Exact fuzzy sphere thermodynamics in matrix quantum mechanics, Takehiro Azuma, May 4th, 16:00 ~ 17:00 1

Exact fuzzy sphere thermodynamics in matrix quantum mechanics

(arXiv:0704.3183)

Naoyuki Kawahara, Jun Nishimura and Shingo Takeuchi

Tea-duality Seminar at Tata Institute of Fundamental Research (TIFR),
Takehiro Azuma,' May. 4th 2007, 16:00 ~ 17:00

Contents

1 Introduction 2
2 Review of the (040)-dimensional matrix model 4
3 Finite-temperature (0+1)-dimensional matrix model 13
4 Conclusion 23

! This slide is used for Takehiro Azuma’s presentation in the Tea-duality Seminar at TIFR. It is not the authors but the speaker Takehiro Azuma that is responsible

for any flaw in this slide.



Exact fuzzy sphere thermodynamics in matrix quantum mechanics, Takehiro Azuma, May 4th, 16:00 ~ 17:00

1 Introduction

Large-N reduced models = promising candidates for the constructive definition of

superstring theory.

The IIB matrix model'

N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, hep-th/9612115

1 1 1_
§=— (E[A“, AP+ BT A, w]) .

Relation with the type IIB superstring theory:

e Matrix regularization of the Green-Schwarz action of type IIB superstring theory.

e D-brane interaction.

® Derivation of the string field theory.
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[Matrix models on a homogeneous Space}

Motivations of fuzzy manifold studies:

e Relation between the non-commutative field theory and the superstring.

e Novel regularization scheme alternative to lattice regularization.

e Prototype of the curved-space background in the large-N reduced models.

Fuzzy spheres are compact, and thus realized by finite matrices.

The Chern-Simons term is added to accommodate the classical solution of the

fuzzy manifolds.
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2 Review of the (040)-dimensional matrix model

3d Yang-Mills-Chern-Simons (YMCS) model
= a toy model with fuzzy sphere solutions:

S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, hep-th/0101102.

1 , 21«
S = Ntr —Z[A”,A,,] ‘|‘T€ijkAiAjAk .

e Defined in the D-dimensional Euclidean space (D = 3)
(u,l/,p=1,2,---,D, i,j,k:1,2,3).

e Classical equation of motion: [A;, [A;, A;]] — 1ae;ji[A;, Ax] = 0.

e fuzzy S? classical solutions: A; =Y, = @jzl(aLgnI) ® 1k,),
(where [Lz(nI), Lg-nI)] = ieijkL,(cnI), ~i_ynrkr = N).

L") = (n; X ny representation of the SU(2) Lie algebra).



Exact fuzzy sphere thermodynamics in matrix quantum mechanics, Takehiro Azuma, May 4th, 16:00 ~ 17:00

[First-order phase transition}

Monte Carlo simulation launched from sin-

gle fuzzy sphere classical solution:

A; = aLz(N) (s=1,n; = N,k = 1).

T. Azuma, S. Bal, K. Nagao and J. Nishimura, hep-th/0401038.

I : ~ 2.1
Critical point at o, ~ N

o o < a: Yang-Mills phase
Strong quantum effects.
behavior like the o = 0 case.

T. Hotta, J. Nishimura and A. Tsuchiya, hep-th/9811220,

S 1 .
<ﬁ> ~ O(1), (Ntr A7) ~ O(1).
® & > a: fuzzy sphere phase.

Fuzzy sphere configuration is stable.

Yang—Mills phase

A x
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(Calculation of the observables]

Expansion around the single fuzzy sphere B; = K‘,Lz(N): A, = B; + Az

Gauge fixing term and ghost term:

Stotal = S + Sg.t. + Stotal = So + S2 + S3 + - -+, where
N , i
Sg.f. = _?tr [Bz’ Az] 9 Sghost = —Ntr ([Bz’ C][A,‘,C]) 9
Kk 204:4:3)
9

1
So=-N*(N?-1)— —
0= ;N )(2 3

N - -~
So = ?tr (A,-E?A,-) + Ntr (EE?C), where £;Z = [B;, Z]
One-loop effective action:

I'(k) =TO(k) +TW (k) + ..., where I'V(k) = S,
tree one—loop

D —2 D —2N-
Trlog (N L?) = > (20 + 1) log[N&2(I + 1)].

1

r'Yk) =
I
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Free energy at one-loop level:

W(51,52,a) — _log/dA exp(—5(61,52,a))
= Z(N2 — 1) log Bi + W (1,1,aB; 'B,), where

0
S(B1, B2, ) = Nitr (—il[AiaAjP + u;:ﬁzéijkAiAjAk> :

At one-loop level, Wi,e_100p(1, 1, ) is equal to free energy I'(a)one—1loop-

Observables obtained from the derivative of the free energy (where & = av/ IN)..

M) = (2 e A A = o .t
o - I €A Aj = ==l = T T
VN VN 3N R E T NS a3, ! 6 &
| ) 4 OW a’
2y _ LAY = — = o
(Ntr FZ) = <Wtr [Ai, A;]7) = N2 983, [=pa=1 = 2

Space-time extent is calculated by evaluating the tadpole.

1 1 1 . . a’? 1
A = (tr (L2 + 2tr (L) (A;)) + (tr A3>) ~

4 a2
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[Phase transition from the one-loop effective action}

The effective action I' is saturated at
the one-loop level at large IN.

T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, hep-th/0307007.

Effective action at one-loop around
A; = tal,.

Fl—loop
N?2

4 3
~ at t——t— + log t.
8 6

The local minimum disappears at

a < Qe = %(G(D — 2))% ~ 2.086---
(for D = 3). t
Comnsistent with the Monte Carlo simu-

lation.
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[All order calculation from one-loop effective action]

The effective action T is saturated at one loop at large N

Y. Kitazawa, Y. Takayama and D. Tomino, hep-th/0403242

The free energy W can be obtained by the extremum of the effective action.

Expansion around A; = B;: (k = kv N)

ol
8

lim iI‘(:Z;) = ( —

A az-f”) + log .

| =

Local minimum for & > a.. = ,7%:

& 2
g = f@) =1+ VIFo+ 264 —
2 12 120 1456
:64(1————— — —no),where
a4 aS a12 alG
)0 = 4&‘3

L+ 512 54_ . ; 512 \?
J 27t 27t )

lim W = (f(@) ~ caf(@)) +log f(@)

at _ 1 14 110 364
= —+loga— — — — — —
24 at 3a® 3al? al
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[All order calculation of generic observables (’)}

Comnsider the action S, = S + €O.

Corresponding free energy:

fdAOe=5

We = —log (] aAe ) = —og | dAe=?) + ¢ L

+ O(€?)

W + €(O) + O(€?).

One-loop effective action (take only 1PI diagrams into account)
I'.(R) =T(k) + e['1 (&) + O(€?).

Its saddle point:

9 _ _ - - 2

ﬁre(") =0, = k= f(a)+eg(a)+ O(e).

Plugging this solution, we obtain the free energy as

W, = T(f(8) + cg(&) + ) = D(F(@) + €| (@) +9(8) (o) lemgior| + O):

=0

We thus obtain (O) = I'i(f(&)).
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All order calculation of the spacetime content:

5 1

lim —(—trA) = — ——

N—o0 ¢ 4 a2
one-loop

The one-loop effect comes from tadpole diagrams.

. 1,1, ., 1, ., 1., 1 5 48 572
].lm —<—tr A’) — _f(a) pu— _a -_— — —_— — —_— — —_— — —_— e o o
N—oco N 'IN ’ 4 4 a? a% al> a'
im Ly Loayre _lasy 1y 4, 112 440
lm JE— f— EE— a p— __a — _ e o o
N=oo /N 6 6 a & @ 3&° a3

(~tr F7) is derived from the Schwinger-Dyson equation (SDE).

1 12 112 1320

1 1
: - 32\ o _ T T _
_7\171—1;20<Ntr (Fij) > = 3 S3§]§)M> =3+ 2af(a) =0 — iz

11
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1
] = B o B A 8
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12

2.5 :
N:8 =
) N=16 - =
z =gz
= cas?lca
o . one-loop ——
< 15 all order
z 1
0.5 s
O S A 2/ - a
0 1 2
0
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3 Finite-temperature (0+1)-dimensional matrix model
N. Kawahara, J. Nishimura and S. Takeuchi, arXiv:0704.3183.2

S = N/f dttr (;(DtXi(t)f - E[Xi(t), X;(6))? + z?eijkxi(t)xj(t)xk(t)> :

e Covariant derivative : D, X;(t) = &,.X;(t) — i[A(t), X;(t)].
o 1-dim. gauge symmetry : X;(t) — g(t) Xi(t)g'(t), A(t) — g(t) A(t)g' (t) +ig(t) 4.
e 3 = 1/T=(period). Periodicity X;(t + B) = X;(t), A(t + B) = A(t).
e Equation of motion:
(D)2X(t) = [X;(8), [X; (), Xa(D)]] + seveizn] X; (1), Xe(O)], [Xi(t), DiXi(t)] = 0.
Fuzzy S? sphere solution:

X;(t) = ®_, (aLi™ @ 1,), A(t) = B, (1, @ AD).

2The figures in this section are quoted from arXiv:0704.3183.
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[Perturbative calculation around the fuzzy Sphere}

Expansion around the single fuzzy sphere B; = K‘,Lz(N):
X;(t) = B; + X;(t), A(t) =0+ A(t).

Gauge fixing term and ghost term:

Stotal = Sg.f. + Sgnh = So + S2 + S3 + -+, where

N s . =
Sgr. = ?/0 dttr (0;A(t) — z[B,-,X,-(t)])z,
San = N [ ditr (8i2(t) Dic(t) — [Bi, &()][Xi(t), (¢)]).
B k*  2ak3
°T 4 2 3 ) ’
. 1 - ~ 1 - ~

S. = N [t (EX,-(t)’PX,-(t) + S ARPA®) + é(t)’Pc(t)) ,
(P = -0} +r’L}, L;Z =[B;,Z]).

S

N?*(N? -1) (

One-loop effective action:

I'(k) =TO(k) +TW (k) + -+, where TV (k) = S,

tree one—loop

(k) = logdetP = 2 NZ_:I(ZI + 1) log (Sinh (ﬁ;\/l(l + 1))) .
=1
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Effective action at large IV: Local minimum disappears at o < a.,
'k 00 2 - where (T = 1/83
_ 93 ~ 2.0 (T = 0),
= f(rR;a,3), where &, = % .
10247 L
& = Nia, 5 — Nig, & = N%K,, (157)" = 248T5 (T > 1),
d(x) = ]\171_1;%0—/0 d€2¢€ log(smh(—))

= g — 2log(1 — €%) 4+ 2log(sinh 5)

— Ligen) + %Lig(e"”') - izg(:s).
xr xr xr

Local minimum kg 10|

= Solution of %f(i%; &,B) = 0.

0.0 - - - -
00 10 20 30 40 50

—
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(Calculation of the observables]

Large-IN limit of the free energy around the single fuzzy sphere classical solution
X;(t) = aL™.

Wone—loop(a7 6) _

W(a,B) = —log ([ dXdAe ®) = Jim —iaﬁé + ®(Ba).

—00 N2
Observables obtained from the derivative of the free energy.
1 o
— (M) = —(——— | dte;ptr (X; () X; (1) X(1))) = —W
VM) = s f dtets (XXX (0)) = 0 W@, 8)

1 ~
— _8& +(I)(5&)7

1 o =1 ; 4
e = N2< 5 % dttr[ X, (t), X; (1)]2) = NS
- % — 269" (3a).

W(a ,6)+——W( , B)

5a¢ 0 B 0
{_68 300 ]

Space-time extent is calculated by evaluating the tadpole.

1 1 ) 1 2 2
— E(N/OﬁdttrXi ) =7 ’dt {tr B + 2tr Bi(X;(t)) + (tr X2(1))]

&2

4

1 -
— —®'(Ba).
-
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(All order calculation of the observables]

Free energy W — extremum of the effective action I'(k).

. W all—order(a7 6)
lIim
N —o0 N2

.= . : 9 . . . -
= f(Ko; &, 3), where k¢ = (solution of ?f(ﬁ‘f; a, 8) = 0).
K

One-loop contribution of M and R? comes from 1PR (one particle reducible)

diagrams.

1

1 1 1
4 R2 all—order — —, K SR M all—order — — K 3°
N%< > 11 d 4( O) ’ N< > 11 d 6( 0)

The observable (F?) comes from the derivative of the free energy.
<F2>all—order 4 ( S _ d 1 -

: d SRR
AT =3 ‘aam%%)“"“’“"’)'




Exact fuzzy sphere thermodynamics in matrix quantum mechanics, Takehiro Azuma, May 4th, 16:00 ~ 17:00

[Comparison with Monte Carlo Simulations}

18

Simulation for low temperature N = 16,24, T = 0.1, where P = %tr P exp((z It dtA(t)).

<R%>/N*8

<M>/N

1.5
1.0 -
e N=16 —o— 1
N=24 [
classical -~
one loop
all-order
OO 2 2 2888a ‘ :
1.8 20 55 ™ o
o
0.0 .
-1.0 |
20 N=16 —e—
N=24 ——=—
classical ——
one loop ————
all-order
-3.0 ‘ ‘ | |
1.8 2.0 2.2 24 26
o

Discontinuity at a ~ 2.1.

20
N=16 —e—
N=24 —-—
classical
15 1 oneloop -~
all-order
®
N
2
A 10
N
L
\"
5 L
0 & o  @a2 ‘ ‘
1.8 2.0 2.2 2.4 2.6
o
1.0 ‘ :
N=16 —eo— % B : B g
08 | N=24 —a—
06
A
o
2
04
0.2 ¢
s 2 28382,
0.0 : : : :
1.8 2.0 2.2 2.4 2.6
o
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[Temperature dependence of the observables in fuzzy sphere phase}

Simulation for NV = 16, & = 3.0(> & =~ 2.1).

<R%/N*B

<M>/N

20
15
1.0 +
05 I classical -~
one loop -
all order
0.0 . . ‘ ‘ ‘
0.0 0.5 1.0 15 20 25
T
0.0 . ‘
classical
one loop ———
1.0 | allorder
2.0
_30 L
40+
-5.0 . . ‘ ‘ ‘
0.0 0.5 1.0 1.5 2.0 2.5
T

Discontinuity at T' = 2.0.

(|P|) = exp(—c/T) = deconfined phase.

<F25/N?3

<|P|>

40
30
20 -
10 + )
classical -~
one loop ———
all order
O ‘ : L L
0.0 0.5 1.0 15 2.0 2.

"0.00

0.10 0.15

0.05
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[Hagedorn transition in Yang-Mills phase}
Monte Carlo simulation at o« = 0.
10 60 F
""""""""" 25
0.8 50
, 20|
40 +
A 06 A 15 4 A
v 0.4 T a. s T 30
N6 0 . N=16 —o— 20 [, i ‘ﬂﬂ Ne16 o 1
N=24 o ; N=24 —— N=24 o
02 ¢ N=32 —e&— ] 05 N=32 —a— 1ol N=32 —e— |
leading -~ leading - : leading -
g is next-leading i next-leading —— next-leading ——
0.0 & : : : ‘ 0.0 ‘ : : : : 0.0 k ‘ ‘ : : ‘
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.
T T T

Discontinuity at 7' = Ty (Hagedorn temperature) ~ 1.1.

e Center symmetry is broken at T' > T}.
e I' < Ty — confined phase. Observables are independent of T'.

Eguchi-Kawai equivalence
(U(1)P symmetry is unbroken — single-trace operators are volume independent).
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[Dimensionally reduced model at high temperature}

Dimension of time is reduced at high temperature (small periodicity 3 = 1/T).

Integral f(? — Multiplication of 3 = % at T > 1.

N( 1 , 1 ,  Zia
Spr = T —g[A,Xi] —Z[Xian] ‘|‘T€iijinXk
227

1
Ntr (—4[44“, A,,]2 -+ 3€ijkAiAjAk) .

e Defined in the D-dimensional Euclidean space (D = 4)
(Nayap:17273747 i,j,k:1,2,3).

o A, =T iX;, Ay = T 1A, v = T 1ia.

Observables at high temperature.

21
3N
(F?) ~ —T{(tr [Ai, A;]*)pR.y» {(|P]) ~ (%tr exp (T3 A4))pr,5-

11 3
<R2> = TE(N“’ A?>DRm (M) ~ T €ijktt A;AjAL)DR 4,
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Observables at Yang-Mills phase

Simulation for a = 0 at high T

lim (R?) ~1.62-.-VT, (F?) ~2T(1— %).

N—oo

Observables at fuzzy sphere phase

Simulation from different initial configuration:

'yLZ(N) (single fuzzy sphere start),

A, =0, A, =
0 (zero start)
100 o -
=12(zero start 1.00 b
90 'N=16(zero start) —s— : . .
80 [N=18(zero start) —=—
kel N=12(FS start) —=s— 0.90
o) 70 - N=16(FS start) —o—
2 60 | N=18(FS start) —— 080 |
< s0f
= &)
z 4o 0.70

30 : = ]
20 4 1
i z ; 1 0.60 r FSstart —e—

10 zero start —e—

0.6 0.7 0.8 0.9 1.0 1.1 10 12 14 16 18 20

AN

xe VN

Discontinuity at a =
alV) ~ 0.98T4, (zero start).

N dependence is the same as D = 3 case.

al) ~ 4T4 (6(D — 2))% ~ 23577y (single fuzzy sphere start),

22
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4 Conclusion

Numerical simulation and all order calculation of the (0+41)-dimensional (BFSS-type)

matrix model.
e All order calculation of the observables’ VEV at large IV.

e Phase transitions for varying o and temperature T'.



