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1 Introduction

AdS/CFT correspondence I

AdS/CFT correspondence is a duality between the gauge
theory and the supergravity.
J. Maldacena, hep-th/9711200
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D-brane Blackhole

Especially, for the D3 brane,

N = 4 4-dimensional Super-Yang-Mills (SYM) theory

x

type 1IB superstring theory on the AdS5 X S5 space

N extremal black D3-brane solution
1 3 9 )
—dt®* + > dxz?)+ JH(r)r* > 6,6".
\/H(’P) ( pn=1 ,u) ( 1—=4

o H(r) =1+ &

e Schwarzschild radius: R* = 47g,Na'? = \a'.

ds? =

e Yang-Mills coupling: 27wg, = %2, A = G>2N.



2 Expectation value of the Wilson loop

calculation via the minimal surface

The AdS/CFT correspondence enables one to calculate
(W][C]) in the strong coupling region.
J. Maldacena, hep-th/9803002, S. Rey and J. Yee, hep-th/9803001

In the following, we consider the Wilson loop in the Eu-
clidean space

dy“(U)

WI[C]| = NT’PP exp[% du{iA,(y(u))——" + 0;¢"(y(u))}-

e The loop is parameterized by the arc length parameter u, so that |dy"(")| = 1.

e 0O; is set to be Z?=4 0;0° = 1 and independent of the parameter u.

(W|[C]) is calculated via the area of the world-sheet
terminating on the Wilson loop in the AdS space.
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Especially, for the circular Wilson loop,
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(W[Ceire]) = €5 ~ea =ev



Perturbative calculation in N = 4 SYM I

[Straight Wilson line]

For a straight Wilson line,

(W [Cstra,ight] ) = 1.

N. Drukker, D. J. Gross and H. Ooguri, hep-th/9904191

(Proof) The straight line is now parameterized as y,(u) = n,u, where n, is
a constant vector satisfying |n,| = 1.
The SUSY transformation of the N' = 4 4-dimensional SYM is

0A, =1l yp, Od¢p; = i€l

The SUSY transformation of the Wilson loop is thus

1 00 .
6W[Cstraight] = N /—+oo duTer+oo,u[€(_Funu + iriez)w]'wu,—oo,

b . dy* (u ;
wia = expl dufia, () ™ 10 w)gi(y(u))]
One can easily verify that
(—Dtn, + i0:6%)2 = —|n,|? + |6:]2 = 0,

and hence that (—I'#n,, +i;6%) is nilpotent . And since n,, and ; are constants,
there exist zero-modes independent of the parameter w. Therefore, a straight line

is a BPS saturated object, and hence does not depend on the coupling constant.

(Q.E.D.)



Special conformal transformation is the translation fol-
lowed and preceded by the inversion.

Special Conformal wCl
Transformation
- X — X — X

Inversion | Nl | | |
\ \ \ \

T
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The conformal Killing vector v,(z), satisfying
09, = V,v,(2) + Vyv,(2), is

v,(2) = 22,(baz®) — b, 2>

The finite transformation is

3 z, — b, z?
1 — 2b,2 + 222

(inversion) = (translation by —b*) = (inversion).

N = 4 4-dimensional SYM is conformally invariant.
A straight line is mapped to a circle by the special con-
formal transformation.

Then, for the circular Wilson loop,
(W{Cleire]) =177



[Circular Wilson loop]
N. Drukker and D. J. Gross, hep-th/0010274

We calculate (W |[C,;,..]) utilizing Wick’s theorem in the
Feynman gauge.

(A(@)ALw)) = § o 20 (B @) = o

The circular Wilson loop is parameterized as

y.(u) = (cosu,sinu,0,0), 0 < u < 2.

(W |[Cl.,irc]) is calculated to the lowest order as

(W(Ceirc]) = ‘|‘——/ duidus

><<z'A:’;<y(u1>)dy;(1)T F 0w (y(ur) ) T2

(AL () 2T, 10 (u) (y(u))T) + OV
1 _ (dy“(U1))(dyu(U2))

2N 0 42 (y(u1) — y(uz2))?

Tr(T, T + O(\?)

They pointed out that this discrepancy is due to an
anomaly, since the special conformal transformation maps
oo to the origin.



They approximated the contribution to the higher order
by excluding the terms with internal vertices artificially.
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Then, (W|[C.irc]) is computed to all order in the % ex-
pansion.
W[C circ]:

<W[ czrc]) — Z
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e Here, (xTrM?") denotes the partition function of the 0-dimensional
field theory.

S = gTer,
(iTern) _ L /[dM]i(Tern) exp(—S),
N Z N
Z = [[dM]exp(-S5),
where M is an IN X IN hermitian matrix.

(~=TrM?*") represents the number of the possible contractions.
(Proof) We first verify the Feynman diagram of this matrix model.

1 400 N
(MiM) = [ [ 1 dMpa]Mi; My

m,n=1

N N i 1
X exp[—?( z_:l M, + 2 Z anan)] = Ndzld,k

1<m<n<N
a:ez
{1 jf;’ drxile =z f_t‘;j dwdwTwae_aw‘”T}
a Jreo dee % I dzdzte—axe!

Then, (NTrM2"> = (lezng-- M;, .. M, ;) is the number

of the ways to contract the indices by the above Feynman rule. (Q.E.D.)

e

The contractions of the indices when n=2.

e L™(x) =(Laguerre polynomial)= Le?z=™ (L e-vgntm).

e At large IN and large A,

(W[Ceircl) ~ %Il(ﬁ) - E N

and agrees with the analysis in the AdS space.



3 Gauge Invariance

A AN s .
The result (W [C.ir]) = Lk (=) exp(yy) is obtained
by subtracting the interacting vertices artificially.

The gauge dependence of this result is not confirmed.

We attempt to grasp its gauge invariance by interpret-
ing the conformal anomaly in terms of the operator prod-
uct expansion T}, (z)W|[C] , since T),,(z)W|[C] is a gauge
invariant quantity.

T. Azuma and H. Kawai, hep-th/0106063

The OPE in the 2-dimensional CFTI

T(Z)A(’UJ) _ (lower-dimensional) 4+ (hA(’UJ) 4+ 8‘4(“") 4.

operators > w)2 (Z . ’UJ)

The OPE T,,(z)W|[C] in 4-dimensional Euclidean space

y,.(uo): the nearest point on the loop to the point z,,.

dy, (U Y, (W)
du

X “‘_\“““_“_L\

Y. (Ug)

=



We consider the conformal Ward identity by wrapping
the Wilson loop by the enveloping surface of the spheres
S2(UO).

curvature
vector

2
d y' (o)

outside track
R+¢

[, d*20" [T (z) W[Cv" (2)]
d2ya (UO)

du? )In* T ()W [Clv” (2).

— / duy '/;92(100) dQ1 — (2o — Ya(uo)

e S?(ug): a S? sphere of a fixed radius € which is per-
pendicular to the loop and has its center at y,(uo).

e M: the region inside the enveloping surface.
e v*(z): the conformal Killing vector.
e T,,(z): energy-momentum tensor T),,(z) = %6‘;%.

e The weakest singularity in the OPE than contribute to
the conformal Ward identity is O(z — y(u,)) 2, since
the surface area of S?(uy) is 4mwe?.

10



We expand the OPE T,,(z)W|[C] as a power series ex-
pansion in z, — y,(uo).
Tw()WI[C] = (Tuw(z)WI[C])e + (T (2)W[C])vee + (T (2)W[C]) sca-

o (T,,,(2)W][C]).: the terms containing W[C] itself without any
insertion of the fields to it.

® (T,,,(2)W][C])vec,sca: the insertion of the fields A,(y(uo)) and
di(y(up)) to WIC], respectively.

T(z)A(w) | lower--- (’;‘3%2 %(:5)
T (z)WIC] — (T, (2)W[C))e | (T (2)W[C]) vee
(THV(Z)W[C])sca

The general form is obtained by means of the dimen-
sional analysis and the properties of T},,(2), up to the free
parameters q, q’, o, 3,

e 7,/(z) = 0: conformal invariance of the action.

e 9"T),,(z) = 0: the conservation law of the energy and
the momentum.

q 1 dy,.(uo) dy, (uo)

(T (2)W[C]) = [ (Guv — 2

2472 |z — y(uo)|* du du
_2(zu — yu(UO))(zu —2yy(u0)))]W[C]
|z — y(uo)|
_ (zu — Yu(uo)) (2o — Yu(uo))(2a — ya(uo))dz?fiu(;‘f’)
t o 2[ 2(q +¢') PR
)L @o) oo ) ) DY (u0)

+( q_|_q)(ﬂ yu( )) du? ‘|‘(V4 y,,( )) du’

|z — ’!J(Uo)|

yu(uO) yu(uO) . d*y* (uo)
a — Ya\Uo 2

|z — y(uo)[*

— Ug d?y* (zuo)

+2qg,w
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T, w|C vec = =T P w
(T (2)W[C]) N “dm|z — y(uo)|?

X~ (o)) Py (o) ) — (2 — 1 (000)) By (0))
8 (g
o (5 ya<uo>>Faﬁ<y<uo>>dyd§L )
e = 3 @) o) ) 4 B (y 0 P

+0(z — y(up)) ™, |
(TMV(z)W[C])sca = %TTPWL,uo[g;(Wu'OZ)Qi SJ((;I(I)O))F))’ (2 — % + g)

(zp — Yu(u0)) (zv — yv(uo))  dyu(uwo) dyu(uO)]

X[Guw — 3

Iz — y(uo)|? du du
0;(uo)d*(y(uo)) a é . ( 0) L y“(uo)
247F|Z—y(u0)|3[( + + )(( n— Yul 0)) + (2o — Y (uo)) )
Hi-g 8- g>9w<za ya(uo))dy )

o z u0)) (2, — Yo (10)) (Za, — Ya(u dy"‘(uo)
+(—3 + 3_ — 38— 3?7)( n— Yul ))( |Z'!J_(y(1)tz§|3 Ya(uo))
- )dy“‘“") W) (e — e T )]
i () A

du " (y(u0)) (2 + = — B)(zn — yu(uO)) + (20 — yu (o)) ]

T4z y(uo)F
0,(’1110)
247z — y(uo)
+(4 = 29 (2a — Ya(uo)) D*¢*(y(uo))

s, (21 — Yu(w0)) (20 — Yo (o)) (Za — Ya(to)) D¢" (y(uo))

[(—4+ g)((zu — Yu(t0)) Dy (y (o)) + (2 — Yo (u0)) Du’ (y(uo)))

+(—6 —

5 =~ y(uo)l?
2 g o) WLV B) () Do (9 (o)
AT (D g 00)) (22— ) 2
yu( 0)

(20 — yu (o)) Nwuo,0 + Oz — y(uo)) "
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The conformal Ward identity for the special transfor-
mation is computed to be

[y d*z0"] W(z)W[C]v”(z)]

= — [ ds( VEC)])Dy”(S)(bay“(S)) — b”(y(s))?].

e s: general parameterization running over 0 < s < 2mw. The

relationship to the arc length parameter is d;‘s" — |dy"(s)|

(?5;‘:[(2)]): deformation of the Wilson loop.
swicl], 1 dy“(s)
(6y”(s)) = NTerz,,s[sza(y(s))
d .
L )|oz-(s)Dy¢Z(y(s))]ws,o
d 1 p dy,,(s) A
TP 10:(5)94(4(5)) i Gyl
dy“( ) ( )

e = expl ds{idu(y(s)) 122 4 () (9)

e The Wilson loop in N/ = 4 SYM does not possess
an anomalous dimension and only the deformation
of the loop occurs in the special conformal trans-
formation.

e We conjecture that the anomaly emerging when
the circle is mapped to a straight line may be re-
lated to the free parameters q, q’.

13



The premise of the conjecture:

In calculating the above conformal Ward identity, we
utilize the following partial integral, and drop the surface
term because the loop is closed. When we consider the
open Wilson line, this surface term may play an essential
role.

[y, 4'20" (T (2)W[C]) v (2)]

= _i/d“"d Zﬁ?o)[zy”(w)(baya(w)) — b (y(wo))*]WC]

q a
_%/duo(bay (uo))W[C]
dy” (up) dy, (uo)
du du

(29" (w0) (bay™ (o)) — B”(y(%0))*)]sur face

) (bay®(uo))W[C]
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4 Conclusion

e The expectation value of the straight Wilson loop is
(W [Cstraignt]) = 1, while that of the circular Wilson
loop is (W [Clive]) = Lk (—1) exp(sy). Gross and
Drukker attributed this discrepancy to the conformal
anomaly of the special conformal transformation.

e We have attempted to interpret the conformal anomaly
in terms of the OPE T),,(2) W [C], in order to grasp the
gauge invariance of the result
(W(Ceircl) = xLiv_1(—5x) exp(5y)-

e We have constructed the general form of the OPE
T,.(z)W][C] as a power series expansion in z,, —y,(uo),
up to the free parameters q, q’, a, 3, ~.

e We conjecture that this conformal anomaly may re-
lated to the free parameters q, q’.
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