH1H2 [B", B*2] + Cpuy up [CF2 13, 0“3#1]) .

The equations of motion:
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We integrate out the rank-2 fields (in 10 dimensions) ', ., by solving
the latter equation of motions iteratively.

7i,LL_1 [Bﬂl s Byz} + iN_B[[Bul , By, [Buz 5 Bp]]
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Then, the action reduces to

S

Tr (96uB, B + 48u~ ' [Byy, By, |[B"1, BY?]
1) -

+[higher-order commutators of the order @(u~ 2K+l with k = 2,3, - - -

‘We consider the classical solution of the equation of motion
B, = —ip~'[B",C,,] with Cluq g substituted for (x).

|| Fuzzy-sphere classical solution H

1. [50(3) X SO(3) x SO(3) fuzzy spheres]

This describes a space formed by the Cartesian product of three
fuzzy spheres.
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[Bi, Bj] = ipre;jr By, Bl + B3 + B3 =p°r (i, g, k= 1,2,3)
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[By) Bm] =iprepynBn, B+ B+ Bg=p"r ,(I,m,n =4,5,6)
SN2 -1

2 2 2 2 -
[Bp. Bql = iprepgrBr, B2 + B3 4 BF = u?r L (poa.r=17,8,0)

Bg = 0,[By, By] = 0, (otherwise).

(We consider the Cartesian product of three spheres instead of a single
SO(3) fuzzy sphere

[Bi,B]-] = i/_L'r‘eijkBk (for i, 7, k= 1,2,3),
B =0 (for p=0,4,5,---,9),

because the solution By = -+ - = Bg = 0 is trivially unstable. )

2. [50(9) fuzzy sphere

Generally, the SO(2k + 1) fuzzy sphere (521c fuzzy sphere) is con-
structed by the n-fold symmetric tensor product of
(2k + 1)-dimensional gamma matrices:
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We start with the ansatz for the rank-2 fields Cpq for the SO(2k + 1)
fuzzy spheres:

Chpq _iﬂilf(T)qu-

Then, by solving the equations of motion for B, and C},,, simultaneously,
we obtain a constraint on the radius parameter r as

H Comparison of the classical energy ||

e Trivial commutative solution By = - - - Bg = 0:

EBH=0 = 75’13”:0 =0.

e SO(3) x SO(3) x SO(3) fuzzy spheres (N1, = n + 1):

164
Esops = —Ssows = 7—’%0(3)3 Tr(B.B")
= —12§°Ni(N1 — 1)(N1 +1)
~ —O0’n®) = —O(u’NY).
e SO(9) fuzzy sphere:
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where the size of the matrices B, is

_(n+1)(n+2)(n+3)%(n+4)%(n+5)%(n+ 6)(n+7)

O(nlo).
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When the size of the matrices are the same...
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