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1 Introduction

Matrix models as a constructive definition of superstring theory

IKKT model (IIB matrix model) = Promising candidate for the constructive defi-
nition of superstring theory.

N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, hep-th/9612115.

1/ 1 1
S = (—Ztr [A,, A% + StrgTH(A,, ¢]> .

e Dimensional reduction of A/ =1 10d Super-Yang-Mills (SYM) theory to 0d.
A, (10d vector) and ¢ (10d Majorana-Weyl spinor) are N X N matrices.

Eigenvalues of A, = spacetime coordinate.
e Matrix regularization of Green-Schwarz action of type IIB superstring theory.
e N = 2 supersymmetry in 10 dimensions.

e Matrices describe the many-body system.
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e No free parameters: A, — g2A,, Y — giy.

e Evidences for spontaneous breakdown of SO(10) symmetry to SO(4).
J. Nishimura and F. Sugino, hep-th/0111102, H. Kawai, et. al. hep-th/0204240,0211272,0602044,0603146.

e Complex action (after integrating out fermions) :

* Crucial for spontaneous breakdown of rotational symmetry:
J. Nishimura and G. Vernizzi, hep-th/0003223.

* Difficulty of Monte Carlo simulation

Fuzzy sphere studies in large-IN reduced models
e Dynamical generation of spacetime and gauge group

e New regularization scheme alternative to lattice regularization
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2 Simulation of 0-dim supersymmetric matrix model

4d supersymmetric Yang-Mills-Chern-Simons (YMCS) model:

K.N. Anagnostopoulos, T. Azuma, K. Nagao and J. Nishimura, hep-th/0506062.

N 4 2iNa < o
S = —Ztr Z (A, AP + 5 Z €ijkAiAj AL + N1, Z(Fu)aﬂ[Aw g .
. =1 1,3,k=1 PN p=1 P
—Sp =S

@ A, (1o): N X N traceless hermitian (complex) matrices.

01 0 —i 1 0 , i 0
' =0,= y, o = 02 = . , I's =03 = y Ty = 1layo = R
10 1 O 0 -1 0 12

® a # 0 = SO(4) is broken to SO(3). Supersymmetry is softly broken.

e 3d (4d) model = Partition function is divergent (convergent).

P. Austing and J. Wheater, hep-th/0310170

e Classical equation of motion:

AL, [Ay, A,l] + toey, [AL, Ayl = 0, where €, = 0 (if any one of u,v, p is 4).
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Fuzzy S? classical solution:

@;ZIQ(LL"’I) ® 1k1)7 (for p =1,2,3), -

A(Sz) — ( nIkI = N)
: 0, (for p = 4), 12:;

Partition function of the model'

Introduce a complete basis for general complex N X N matrices:

. . 1, (245Ja) component
t* = FE;_ ., where a = (2, — 1)N + jo, E; , =
0, otherwise

Decomposition with respect to this basis:

N2 N2
(wa)iaﬂ.a — Z(waaa)(ta)iaﬂ.cﬂ (wa)iaﬂ.a — Z(waaa)(ta)iaﬂ'cf
a=1 a=1
Tracelessness condition:

Yia + YNt2a +ooo+ Ynza =0, Yo+ UnNt2at o+ Pn2a =0,
S~~~ S—— ~———

(tasJa)=(1,1) (2asda)=(2,2) (tasJa)=(IN,N)



Non-lattice simulation for supersymmetric gauge theories in one dimension, Jul. 13th, 16:00 ~ 17:00

Integrate out ¥n:2 ,, QENz,a

~ N2 NZ 2 ~ N2—-1N?-1
tr (N/‘:ba(ru)aﬁ[Au’ "pﬁ]) - Z Z Z "pa,a ac b@"pb,ﬁ — Z Z Z "pa a
a=1 b=1 a,8=1 a=1 b=1 a,p=1

Moos = N(Tp)aptr (27A,, ) = N (8, (Au)juis — Givia(An)jin)s

Maaps = ;a,bﬁ — 0i.j, g\fza,bﬁ 5lebM;a,N26°
Partition function of the model:
Z = /dAe_Seﬂ’, where S.qg = S — log det M.

In 4d SUSY model, det M is real positive.
(Proof) From the structure of gamma matrices, o2I',02 = (I',,)*. Thus, oo Moy = M*.
Vaa: elgenvector of M satisfying Muv,, = Av,q.

Wao = (02)ap(vep)™ is also an eigenvector:

Mw = agMazfv* = 02 M*V* = oAV = X*w.

The eigenvalue A and A* always comes in pair. Thus, det M is real positive. (Q.E.D.)

aa,bﬁ"pb,ﬁa Where
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Algorithm of Hybrid Monte Carlo (HMC) Simulationl

Hybrid Monte Carlo simulation = standard technique to incorporate fermions.

P, : (auxiliary bosonic hermitian matrix — conjugate momentum of A )
1
Sumc|P, A] = Etr (P}) + Ser[A].
1. Update P,(7 = 0) with a Gaussian random number.

Inherit A, (7 = 0) from the previous sweep.

7: fictitious time of the classical system (0 < 7 < T).

2. Solve the Hamiltonian equation of motion. CPU power for M~! = O(N°).
d(Ap)ij 9 Sumc

= = (P )79
dr O(P,)i; (B)s
d(P,)i; 0 Sumc , . aM
= - :N—AV,A,AV 2 vpALAp)ji — Te(M ’ h
dr 3(AL):; (=l [Ap, Av]] + 2iaen, p)i ( d(Au)ij) wihere
dM

A(A,): = 0;,,9ij,95i, — 0iyj,0i,95i,-

3. [PED, AP] = [P, (r = 0), A,(r = 0)],
1
[P, AG] = [Pu(r = T), Au(r = T) = ~(tr Au(r = T))Lnw):

A\ >4

Y

tracelessness condition



Non-lattice simulation for supersymmetric gauge theories in one dimension, Jul. 13th, 16:00 ~ 17:00

Metropolis accept/reject procedure:

Accept the new configuration with the probability max(l,e_ASHMC),

ASHMC — SHMC [P’SneW), ALneW)] _ SHMC [P,SOId)? ALOId)]°

Leap frog discretization:

Discretized Hamiltonian equation of motion. (AT: step size, T = vAT).

T=AT2 1=3A1/2 1=(v-5/2) At T=(v— 1/2) Ar
=V AT
’L‘—2A’E T=(V— 2) At T= (v—l) At
(P(l/z))," — (P(O))i‘ . AT dSHMC (A(O)) :
g ! o 2 d(Au)ij g
(A)ij = (AD)ij + AT (P,
n n— dSumc "
(P{H12); = (POYD),; — Ar——TEE (A1)
d(A,)ij
(At = (AM); + Ar (P2
v v AT dSHMC ”
(P = (PY=H2);; — (A

2 d(Au)ij
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Result of numerical Studiesl

Fuzzy-sphere initial condition of the Monte Carlo simulation:

(0) _ (N)
A‘u _aL“ .

The observables to study (& = av/ IN): (one-loop at large INV)

1 at 1
N ey g
~
one—loop
1 1 ! at
2 ~ - y 2y _
<Ntr (F;u/)> - <Ntr Z (Z[AM7AV]) > - 2 \+6, 9
pn,r=1 one—loop
1 12 O &’
—— (M) ~ €4 tI‘AiA'A = ——
M) \/N<3Nijzk;1 " 34D 6

1 4
R = { N;trA3>.

2

Perturbatively, %(%tr AZ ~ &

~ - 40 is finite.

one—loop
But, nonperturbatively, this is infinite!



Non-lattice simulation for supersymmetric gauge theories in one dimension, Jul. 13th, 16:00 ~ 17:00

<S>/N?

<M>/sqrt(N)

2
(O
o | ’
4t
6 N=4
'8 i N:8 ************
10 | N=16 -
12 one-loop
0 1 2
o
2
[
2 L :
4t
6 N=4
'8 i N:8 ************
10 N=16 -
12 one-loop
0 1 2
o

<tr F3/N>

R/sqrt(N)

4
140 VY —
120 | N=8 - o
100 1 N=16
80 | one-loop
60 |
40 |
20 | . <
oloe=vt
0 1 2
o
2. —
> N=4 ——=—
2 N:8 ****************
N=16 =
1.5 0. .,
o B
17 Posk
0.5 |
0 !
0 1 2
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Transition point oy,:
p
1.1 (N = 4),
1
an~{ 05 (N=8), = anx~0(—).
N
0.3 (N = 16).
\

Behavior of the eigenvalue distribution function f(z) of the Casimir operator

Q= A+ A+ A+ A], <itrQ> ~ a2
N 4 48?2

(for finite N = 4).

o < Oy
Spikes in the history of %tr AZ.
Power-law tail behavior f(x) ~ = ~2.

W. Krauth and M. Staudacher, Phys. Lett. B 453, 253 (1999), [hep-th/9902113].

® O > Oy

No spikes in the history of %tr AZ.

N2-1 92
4 a L]

Peaks of f(x) around the classical radius @ =

Absence of the power-law behavior.

11
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(tr A2NY/N

f(x)
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Figure 1: The history of %tr Q and the eigenvalue distribution f(x) for N = 4.
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Argument from one-loop effective action'

One-loop perturbation around the fuzzy

sphere solution

A, = BLLN)a (fOI‘ p =1, 273)7
0, (for p = 4),

One-loop effective action at large IV:

—~

24 ~ 23
W:N2<ﬁ —a§>—N2logN.

8

Minimum at 3 = a.

The fuzzy sphere is always stable for
fixed a(> 0) at large IN.

Y

fo=R

13
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3 Simulation of 1-dim supersymmetric matrix model
M. Hanada, J. Nishimura and S. Takeuchi, arXiv:0706.1647.

Difficulties in lattice simulation of supersymmetric gauge theories.

e SUSY algebra contains continuous transformations: = break SUSY in lattice.

e Majorana nature of fermions = fermionic terms are difficult to formulate.

Non-lattice formulation via Fourier transformation = avoids these difficulties.

SUSY recovers faster than continuum limit is achieved.

14



Non-lattice simulation for supersymmetric gauge theories in one dimension, Jul. 13th, 16:00 ~ 17:00 15

Supersymmetric anharmonic oscillatorl

Simple non-gauge supersymmetric theory.

B8
s= [ a @(atcbf FRO) B0+ h~(¢))¢) .

® ¢(t) = real scalar field, (t) = one-component Dirac field.

e 3 =1/T = inverse temperature.

Periodic boundary condition: ¢(t + 3) = &(t), Y (t+ 3) = ¥(t).

e Supersymmetry transformation

WM = ep, §Wp = —&((8p) + (), 6y =0,
5(2)¢ — TZG, 5(2)15 = 0, 5(2)¢ — ((8t¢) - h,(¢))€

® h(¢) can be any arbitrary function. Here, we take h(¢) = T ¢* 4 40"



Non-lattice simulation for supersymmetric gauge theories in one dimension, Jul. 13th, 16:00 ~ 17:00 16

Simulate the Fourier mode!
A . A . A .
¢(t) — Z ¢nezwnt, w(t) — Z wnezwnt, w(t) — Z wnezwnt, where
n=—A n=—A n=—A

27
w = 3 A = (UV cutoff).

Only the zero modes survive in the action S = S + S, where

Sp =0 ( > %[(nwf + m?|pnd_n + mg(¢*)o + %(¢6)o> ,

n=—A

A
Sp = Z P Mprthr, where My, = (2A X 2A matrix) = B[(inw + M), + 39(9*):4,

n.k=—A

1 2
(FOF@ .. gy = S f,g1>f,§2> e ,g?,

R R
Effective action for the bosons : S.q = S — log det M.
Hybrid Monte Carlo (HMC) simulation (IT,, = (conjugate momentum of ¢,)):

A
1
SHMC — Seﬂ' + E EHnH—nn
n=—A

CPU power is O(A?).
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Extract mass from the correlators: 18.0 4
A 17.0 gm . z
Gs(t) = (d(0)o(t)) = by + Z b, cos(wnt) wo| " ree.
n=1 50 -
small 3 5 v
~ t exp(_mbost), g 14.0
( : 1 - ~ 13.0 | _
Gp(t) = 5 (#(0)9 (1)) + ($(0)3(~1))) 120 |
A 11.0
= g+ 2 Z Re(c,) cos(wnt) 9000 o005 o010 o1 o020 o025
— 1/A
smallt
~  cosh(mgemt), where
Result for 8 = 1,m = 10,g = 100.
b = (|Pnl®)y cn = (M )nn).

e o (¢): mass for boson (fermion) in Fourier
e A (v): mass for boson (fermion) in lattice.

e [1: result for lattice action with half SUSY
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Supersymmetric matrix quantum mechanicsl

4d BFSS matrix model

1 [P 1 , 1 , - _ -
5= / dttr (E(Dtxi(t)) — S [Xi(8), X;(1)] +w(t)th(t)—w(t)oz[xz(t),w(t)]).

e A(t), X;(t) = (N X N Hermitian matrices, : = 1, 2, 3)
e Y(t),¥(t) = (N X N matrices with complex Gaussian entries, a = 1, 2)
e 0; = (2 X 2 Pauli matrices)

e Dimensional reduction of 4d N =1 U(IN) SYM to 1 dimension.

e g = —— without loss of generality.

N

e Boundary condition:

Xilt+0) = Xu(t), A(t+8) = A®), $(t+8) = —$(t), P(t+5) =),

periodic anti—periodic
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e Static diagonal gauge

L.
A(t) = Bdlag(alaam"' yan), (aq € (—m,7],a=1,2,---,N).

Faddeev-Popov ghost Srp = — ), 2log |sin(a, — ap)/2|.
Fourier transformation of the field (A = A — 3)
A . A . A .
X,Lab(t) — Z Xzbezwnt, wzb(t) — Z f(pgbezwrt, ngb(t) — Z lngezwrt.
n=—A r=—2X\ r=—2X\

Only zero modes survives in the action:

S = Ng |- Z (nw — i) Xbe xob 1tr([Xi,Xj]2)0]
| n=—A 6 , 4
| A . aa - ab ) b —
+ NB| > i (rw - T) VYor¥ar — (i) aptt (Yar[ X5, Ps]r)
[ r=—A\

Hybrid Monte Carlo (HMC) simulation of the model = CPU time is O(A*N°).
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Result of the numerical simulation (IN = 4):
e Energy FE = —%log Z(B).

e Polyakov line P = tr exp (z foﬁ th(t)) = 25:1 exp(tay).

0 — 1.0
70 | 4 -
- : bosonic(HTE) 08
5.0 | \ el 1 0.6 |

N : ’é .7 "/.’../ /—\ "

< 4.0 ‘A’,A—éé‘/ - \ 1 o
30| G SUSY(HTE) | 0.4 f
2.0 ,.é"' . bosonic(lattice) —e— ] 02 | ¢5° bosonic(lattice) —e— |

RTTTL Ly bosonic(A=2) —— ' : bosonic(A=2) =

1.0 2 bosonic(A=4) & ] s : bosonic(A=4) —=—
oo b SUSY(A=8) — = 0o » SUSY(A=8) =+
0.0 1.0 2.0 3.0 4.0 5.0 0.0 1.0 2.0 3.0 4.0 5.0
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4 Conclusion

Non-lattice simulation of the 1-dim BFSS supersymmetric matrix model.

Fourier transformation instead of lattice formulation.

(Future outlooks)

e Emergence of 4-dim spacetime in 6,10-dim IKKT and BFSS matrix model.

e Blackhole entropy in string theory

21



