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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 21 Introdu
tionAdS/CFT 
orresponden
e: J. M. Malda
ena, hep-th/9711200duality between type IIB superstring on AdS5 � S5 and N = 4 4-dim SYM.
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BlackholeD−braneWe study the non-perturbative aspe
ts of bla
k hole physi
s in AdS5 using thedual gauge theory at �nite temperature.
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tive a
tion, AdS5 bla
k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 32 Hawking-Page transition in Eu
lidean Quantum GravityThermodynami
 aspe
ts of quantum gravity in AdS spa
etime.S. W. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983).AdS spa
etime allows two S
hwarzs
hild bla
khole solutions.� Small bla
k hole (SBH): Horizon radius smaller than AdS.Negative spe
i�
 heat. Unstable.� Big bla
k hole (BBH): horizon radius 
omparable to AdS. Positive spe
i�
 heat.First-order phase transition between the AdS spa
e and the BBH.

Hawking-Page transition 
orresponds to a large-N de
on�nement transition in thegauge theory at strong 
oupling. E. Witten, hep-th/9803131.
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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 4Metri
 of the Eu
lidean AdS5 and S
hwarzs
hild spa
e:ds2 = V dt2 + V �1dr2 + r2d2
; whereV = 8>>>><>>>>: 1 + r2R2 ; (AdS metri
);1 + r2R2 � w4Mr2 ; (S
hwarzs
hild (BBH)):� R = (
urvature radius of the AdS5 spa
e).�M = (mass of the bla
khole)� w4 = 16�GN3vol(S3), GN=(3d Newton 
onstant), vol(S3)=(volume of unit S3 sphere).For the S
hwarzs
hild solution, the radius must be r > r+,where r+ = [largest solution of 1 + r2R2 � w4Mr2 = 0℄.

The S
hwarzs
hild metri
 is smooth only if� = (period of t) = 2�R2r+2r2+ +R2 :Maximum of the period : �max = �Rp2 at r+ = Rp2.S
hwarzs
hild bla
khole exists only for T > T0 = 1�max = p2�R .
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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 5Bulk Eu
lidean a
tion:I = � 116�GN Z d5xpg 0�R+ 6R21A :Substituting the 
lassi
al solution R = � 8R2 , we obtain I = 12�GN R d5xpg.Idif = [di�eren
e for (S
hwarzs
hild (BBH))-(AdS5 metri
)℄= 12�GN (V2 � V1) = vol(S3)8GN R2r3+ � r5+2r2+ +R2 :V1 (V2) = [regularized volume of AdS5 (S
hwarzs
hild) spa
e℄.[Hawking-Page transition℄Criti
al point exists at r+ = R, where Idif = 0 ) � = 2�R3 , T1 = 32�R.� T0(= p2�R) < T < T1: saddle point for AdS dominates.� T1 < T : saddle point for S
hwarzs
hild (BBH) dominates.Small bla
k hole (SBH) ) instanton for tunneling between AdS to BBH.
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tive a
tion at �nite temperaturePhenomenologi
al matrix model for string theory in AdS5� S5 at �nite temperature.� = 1T : period of the Eu
lidean time.Yang-Mills partition fun
tion on S3 at temperature T) integral over a U(N) matri
es U .Z(�; T ) = Z dUeSe�(U); where U = Pexp  i Z �0 Adt! :� A(t) : zero mode of the time 
omponent of the gauge �eld in S3.� Gauge invarian
e : U only 
ontributes as trUn.� ZN symmetry: U ! Ue2�i=N .� Generi
 
omponents of the a
tion Se� :trUn1trUn2 � � � trUnk; where n1 + n2 + � � �+ nk � 0(modN):In general, we 
onsider the a
tionSe� = S(x); where x = 1N2trUtrU y; S(x) is 
onvex (凸); S0(x) is 
on
ave (凹):For simpli
ity, we fo
us on the trun
ated a
tionZ(a; b) = Z dU exp 0�atrUtrU y + bN2(trUtrU y)21A ; (b > 0):
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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 74 Large-N phase stru
ture of the universality 
lassWe introdu
e new parameters asZ(a; b) = N2p�b Z +1�1 d� exp 0B��N2(�� a)24b 1CA exp(�trUtrU y)= N2p�b Z +1�1 d� exp 0B��N2(�� a)24b 1CAN22� Z +10 dgg exp 0B��N2g24� +N2F (g)1CA ;where exp(N2F (g)) = R dU exp(Ng2 (trU + trU y)).

Large-N expansion of the fun
tion F (g): D. J. Gross and E. Witten, Phys. Rev. D 21 (1980) 446.F (g) = 8>>>><>>>>: g24 + � � � ; (g � 1 or g imaginary)g � 12 log g � 34 + � � � ; (g > 1):Va
uum expe
tation value of the Polyakov loop:�1(g) = 1N htrUig = 1N htrU yig = �F�g = 8>>>><>>>>: g2 + � � � ; (g � 1 or g imaginary)1� 12g + � � � ; (g > 1):Third-order phase transition at g = 1 in the large-N limit.(F (g); F 0(g); F 00(g) are 
ontinuous, but F 000(g) is dis
ontinuous, at g = 1).
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Z(a; b) = N34p�b Z +1�1 d�� Z +10 dgg exp(�N2V (�; g)) = N2p�b Z +1�1 d� exp(�N2Q(�)); where

V (�; g) = 8>>>>>>>>><>>>>>>>>>:
(1) (��a)24b � g2(1��)4� ; � < 0;(2) (��a)24b + g2(1��)4� ; � > 0; 0 � g < 1;(3) (��a)24b + g24� � g + 12 log g + 34; � > 0; g > 1:Q(�) = (�� a)24b � F(�);F(�) = 8>>>><>>>>: 0� 1N2 log(1� �) + � � � ; � < 1;w2(1�w) + 12 log(1� w) + O(1=N2); � > 1; w = vuuuut1� 1�:F(�) has a �rst-order dis
ontinuity at � = 1.(F(�) is 
ontinuous, but F 0(�) is dis
ontinuous, at � = 1).�
 �	Large-N expansion for the general model S(x)For general a
tion Se� = S(x) (S is 
onvex (凸), S0(x) is 
on
ave (凹))Z = Z dU Z d� exp(N2(�x� S(�))) large�N' Z d� exp(�N2Q(�)):S(�) = maxx(�x�S(x)): Legendre transformation of S(x), Q(�) = S(�)�F(�).
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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 9�� ��Phase stru
ture of the model at large N1. From (1)(2) of V (�; g) (namely, for � < 0 or � > 0; 0 � g < 1),(�1; g1) = (a; 0);) V (�1; g1) = 0; V 00 = 0BBBB� V�� V�gVg� Vgg 1CCCCA = 12 0BBBB� 1b 00 1�aa 1CCCCA ; �1(�1; g1) = 0:� a < 1 ) detV 00 > 0, this is a lo
al minimum.� a > 1 ) detV 00 < 0, this is ta
hyoni
.2. From (2) of V (�; g): for a < 1 and 
 = 2(1� a)=b < 1 (between line III and H),(�2; g2) = (1;p
);) V (�2; g2) = (1� a)24b ; V 00 = 12 0BBBB� 1b + 
 �p
p
 0 1CCCCA : �1(�2; g2) = p
2 < 12:3. From (3) of V (�; g): the 
riti
al point satis�es�V�� = �� a2b � g24�2 = 0; �V�g = g2� � 1 + 12g = 0:�V�g = 0) g = 11�w; �1 = 1+w2 > 12, (w = r1� 1=�).
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tion, AdS5 bla
k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 10For g = 11�w (w = r1� 1=�), � satis�es�V�� = Q0(�) = ��a2b � (w+1)24 = 0 (?).� Below 
urve I (Q0(�) = Q00(�) = 0):(a; b) = ( 1�2w(1�w)2(1+w); 2w(1�w)2(1+w)3)(?) has no solutions.V (�; g) has a unique minimum (�1; g1).� Between I and line III (b = 2� 2a):(?) has two solutions 1 < �2 < �3.V (�; g) has three extrema �1; �2; �3.(�1; �3: minima, �2: saddle point.)* Between I and 
urve II(Q(�3) = Q0(�3) = 0),0 = V (�1; g1) < V (�3; g3) < V (�2; g2).* Between II and III,V (�3; g3) < 0 = V (�1; g1) < V (�2; g2).
� Between III and line H (a = 1):V (�; g) has three extrema�1(= a) < �2(= 1) < �3.Below (above) III, �1(�2) > 12 (< 12).�2 undergoes a Gross-Witten phase tran-sition at large N .� Right of H (a > 1) :�1 is ta
hyoni
. �2 disappears.Only �3 remains stable.
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al point for general model and universality 
lassFor the general model Se� = S(x) (S(x) is 
onvex (凸), and S0(x) is 
on
ave (凹))Q(�) = S(�)� F(�); (S(�) is 
onvex (凸));F(�) = 8>>>><>>>>: 0� 1N2 log(1� �) + � � � ; � < 1;w2(1�w) + 12 log(1� w) + O(1=N2); � > 1; w = vuuuut1� 1�:� � < 1: Q(�)(= S(�)) has only one 
riti
al point.� � > 1: The 
riti
al point satis�es S0(�) = (1+w)24 .Criti
al points similar to the trun
ated model.Universality of the phase stru
ture.
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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 12�� ��Phenomenologi
al matrix model and bla
kholeRelation between the phenomenologi
al matrix model and the AdS5 string theory.� �1 = a: �1 ' 0 (at large N). Corresponds to thermal AdS.� �2: Negative spe
i�
 heat 
v(�
) = �N2�2 d2d�2Q(�; �
(�))j�
=�2 < 0.Corresponds to small bla
k hole (SBH).� �3: Positive spe
i�
 heat 
v(�
 = �3) > 0. Corresponds to big bla
k hole (BBH).(?) Varying temperature T , with 't Hooft 
oupling � ! C� = (
urve of (a(�; T ); b(�; T )).� Start from T = T0 (low temperature).� At T = T1 (where C� interse
ts 
urve II),Ex
hange of the dominan
e of �1 (AdS) and �3 (BBH).Hawking-Page transition in the matrix model.� At T = T
 (where C� interse
ts line III),Gross-Witten phase transition of the SBH.Horowitz-Pol
hinski 
orresponden
e point (horizon size of SBH is 
omparable to the string s
ale)G. T. Horowitz and J. Pol
hinski, hep-th/9612146.� At T = TH (where C� interse
ts line H),Corresponds to Hagedorn temperature. �3 (BBH) is the only stable phase.
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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 135 Small Bla
k Hole and TunnelingSmall bla
k hole (SBH) )Instanton for tunneling between AdS andbig bla
k hole (BBH).

(?) Tunneling rate for AdS ! BBH.C.G. Callan and S.R. Coleman, Phys. Rev. D 16, 1762 (1977).Integral via the 
ontour C1:Z1 ' e�N2Q(�1)K1 + i2e�N2Q(�2)K2 +O(N�2):(K1;2;3: Gaussian fa
tor in saddle pointapproximation at � = �1;2;3).�1 ' !0�� Im(�1� logZ1)= !02� exp[�N2(Q(�2)�Q(�1))℄K2K1(1 + O(N�2)):(!0: frequen
y for the unstable modearound SBH ba
kground).

(?) Tunneling rate for BBH ! AdS.Integral via the 
ontour C2:�2 = !02� exp[�N2(Q(�2)�Q(�3))℄K2K3(1 + O(N�2)):
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Instanton e�e
t for SBH:O(e�1=g2s) for gs = (string 
oupling) = 1N .Corresponds to a 
olle
tive state of N D-instantons.
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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 14�� ��Gross-Witten transition for small bla
k holeBehavior of small bla
k hole (SBH) near line III (b = 2� 2a) (0 < �� 1).� 
 = 2(1�a)=b = 1+ � : �2 = 1+ �24 + � � �, g2 = 1+ �2+ � � �, �1(g2) = 12+ �4+ � � �.� 
 = 2(1� a)=b = 1� � : �2 = 1, g2 = 1� �2+ � � �, �1(g2) = 12� �4 + � � �.Smoothening of the dis
ontinuity at g = 1 at �nite N : Res
ale g as g = 1�N�2=3y.H. Liu, hep-th/0408001, V. Periwal and D. Shevitz, Nu
l. Phys. B 344, 731 (1990).V (�; g) = (�� a)24b + g24 1� �� � 1Xn=0N�2n=3Fn(y);F0(y) = 8>>>><>>>>: y36 � 18 log(�y) + � � � ; �y � 1;12� exp(�4p23 y3=2)  � 18p2y3=2 + � � �! ; y � 1:This interpolates between g � 1 and g > 1.
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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 15Physi
s of the small bla
k hole (SBH) near 
 = 1(T = T
):a(T ) = a0 + a1�q; b(T ) = b0 + b1�q; � = 1 + �2x; g = 1� �y; � = N�2=3; wherea0 = a(T
); b0 = b(T
); a1 = T
a0(T
); b1 = T
b0(T
); �q = T � T
T
 ; 2(1� a0)b0 = 1:+
 = 1� 
1�q; where 
1 = 1b0(2a1 + b1):The potential is written asN2V = N2(1� a)24b + x2(y � 
1q2 )� F0(y) + O(�):Partition fun
tion around SBH:ZSBH = iNvuuut�b exp 0B��N2(1� a)24b + F0(
1q=2)1CA (1 + O(�)):F0(t) ! full partition fun
tion of the type 0B theory in 0 dimension.I. R. Klebanov, J. M. Malda
ena and N. Seiberg, hep-th/0309168SBH is des
ribed by type 0B theory in 0 dimension.
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k holes, and 1=N expansion" (hep-th/0502227), Takehiro Azuma, May. 15 2006, 12:15 � 13:15 166 Con
lusionPhenomenologi
al matrix model to study the string theory in AdS5� S5 spa
e.� The matrix model reprodu
es the Hawking-Page phase transition.� Gross-Witten-type third-order phase transition of the small bla
k hole (SBH).�� ��Further development L. Alvarez-Gaume, P. Basu, M. Marino and S. R. Wadia, hep-th/0605041� Bla
khole string transition of the 10-dimensional small bla
k hole.� A key to resolve the information puzzle in bla
khole physi
s?


