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1 Introduction

AdS/CFT correspondence: J. M. Maldacena, hep-th/9711200

duality between type IIB superstring on AdS; X S° and N = 4 4-dim SYM.

//

=)

D-brane Blackhole

\/J

We study the non-perturbative aspects of black hole physics in AdSs using the

dual gauge theory at finite temperature.
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2 Hawking-Page transition in Euclidean Quantum Gravity

Thermodynamic aspects of quantum gravity in AdS spacetime.
S. W. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983).

AdS spacetime allows two Schwarzschild blackhole solutions.

e Small black hole (SBH): Horizon radius smaller than AdS.
Negative specific heat. Unstable.

e Big black hole (BBH): horizon radius comparable to AdS. Positive specific heat.

First-order phase transition between the AdS space and the BBH.

Hawking-Page transition corresponds to a large-/N deconfinement transition in the

gauge theory at strong coupling. E. Witten, hep-th/9803131.
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Metric of the Euclidean AdS; and Schwarzschild space:

ds? = Vdt? + V ldr? + r2d2ﬂ, where
14 o, (AdS metric),

V =
14 o — M (Schwarzschild (BBH)).

e R = (curvature radius of the AdS; space).

e M = (mass of the blackhole)

167Gy

3vol(33) Gn=(3d Newton constant), vol(S?)=(volume of unit S® sphere).

® Wy —

For the Schwarzschild solution, the radius must be » > r,,

where r, = [largest solution of 1 + ;—22 — “’;f—zM = 0].

The Schwarzschild metric is smooth only if

. 27TR27°_|_
B = (period of t) = .
2r2 + R?
Maximum of the period : 8.« = % at ry = %.

Schwarzschild blackhole exists only for T > T, = - = ;/g .

/Bmax
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Bulk Euclidean action:

I ' | d° \/_(’R—l— 6)
- - T — .
167Gy g R?

Substituting the classical solution R = —

, we obtain I = .+ | d°z./g.

8
ﬁ 27I'GN '

I+ = [difference for (Schwarzschild (BBH))-(AdSs; metric)]

1 ol(S3) R?r3 — r3
= (Va—vy) = YOS 2 T
27TGN SGN 2T_2’_—|—R2

Vi (Vz) = [regularized volume of AdS;5 (Schwarzschild) space].

[Hawking-Page transition]

3

Critical point exists at r, = R, where I3 =0 = 8 = ?, T =5 5

o TyH(= %) < T < T: saddle point for AdS dominates.

e T < T: saddle point for Schwarzschild (BBH) dominates.

Small black hole (SBH) = instanton for tunneling between AdS to BBH.
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3 Effective action at finite temperature

Phenomenological matrix model for string theory in AdS;x S° at finite temperature.
B = %: period of the Euclidean time.
Yang-Mills partition function on S® at temperature T

= integral over a U(IN) matrices U.

Z(\T) = / dUe%" V) where U = P exp <z /(;B Adt) .

A(t) : zero mode of the time component of the gauge field in S3.

Gauge invariance : U only contributes as tr U".

e Zn symmetry: U — Ue?™/N,

Generic components of the action Seg:

trU™tr U™ -« -tr U™, where ny + ny + -+ + ni = 0(modN).

In general, we consider the action
1
Ser = S(z), where ¢ = ﬁtr UtrU', S(zx) is convex (1Y), S’(x) is concave ([1]).
For simplicity, we focus on the truncated action

, b
Z(a,b) = / dU exp (atr UtrUT + ﬁ(tr Utr UT)2> , (b>0).
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4 Large-IN phase structure of the universality class

We introduce new parameters as

N N%(pu — a)?
Z(a,b) = 2%’/:’0 du exp (— (ljlb @) )exp(,utr UtrU")
N oo N?*(p —a)®\ N? L ( N32g? )
— d — dggexp | ———— + N°F
5 ;ﬁiﬁﬂo /Lexp< I ) 2u"% g9 exp | == =~ (9)]

where exp(N?F(g)) = /dU exp(%(tr U + trUY)).

Large-N expansion of the function F'(g): D. J. Gross and E. Witten, Phys. Rev. D 21 (1980) 446.

2

F(g) = Tt (g < 1 or g imaginary)
g—logg—3+---, (g>1).

Vacuum expectation value of the Polyakov loop:

' ! oOF st (g <1 or g imaginary)
p1(g) = N(tr U), = N(u- Uthy, = o= 2 1 )
g 1—5,+-5 (g>1).
Third-order phase transition at g = 1 in the large-N limit.

(F(g), F'(g), F"(g) are continuous, but F'"’(g) is discontinuous, at g = 1).
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d N
+oo A
Z(a,b) = 4\/—/ [ dgg exp(—N?V (p,g)) = 2\/—/ dpexp(—N?Q(u)), wh
(1) — 4 (i;u)v p <0,
Vin,g) = 1§ (2) “4,;" o, p>0,0<g<1,
| (3) 7+@—g+%logg+§, p>0,g>1.
(u— a)’
= —F
Q(w) i (1),
0 — Llog(l—p)+--- <1 1
F(p) = wN2 lg( IJJ) ’ , H T w = |1 - _.
w+§10g(1—w)+0(1/N ) p>1, H

F(p) has a first-order discontinuity at pu = 1.
(F(w) is continuous, but F'(u) is discontinuous, at u = 1).

[Large-N expansion for the general model S(w)j

For general action S.g = S(x) (S is convex (), S’(x) is concave ([1]))

large N

Z = [dU [ dpexp(N*(uz — 8(1))) " [ duexp(~N?Q(1)).

S(p) = max,(pux — S(x)): Legendre transformation of S(x), Q(n)=S8(un)—F(p).
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[Phase structure of the model at large IN J

1. From (1)(2) of V(u,g) (namely, for p < 0or p > 0,0 < g < 1),

0

1—a

a

Vi V, 1
(I’Ll?gl) — (a, 0),:> V(ul,gl) — O, V” — KR ot —
Vau Vag

» p1(p1,91) = 0.

O o=

ea < 1= detV” > 0, this is a local minimum.

ea > 1= det V" < 0, this is tachyonic.

2. From (2) of V(u,g): fora < 1 and ¢ = 2(1 —a)/b < 1 (between line III and H),

(1 — a)2 13 + c —\/E
(N2ag2) — (]-’ \/E), = V(I,LQ, 92) = V” — b
3. From (3) of V(u,g): the critical point satisfies

S

. pl(“’29 92) —

oV - 2 oV 1
_n—a_g 9 .1
o 2b 4142 dg

ov

% =0=>g=1"_,p="3">3 (w=1-1/p).



”Finite temperature effective action, AdSs black holes, and 1/N expansion” (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 ~ 13:15 10

For g = - — /1 —1/p), p satisfies ® Between III and line H (a =1):
v _ Q’(M) — 2—ba _ (wzl) =0 + (%). V(p,g) has three extrema

pi(=a) < pa(=1) < ps.

e Below curve I (Q'(p) = Q" () = 0):
Below (above) III, pq(p2) > 5 (< 3).

1 2w
(a,b) = (1w (i7w)’ (1—w)? (1—|—'w)3)

(%) has no Solutlons o undergoes a Gross-Witten phase tran-

V(u, g) has a unique minimum (¢4, g1). sition at large IV.

e Between I and line III (b = 2 — 2a): e Right of H (a > 1) :

(x) has two solutions 1 < ps < p3. p1 is tachyonic. po disappears.

V (u,g) has three extrema gy, o, p3. Only p3 remains stable.

(p1, pp3: minima, po: saddle point.) b,
1" [b :2_2a] H [a=1]

* Between I and curve 11

(Q(n3) = Q'(u3) = 0), Il [QCH)=0, Q'(W)=0] C,=(@k .T), b§ ,T))
0= V(u’lagl) < V(IJ’3793) < V(“2ag2)'\2 T//’—-lef—hig,r;te—m—pe—r;re

* Between IT and 111, W&

Vs, g3) <0=V(ui,g1) < V(uz,g2). 0T, 1 a

low temperature
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[Critical point for general model and universality class}

For the general model S.¢ = S(x) (S(x) is convex (1), and S’(x) is concave ([1]))

Q(p) = S(p) — F(r), (S(n) is convex ()),

0— -Llog(l—p)+--- <1 1
-7:(N): N g( H) ’ H ’ w= |1— —.

2(11310) + %log(l —w) + O(1/N?), p> 1, H

o 1 < 1: Q(u)(= S(p)) has only one critical point.

(1tw)?

® /1 > 1: The critical point satisfies S'(pu) = .

Critical points similar to the truncated model.

Universality of the phase structure.
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[Phenomenological matrix model and blackhole]

Relation between the phenomenological matrix model and the AdSs string theory.

® 1y = a: p; ~ 0 (at large N). Corresponds to thermal AdS.

® 1,: Negative specific heat ¢, (u.) = —Nzﬂzdd—;Q(ﬂ, re(B))
Corresponds to small black hole (SBH).

He=H2 < 0'

e 15: Positive specific heat ¢, (¢, = p3) > 0. Corresponds to big black hole (BBH).
(x) Varying temperature T', with 't Hooft coupling A — C) = (curve of (a(X,T"),b(A, T)).
e Start from T' = T, (low temperature).

e At 7' =T, (where C, intersects curve II),
Exchange of the dominance of pu; (AdS) and p3 (BBH).

Hawking-Page transition in the matrix model.

e At T' = T, (where C) intersects line III),
Gross-Witten phase transition of the SBH.
Horowitz-Polchinski correspondence point (horizon size of SBH is comparable to the string scale)

G. T. Horowitz and J. Polchinski, hep-th/9612146.

e At T' = Ty (where C) intersects line H),

Corresponds to Hagedorn temperature. p3 (BBH) is the only stable phase.
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5 Small Black Hole and Tunneling (x) Tunneling rate for BBH — AdS.

Integral via the contour Cs:

Small black hole (SBH) = K
all blackc hole (SBID Py = % expl—N*(Q(u2) — Q(us))] " (1 + O(N"2).

Instanton for tunneling between AdS and

big black hole (BBH).

L Imy
: H
(x) Tunneling rate for AdS — BBH.
C.G. Callan and S.R. Coleman, Phys. Rev. D 16, 1762 (1977).
Integral via the contour C;:
7, ~ e—NZQ(Ml)Kl + Ee—NzQ(uz)I(2 + O(N72).
2
C

(Ki23: Gaussian factor in saddle point Cl |~
approximation at g = p1.23). -,

wo3 M, M, |-13 ReH

0

1
Fl ~ —Im(—— lOg Zl)
@ B

_ wo A2 o E -2
- EGXP[ N(Q(k2) Q('ul))]Kl(l +OW ))Tnstanton effect for SBH:

(wo: frequency for the unstable mode O(e /%) for g, = (string coupling) = <.

around SBH background). Corresponds to a collective state of N D-

instantons.
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(Gross-Witten transition for small black hole]

Behavior of small black hole (SBH) near line IIl (b =2 — 2a) (0 < € K 1).

62 € €
ec=2(1—a)/b=14€: pp=1+%+---, go=1+5+---, pi(g2) =5+5+---
ec=2(l—-a)/b=1—€: pz =1, gp=1—5+4--+, pi(g2) =5— <+

Smoothening of the discontinuity at g = 1 at finite IV : Rescale g as g = 1 — N~ ?/3y,

H. Liu, hep-th/0408001, V. Periwal and D. Shevitz, Nucl. Phys. B 344, 731 (1990).

(p—a)> gl—p = __
V(/J’ag) — + — — > N 2 /3Fn(y)7
4b 4 p n=0

3
Foly) — v — glog(—y) + -+, —y > 1,
o xp (=12 (g + o) w > L

This interpolates between g < 1 and g > 1.
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Physics of the small black hole (SBH) near ¢ = 1(7T" = T,):

a(T) = ag + areq, b(T) =by+ breq, p=1+€e*x, g=1— ey, ¢ = N 2/3 where
T—Tc 2(1—&0)_1

Tc ’ bO

ay = a(T.), by = b(T.), ay = T.a'(T.), by = T.b'(T.), eq =

\
1
c =1 — cieq, where ¢; = b—(2a1 + by).
0

The potential is written as
N?(1 — a)?
4b

+5 (= ") = F(y) + 0(e).

N?V =

Partition function around SBH:

P I N?(1 — a)?
SBH — 1 beXP 1b

+ F0(01(I/2)) (1+O(e))-

Fy(t) — full partition function of the type 0B theory in 0 dimension.
I. R. Klebanov, J. M. Maldacena and N. Seiberg, hep-th/0309168

SBH is described by type 0B theory in 0 dimension.
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6 Conclusion

Phenomenological matrix model to study the string theory in AdS;x S° space.
e The matrix model reproduces the Hawking-Page phase transition.

e Gross-Witten-type third-order phase transition of the small black hole (SBH).

[Further development} L. Alvarez-Gaume, P. Basu, M. Marino and S. R. Wadia, hep-th/0605041

e Blackhole string transition of the 10-dimensional small black hole.

e A key to resolve the information puzzle in blackhole physics?



