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1 Introduction

constructive definition of superstring theory

Large N reduced models are the most powerful candidate
for the constructive definition of superstring theory.

IKKT model
N.Ishibashi, H. Kawai, Y.Kitazawa and A.Tsuchiya, hep-th/9612115.
For a review, hep-th/9908038

Dimensional reduction of A/ = 1 10-dimensional SYM
theory to 0 dimension.

Matrix regularization of Green-Schwarz action of type
IIB superstring theory.

1 1 9 1
S = __2T7°N><N(_ Z [Ai, Aj]2 + _¢ Z I‘Z[A,, ¢])

e SO(10) X SU(N) gauge symmetry.

e N =2 SUSY.
* homogeneous : §VA; = iel;ep, Myp = iT'9[A;, Ajle.
* inhomogeneous : 8 A; = 0, 8¢ = &.
* 60,6014, = —ielyg, [6D,63 ]y = 0.

e The matrices describe the many-body system.

e No free parameter: A, — g%Au, P — g%@b.



2 o0sp(1|32, R) cubic matrix model

We investigate a matrix model based on super Lie algebra
osp(1|32, R).

L. Smolin, hep-th/0002009

T. Azuma, S. Iso, H. Kawai and Y. Ohwashi, hep-th/0102168

e OSp(1|32, R) is the full symmetry group of M-theory.
e The spacetime is extended to 11 dimensions.
e The theory is described by a cubic action. :

* The cubic interaction is the most fundamental one
in string theory.

ivarance
5 L)
j/\c

* Chern Simons Theory is exactly solvable by means

of Jones polynomial.

E. Witten, Commun. Math. Phys. 121 (1989) 351

The non-perturbative analysis may be exactly per-
formed.



osp(1|32, R) super Lie algebral

e M c osp(1|32,R) = "MG + GM = 0,

0
where G = (F O) .
0 2
m 0 0
o M = (“; 0), where mI™ +T"m = 0 (m € sp(32)).
— woy L ppz L p1eeps
o m =u, ' + EummI‘ + gum...%I‘ .

action of the cubic model'

1 33 32
I = Traxn > (X Mp°[Mg®, Mg”)) — Ms3°[Mg", Mg*]
g Q7R:1 p=1
fabc N2
— Z Str33><33(MaMch)

292 a,b,c=1
) o
— ?TrNxN[mpq[mqr, m,P] — 31pP[mp?, Y]].

e Each component of the 33 X 33 supermatrices is pro-
moted to a large IN hermitian matrix.

e No free parameter: M — g%M .
e OSp(1|32, R) X U(N) gauge symmetry.

x M — M + [M, (S ® 1nxn)] for S € osp(1]|32, R),
* M — M + [M, (133><33 X U)] for U € ’LL(N).



Supersymmetry I

The SUSY transformation of the osp(1|32, R) is identified
with that of IKKT model.

e homogeneous SUSY::
The SUSY transformation by the supercharge

_ (0 Xx
Q_(z’x 0)'

W — i(x¥ —x) —mx
6XIM_[Q’ ]_( txm 0 )

e inhomogeneous SUSY::
The translation of the fermionic field 522)1,0 = €.

In order to see the correspondence of the fields with
IKKT model, we express the bosonic 32 X 32 matrices in
terms of the 10-dimensional indices (¢ = 0,---9, §f = 10).

. 1
m = WIt4 > [A(J’)I”(l + T + ADTi(1 — T + o C;.;, T 4

+Z i1 24:[121 z4ﬁ_|_ [I(-l-) le zs(l_l_rﬂ)_|_1( ) le 1,5(1 Fﬁ)].

i1--+15 i1-+l5

(Identification of the fields]

i i
00T = L XTi(1 = Ty = _xrTiton,

_ () )
59((1)A§ = 1—6)Zri(1 + Ty)y = g)ZLPi¢L9

1 _
6 Mep = —map.



(Commutation relations)

o [0, 5))m = —i(xe — %), [6,6@ ] = 0.

00, 5@A = ;eerXR, 00, 5@1AH =

XR’
60, 631447 = o, 60, 6147 = geerxL,
00, §@1AF) = [60) 63147 = 0.

o [0, 6% ]m = [0{*),6P]) = 0 is trivial.
o 61, 6m = i[xe—ex,m], [6(,6M]p = i(xe—ex)p.

* [0, 6W1ATY = Lxgpim, Diler
Tn the (r h.s.), the fields W Ci,i, and H;,..;, sur-

vive.
— these fields are integrated out.

* 00,0014 = —{xp AT Tien + -

The fields Agi) itself remains in the commutator!

[Summary}
The osp(1]|32, R) cubic matrix model possesses a two-fold

structure of the SUSY of IKKT model.

IKKT model | bosons A; | fermions v | SUSY parameters

SUSY I A" ¥R Xr; €R
SUSY II Al V1 XL, €L




& We expand the action around the classical solution
A(()+) = D1, AiH ={q1y°-" A§+) — D5, As()+) — g5-
([pga Qh] — _zég,h (97 h=1,---, 5))

I, = g_lzTrNXN(_gﬁ(ailAE;))Cili2 + 96(8;W) A + 4(8;, Ha,...i ) I()iri5)

+ g—izTTNxN(—96[a§j'), AE;)]CM2 - 96W[a(+)i,A§_)] + gW[Ii(:-)-is’I(_)ilmi‘!’]

+ 4([053_),Hi2...i5]I(_)i1"'i5 — [AEI_),Hi2,__i5]1(+)i1---i5) — 8Ci,i, [I(+)i1i3...i6,I(_)iT"iﬁ]

+ ngli1i2([I(+)kli3i4i5, I(—)il...i5] . [I(_)kli3i4i5, I(+)i1"'i5])

+ 82[C™i,, Ciyiy]CP™ — 16C;,5, [H iyigig, H? ] + %Hil...u [H*;,...i0s Higigiro € 0F),
Iy = g_lzTTNXN(_?’i‘/;LFiaﬂ/JL)

TN (8= GL W, Yr] + SrlW, b)) ~3i(bo 0l o] + SRl (AL, dn]
3t _ .. -
— D @LT iy Y + BRI [Cigiz, 1))

31 . .
- I(_‘ﬂﬂ"m"’” [Hiyizigias WR] + YRT™ """ [Hiyinigis> YL])

& The terms to be identified with the fermionic term
of IKKT model are

DrTA T vp & T ATy

However, these terms do not exist in this action, and we
induce such terms by the multi-loop effect.



e The Feynman rule at the tree level:

Propagators
W A|_ ijlm IuEIm WL WL
Vertices
(+) (+)
ai \.,‘ ai
",,\ o \""«._..._. _ _AJ(:)
s A(J_) W
(+) =
. W '.“_ _ay ’ o _..é(.i.) Cu
Y \lfL hA ~“..WR

e We induce the necessary propagators in this way:

Miscellaneous Induced Propagators

al o aP Ve Mo
mmmmmem _ af) SV aj()
<aP 4’ > T 77T Tt
A Sy,
<y y >
A AQ) W
w .,_..._...(_)@_ N N © AP @ﬂ AD
’ S A- -
W o W, [AD A 1 LA SR [Ww] _
7 N ’
<WWwW> a(:') S s a(;') <A(i—) A) > a(:') S s a(;')
<af 47 > <af 47 >
w w WA AW WA A W_ WA _ AW
—— = -GS S
<AA> <AA>  <WW>  <AA>

[Ww]
e = AW g W AL A WSW AR WoW AL

[ A(-_) 4'_) ] <Ww> <WWwW> <AA> <WW>
i



® The desired fermionic terms are obtained as follows:

Induced propagator Induced Vertex “
a;
v v.ooov v v a{”
B <y y > Ve | Yoo Ve o Vo VYo Y Ve
w Y v, > AL e
w
& <WW >
<WW > &
IKKT-like Vertex
a® a® 8, AD

Ve _ | __ Ve o, Ye ] Ve o YR _l___ Ve o, Ve _ | __ Ve _ W | __ Ve

® The bosonic term of IKKT model is induced in this

way.
Induced IKKT model
MY v oot LV
SOR . . R, <ypy, > OFR .
N AD AP o AD
e N e
e A Y e
// \\ <WRWR > //
4 \VR \|]R N e e e - - - £ WR



3 ¢gl(1|32,R) ® gl(N) gauged model

We consider the model whose gauge symmetry is en-
hanced by altering the direct product of the Lie algebra.
L. Smolin, hep-th/0006137

T. Azuma, S. Iso, H. Kawai and Y. Ohwashi, hep-th/0102168

(*) A, B = [The Lie algebras whose bases are {a;}
and {b;}, respectively.]

e A ® B: The space spanned by the basis a; ® b;. This
is

o ARB : The smallest Lie algebra that includes A ® B
as a subset.

The gauge symmetry OSp(1|32, R) X U(N) is enhanced
to 0sp(1]32, R)Qu(N).

e 0sp(1|32, R) ® u(IN) is not a closed Lie algebra.

e 0sp(1|32, R)Qu(N) = u(1|16,16) ® u(N).
u(1]|16,16) is the complexification of osp(1]32, R).

e We consider the Lie algebra
gl(1[32, R)®gl(N) = gl(1]32, R) ® gl(IN)
as an analytical continuation of u(1]|16,16) ® u(IN).

10



u(1|16,16) super Lie algebra

0
o M € u(1|16,16) = M'G + GM = 0, where G = (I(‘) S)

i v

1 1
e m=ul+ uﬂlrul T Eu:“luzruluz + 5“#1#2#31‘“1“2“3

° M:(m ¢), where mT? + I'%mn = 0.

1
—|—qu1...“41‘“1 Ha —|— guul...usful Ns.

o | Ui Wpipmas Upyoopis = real number
Uy Uy WUy piopgs Wppyooow,, = PUre 1maginary

u(1]16,16) is the direct sum of the two different representations of
osp(1|32, R).

& u(l]16,16) = H d A’, where

i, 0
Wpys Wppyproy Uppy-opss ¢h S R}a

me 1@ 1 1
Al — {M — ( "“a ¢a ) |ma - u _|_ 5,u’uluzua]:Wluzua + Euﬂl'"ﬂ4rul M4,

m 1 1
H = {M = ( _h ¢h ) |mh = uulf““ -+ Eumuzf"“"z -+ guul...usf‘ul Ns,

Ve v

Wy WUy pioprss Upgopias PPay 20 € (pure imaginary)}.

gl(1|32, R) super Lie algebra

ip v

1 1
e m=ul + u’MlI‘ul + auuluzruluz + guuluzuaruluzua

o M€gl(1|32,R):>M:<m ¢)

1 1
—|—Euu1...u4l_‘“1 Ha + Euﬂl"'NSI‘ul IJ«S.

® Uy Uy, ..y, P, @, v are all real numbers.
gl(1|32, R) is the analytical continuation of u(1|16,16), in that

& gl(1|32,R) = H & A, where A" =iA.
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action of the cubic model'

1 33 32
I = ?TTNXN Q% 1[( Zl MpQMQRMRp) o M33QMQRMR33]
y U= b=
1 N? )
- ? Y. Strazxss(MoMyM)Trnyn(TT TC)
a,b,c=1
1 _ _

e Each component of the 33 X 33 supermatrices is pro-
moted to a large IN real matrix.

e No free parameter: M — g%M .
e gl(1|32, R) ® gl(IN) gauge symmetry.

M — M+ [M,(SQU)]
for S € osp(1|32, R) and U € u(N).

e The bosonic 32 X 32 matrices are separated into m,
and m, in terms of 10-dimensional indices.

1 - - 1 . o
Me = Z+ W4 (Ciria 1" + Digip ™) + 1(Giyoia T 4 Hiyoif T77),
1 ) )
m, = §(A§+)F,(1 + T + ADTi(1 — %))

1 L L
+ (E(+) 1‘\111223(1 +1‘\ﬂ) —I—E-(_) 1'\211223(1 _ Fﬁ))

2 % 3' 111213 211213
1

A e R

11015 i1e00t5
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Wigner Inonii contraction

We consider the hyperboloid in the AdS space whose radius R is
sufficiently large. The hyperboloid is approximated by the R%! flat
plane at the ”north pole”.

AdS space: ztz"n,, = —R?, with n,, = diag(—1,1,---,1, —1).

(*)The intuitive image of the Wigner In6nii contraction in the 3-
dimensional case.

& The Lorentz transformation in the 11-dimensional space
(Ha’/ — 07]—7"',9,ﬂ):
[Myws Mpo] = oMo + Mo Mup — MupMue — Moo Myp.

& We consider the algebra in the plane perpendicular to the z*
direction.

e Translation:

P; =( The translation in the direction of x; ) = %Mﬂi = %Fﬂi-
e Lorentz transformation:

M;; =(The Lorentz transformation on the z;z; plane) = I';;.

& The commutation relations of the translations and the Lorentz
transformations:

® [M;;, My = njrMy + naMj, — ni M — nji M.
o [P;, M| = —nixPj + 1ij Py
o [P, Pj| = %Mij — 0. Two translations commute with each other

when the radius R is large.

13



In order to perform the Wigner Inonii contraction, we alter the
action as

1
I= gTr(Stth?’) — R*Tr(StrM;).

The EOM 8‘9—]\2 = M? — R*133,33 = 0 possesses a classical solution

RT* ® 1nxn 0
M) = .
< > ( 0 R® 1InxN

(classical solution (M)) 4+ (fluctuation M)

[ R @ 1nxn 0 i m Y
- 0 RQ®1InxN i v )

The action is expressed in terms of the fluctuation as

M,

I = R(t’r(miI‘”) —v? — 2ipripr) + (%mz + tr(memi))

_ _ _ _ 1
— (pr(Mme + )L + ¢r(Mme + V)VYr + LMoY + GrMLYR) — g,v3.

The fluctuation is rescaled as

e m; = RI* + m = RI* + R™im/ + Rim),
e vy =R+v= R-{—R—%v’,

o Y = + Yr = R 29, + Riypl,

¢ ¢ = ¢+ dr = Rid), + R 2%,

We obtain the vanishing effective action by integrating out m/, 7,
¢r and v’ .

e W = / dm/ dy, dep'rdve ™,

1 _ 1 _ ,
= W = —Jtr(T{m? + i) }) — S ($1vn)® + L (Fimvi)= 0.

This gauged model may be related to a topological ma-

trix model.
S. Hirano and M. Kato, Prog. Theor. Phys. 98 (1997) 1371, hep-th/9708039

14



4 Conclusion

e We have investigated the cubic model whose gauge
symmetry is the super Lie algebra OSp(1]|32, R) X
U(N).

e 0sp(1|32, R) cubic matrix model possesses a two-fold
structure of the N' = 2 SUSY of IKKT model.

e IKKT model is induced from the osp(1|32, R) cubic
matrix model by the multi-loop effect.

e We have investigated the gl(1]|32, R) ® gl(N) gauged
model as an extension by means of the Wigner-Inonii
contraction.

e The effective action vanishes, and this model is related
to a topological matrix model.

15



(*) In order to grasp the intuitive image of ’Smolin’s
gauged theory’, we consider the following simple example.

su(6) = su(3)Qsu(2).

A?: basis of su(3) (¢ =1,2,---8).
o': basis of su(2) (1 = 1,2, 3).

e \® o' (24 dimensions): The basis of su(3) ® su(2),
which does not constitute a closed Lie algebra.

e \“®1+1®o" (11 dimensions): The generators of the
Lie group SU(3) x SU(2).

o su(3)®su(2) = (su(3)su(2))D(SU(3) X SU(2))aigebra
This is a closed 35-dimensional Lie algebra.

SU(3) x SU(2) is a 11-dimensional Lie group,
while su(3)®su(2) is a 35-dimensional Lie algebra.
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