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1 Introduction

Finite-temperature Matrix Quantum Mechanics (MQM):

4 = /dXdAe_SMQM, where

| [ R , 1 ,
Snmom = — / dt{ —tr Y (D;Xy(t))> — ~tr Y [X;(t),X,(t)]
g9 Jo 2 4 4 I,J=1

1
e Dimensional reduction of (1 + D) Yang-Mills theory (8 = T)
e This model is useful in many contexts:

* Blackstring/Blackhole phase transition via gauge/gravity correspondence.

* Multi-baryon system in the Sakai-Sugimoto model.

K. Hashimoto and T. Morita, arXiv:1103.5688



”Monte Carlo studies of the phase transition of finite-temperature large-N gauge theory”, Takehiro Azuma, Dec. 28th 2011, 16:00 ~

(Motivation of this work]

We would like to compare the two approaches to study the matrix quantum mechanics:

Monte Carlo simulation o. Aharony et. al. hep-th/0406210,0508077, N. Kawahara, J. Nishimura and S. Takeuchi arXiv:0706.3517, 0710.2188

e Feature : Non-perturbative. Any finite N, D OK.

® Demerit: N — oo limit is difficult. Numerical errors.

Cut off (lattice space) dependence.
]_/D eXpanSion G.Mandal, M.Mahato and T.Morita. arXiv:0910.4526
e Feature: Non-perturbative, N > 1, D > 1

e Demerit: The 1/D expansion is valid in D > N > 1 case.
The validity in IN > D > 1 case is subtle.
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Large-N phase transition in the MQM
Phase transitions happen in the MQM in the large-N limit.

e Analogues of the confinement /deconfinement phase transition.
e Correspond to a black string/blackhole phase transition via holography.

This phase transition is know to be resolved at finite IN.

e Is 1/D expansion valid at small D?
Comparison of Monte Carlo results with the 1/D expansion.

= Good agreement at low temperature even at small D.

e Explicit calculation of the finite-IN resolution of the phase transition.
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2 Effective action via 1/D expansion

Outline of the 1/D expansion:

Our goal is to obtain an effective action of A, by integrating out X7j.

G.Mandal, M.Mahato and T.Morita. arXiv:0910.4526

e Rescale the adjoint scalars X7 to g Xy, so that the action Syqu is

B 1 D qg> D
Swigu = / at{ or S (DXr()* — Lor 3 (X (), Xa ()]
0 I=1 I,J=1

e We define the following matrix

Mp,ca = —i {Tr[Aas Ac][Abs Ag] + (@ < b) + (c <> d) 4+ (a < b)(c < d)}

A (@ =1,2,--- ,N? — 1) is the generator of SU(N).
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N2-1
1
e The action is rewritten as (—2M;)lchcd = 1Xo, 1 Xb,1, X1 = E XaXa,1)
g 9

a=1
B 1 9 () 1 —1
S= [ dt{ tr (DiXaa()? = > BusXar, Xoa + 5 BarMpiegBa
0 2 ’ 2 492 ’
The degrees of freedom are
A — N? Bg — N*, X,r— DN>

Limit D > N > 1 = X, ’s degree of freedom is dominant.

Decompose By, as By, = 1A%8,, + gbay(t), so that /dtbaa(t) = 0.

A becomes nonzero = X, ; becomes massive and does not contribute at low energy.
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We take the static and diagonal gauge
A = diag(ay, ag, -+ ,an)

Order parameter for the confinement/deconfinement phase transition

N
1 1
— n __ y
u, = —trU" = — GEZI exp(ina,), where

B : :
U = Pexp <z/ th(t)> = diag(e'*',-.- ,€e'*N).
0

We take the limit D — +o0o, N — 400, g — 0 with D > N and fixed A = ¢g?DN
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Integrate out X; and b,;, = we derive the following effective action for A and A:

G.Mandal, M.Mahato and T.Morita. arXiv:0910.4526

Z = / dX doe S = / dadAeSer(A-Aun})TOU/D)

A4 A I=®1/1 nA
Sexr(A, {u,})/DN? = —— —
#(A, {un})/ 8TA;+2T+;n( (

Low temperature (small 7T') and small u,, = we further integrate out A.

We obtain the Landau-Ginzburg (LG) type effective action.
~1

33 =
Ser({un})/DN* == + bi|w|* + > anlugl,

n=1

1 /(1 nX3 , X3 2X\3
a,=—|——e — = —e ——
n\D TP\ T ) ) T3P\ T
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[Phase structure of Seg({u,}) at large Nj

A |U1|

confinement phase. deconfinement ph}se/

T Zuniform gapped
' phase  phase
; = T

O Tcl TCZ
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e Confinement phase (T < T.): u, = 0 for all n.

e Deconfinement phase (non-uniform) (Ty < T < Tep):
u; = \/—ay/2by <1/2, u, =0 for n > 2.

e Deconfinement phase (gapped) (T, < T'):
u; > 1/2, u, # 0 for n > 2.

log D <1 0.523

ck +T> —|—O(1/D2)}_1:

A3
|ui| becomes tachyonic = the phase transition is second order.
T = Tcl

e The transition at T, = {

. S/DN?

10
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X o+ >+0(1/D2)}_1:

. 1 1 logD /1 0.137log D + 0.293
e The transition at T, = — =3
T A3 D 6 D

| N
Eigenvalue density of A = diag(ay,++- ,an) = p(a) = ~ Z O — ay).
n=1

If u, =0 (for n = 2,3,--.), the density becomes p(a) = ;{1 + 2|uq| cos(Ba)}.
iy

If |u4 :1,:>p<azz> = 0.
2 B
p is positive = a further transition happens there.
(Gross-Witten-Wadia type phase transition).
Potential minimum in Seg({u,}) at |uy| = % = The phase transition is Gross-Witten-Wadia

type third order.
PA P P

QV
QV
QV

T<Tcl Tc1< T<T02 T02<T
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[Resolution of the transitions through 1/N effectsj

|ua|
We consider the region |u;| < >
= u, can be regarded as independent variables:
[ du,dul |u,|ePN*5n
(lun|) = - . , where
[ duy,duj,e=PN"5n
S|, = a1|u1|2-|—b1|u1|4, S, _an|un| (n 2 2)
: : : : ~1/N
We derive the leading finite-IN effects in the path-
integral
% (T — 0)
(lui]) — r(3)
<logD) (T TCl)
03

(lunl) (T < Teaom =2,3,4,+++)

2N

The order parameters u,, are always non-zero. The transitions are resolved to crossovers.
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3 1/D expansion v.s. Monte Carlo simulation of MQM

Monte Carlo simulation of the matrix quantum mechanics Syigu.

Comparison with the results of the 1/D expansion.

[Behavior of u,, at low temperatures (D = 6)]

0.1 T 0.2 T T T
N=24 ——=— N=24 — &
N=32 o N=32 o
| N=44 N=44
0.08 N=60 v~ 0.15 + N=60 v -
0.06
LH % = i 5 ul 5 5 o o
=3 =3 0.1 b
\ 004 | v e Lo [ RRREREE S @ - o 013)
0.05 - -
0 ‘ ‘ ‘ ‘ o .
0 0.2 0.4 0.6 0.8 1 0O 01 02 03 04 05 06 0.7 08 09
T T

e In the following, dots are the results from the Monte Carlo simulation of Syiqu-

e Curves in the plots are the results from the 1/D expansion up to Tcs.

The Monte Carlo results agree with the 1/D expansion even in finite V.

13
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[Behavior of u; around Tcl]

(*) left D = 2, right D = 6
100 E d:2I N:2I T T T T T T T T T 0.7 : : : : : : : . .
090 F GoNoqs o ] DT B
[ d=2N=60 e 06 | Lo g _
0.80 | mggzg 3
0.70 | 0.5 1 ng@% |
0.60 A 04 } | i
i i
=<' 0.50 | =1
; V. 03¢ .
0.40
0.30 | 0zr Nes2 .
0.20 [: 0.1 5 Nzgg N
010§ . . 0 . Neinfinty
0.00 L
1.20 1.25 130 1.35 140 145 150 155 160 1.65 1.70 1.75 1.80 0.9 0.910.920.930.940.950.960.970.980.99 1
T T

Numerical errors are large near T.; but we can see some similarities.
We need a special care to extrapolate the critical temperature at large IN from the finite-INV
Monte Carlo data.

First-order phase transition at D = 27
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[D dependence of the Critical Temperatures|

Preliminary Monte Carlo results of critical temperature T¢; » versus 1/D expansion.

0.35 —— .
1.6’ 0.3 B l/D
- T, MC: ! 025 |
147 Teo MC : _ 02t B
: T2 from 1/D l_'N 0.15 ¢ ///// i
1.2 = ol A -
2 0.05 | Jﬁ/%%// % |
ot |
1.0} 0.05 | ]
: T, from 1/D -0.1 : ! L \ .
08 b 01 02 03 04 05
01 02 03 04 057V D

(*) the errorbar of the 1/D expansion’s result is T,; (1 £ 1/D?).
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e The critical temperatures are consistent.
The differences are |(MC data of Syqu) — (1/D expansion)| = O(1/D?).
(the errorbar of the 1/D expansion’s result is T.; (1 & 1/D?).)

e There is an ambiguity in the Monte Carlo results of T¢; .2, which comes from the extrapo-

lation from finite-IN Monte Carlo results.

@ T, — T.; for smaller D does not agree well. But the errors in the Monte Carlo are also

large and we need to investigate them further.
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[Physical quantities in the confinement phase (T < Tcl)j

We evaluate the following two quantities:

T B
R? = —/ tr X7 (t)dt
g*’N? Jo
E
DN?
Large-IN volume independence = the T dependence is O(1/N?) at T < T,;.

3T B
e tr [ X7(t), X 7(t)?dt Internal Ener
oD ) (), X )] ( &)

(Monte Carlo results of Syiqm for D = 6)

3.4 T T T T T ﬁ 12 T T T T T
# g
3.2 %a i 11 | i
g .
3t g ® T 10 t L .
2.8 | KR . 9| . ]
8 — £
N 2.6 + . g NZ 8 I ) g i
X 24 o7 - a ¢
8 = 7t g i
22 0! i w . 8
' # 6 . 4
27 f N=24 —=— ] 5t 0" N=24 —-—
18 feesssnses N=32 -« i N=32 -
N:44 e 4 B m B8 8B B B & & ! N:44 [ 7
16 r . . . N=60 5 | | | N=60 -
0 0.5 1 15 2 2.5 3 0 0.5 1 15 2 2.5 3
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Results from the 1/D expansion at T' < T¢;:

<1
A3 0.2405
R* =— <1 + —) + O(1/N?*,1/D?)
2 D
E <1 (3 0.1476
=A3 |- — ———) +O0O(1/N?1/D?
o = (5 25 ) + 0(/N* 1/
These quantities also agree very well for various D (T = 0.5, N = 44):
S T pa— N e—
31D —— T 0.9 F MC,N=32 P
_~ 0g fMON4s - 7
25 | = |« 07} "
T2 & 06| :
15 | = 05 B P i
04 |
Ly 03 |
0.5 - ' ' : - - - 02 L - - . . . .
2 4 6 8 10 12 14 2 4 6 8 10 12 14

18
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4 Correspondence with GWW model

Comparison of the Monte Carlo result of MQM Syiqm with the GWW model

N B
Z o = /dU exp (;gcww(trU + tr UT)> , where U = P exp (z/ th(t))
0

1

T T
eoeEEEEE8855]

oooooooﬂ@oooO
oevY -

08|
. . 06 |
Third-order GWW phase transition at g.,,., = 1. |
D. J. Gross and E. Witten, Phys. Rev. D 21, 446 (1980). 041 * -
( g(;ww (gGWW S 1) 0.2 + “ / 7 . :IE;I; T
2 - N o <|uz|>
(o = { 2 1 s .
1-— (gwa 2 ]-) 0 -~ — ‘ ‘ ‘ ‘
\ 2G0ww = 0 2 4 6 8 10 12
( g
0 (gwa § 1)
= > 2
(|tn])oww = 4 (1 1 ) { 1 P! (1 e ) Lo P (1 2 )H (Gos > 1) (n 2 2)
\ deww n(n + 1) deww n(n - ]-) deww

1 d*(x?—-1)" dP,
(@ ) —(Legendre Polynomial), P!(x) = &
2nn! dx™ " dx

where P,(x) =
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Tune the coupling ggww such that (|ui(g(T))|)eww = (|u1(T)|)mqu for each temperature.
(where (|ui(T)|)mqm is the result of the MQM Syiqm)

e For this coupling ¢g(T), it turns out that (|u,(g(T))|)eww ~ (|u.(T)|)mqwm is satisfied for

n = 2.

e This agreement is trivial at high-temperature.

But this agreement holds for any temperature at T' > T, including the region near T' ~ T,_.
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Results of D = 6 (for Syiqm)

21
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5 Conclusion
e We calculated the finite IV effects in the 1/D expansion and showed how the 1/IN effects

resolve the transitions.

e We compared the predictions from the 1/D expansion with Monte Carlo simulation. We

found several good agreements at low temperature.

— 1/D works even D > 2 and finite (but large) N.
e It seems that the 1/D expansion is available without the condition D > N.

e We have compared of the Monte Carlo result of MQM Syigv with the GWW model
= Agreement holds for any temperature at T > Ts.
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[Further development}

e Finite IN effect vs. finite string coupling effect in holography.
e Improvement of the numerical calculation near the critical points.
e Determination of the order of phase transition of MQM.

e Numerical calculation of Scg(A, {u,})

— We can evaluate Scg(A, {u,}) for any temperature. (partially done)

e Effects of matter fields on the confinement /deconfinement phase transition.

T. Azuma, T. Morita and S. Takeuchi, in progress

23
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[Algorithm for the simulation of finite-temperature matrix quantum mechanics}

We adopt the static diagonal gauge
1.
A= _dlag(ala A2y y aN)?
where ), € (—m, ] (p,g =1,2,--+- ,N).

We add the corresponding Fadeev-Popov term:

N

a, — o
Stp. = — Z log sin P ? )
p,q=1,p7q
We discretize the time direction as t = (At), 2(At),--- ,n(At).
=B

Finally, we obtain the following discretized action (with g?/N = 1)

(*) In the following, there is no summation unless we have X).

24

D

(A1)

2 I=1 I,J=1

St = N(At)zt:tr (12{ . (Xr(n +1) —UXI(n)UT)} —i Y tr[Xg(n), Xs(n)]?

n=1

) + Sf.p.7

where U = exp(i(At)A) = diag(ei®/™, e'*2/™ ... e'@N/"t) X[ (n) = (scalar fields at t = n(At))
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[Updating Xr(n) with heat-bath algorithm}

We introduce the auxiliary fields G;;(n) and rewrite the action (where Gr;(n) = {X(n), Xj(n)}):

- N(At)

Ztr > {95,(n) —2G1;(n)Grs(n) +4X}(n)X5(n)}

1<I<J<D —(G1y(n)—Gpy(n))2—[X1(n),X (n)]?

(At)2 Z {X7(n+1)+ X{(n) — 2X(n + 1)UXI(n)UT}> + Stp.

Updating the auxiliary fields as

4 )

W,
® (Gri(n))py = W + (Grs(n))pp, (diagonal,p=1,2,..-,N)
* (Gr1(n))pg = % + (Gr1(n))pg- (non-diagonal,p # q, p,q =1,2,---,N)

\ /

where W,,,Y,,, Z,, are independent random numbers obeying normal Gaussian distribution

1 w; 1 v; 1 2,
PW) = amo® |\ =y ) PO = pmexp| =y |» PlZn) = pmexp | =)
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We further rewrite the action as

~

S = —2Ntr (Ty(n)X1(n)) + 4Ntr (S;(n)X3(n)) + Stp., where
sim) = VS x3(m),
J£I
Ti(n) = (at) Z(X,;(n)gu(n) + Gry(n) X (n)) + (UXi(n — DU+ U X (n + 1)U).

2 2(At)

J#£I

Extracting the diagonal part (X;(n)),, as

~

5§ = AN(Si(n)), {(X1<n>>pp -

- , where

hp i o o
o)
hy % {(Tl(n))pp — 2 Z{(SI(n))qp(XI(n))pq + (SI(n))pq(XI(n))qp}}

q#p

Updating the diagonal part (X(n)),, as
a )

W, hyp
(X1(n))pp = VBN (S1(1))pp i (51(n))pp

, (diagonal,p =1,2,--.,N), where

hy, = i {(Tl(n))pp — 2 Z{(Sl(n))qp(xl(n))pq T (Sl(n))pq(xl(n))qp}} .
qF#p

- /
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Extracting the non-diagonal part (Xr(n)),, (p # q) as

2

S = 4Ncy, |(X1(n))pg — % + +++, where
_ . (T1(n))pq
cpg = (S1(n))pp + (S1(1))gqy hpg = 5 - Z(SI(n))pr(XI(n))rq + Z(SI(n))rq(XI(n))pr

T#P r#q
Updating the non-diagonal part (Xj(n))yq (p # q) as

4 )

(X1(n))pg = X\};}%q + ’Z:;? (non-diagonal,p # q, p,q=1,2,---,N), where
oy = (S + (St (m)ug By = L0 {Z(Sr(n))pr(XI(n))rq + z<sl(n))m<xf<n)>m} -
T#p r#q

\ /

[Updating gauge fields A with Metropolis algorithm]

Gauge fields’ components «, are updated using accept-reject procedure of Metropolis algo-

rithm.
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[Consistency check of the code|

We use the identity derived from the Schwinger-Dyson equation.

ntN—lD

0= " %9 8X“(n) / AMdAtr (X1 (n))e=S

n=1 a=1 I=1

t® = (basis of the SU(IN) Lie algebra)

N2

1
tr (tatb) == 6""’, Z(ta)ij(ta)kl == éiléjk, — ﬁéwékl

a=1
N2_1 N2_1

Z tr (t*A)tr (t*B) = Z AjiBi(t)ij (t" ) = AjiBi(0a05 —

a=1 a=1

1
= tr (AB) — ﬁtr Atr B.

N2-1
The matrices Xj(n) are expanded as Xj(n) = Z X7(n)te.
a=1
We rewrite the Schwinger-Dyson equation as
ng N?—-1 D ng N?2—1 D

n=1 a=1 I=1

f:

n,;D(N2 1)e=S

S: p— Y / dMdAtr (t“t“)e_s ... / dMdAtr (taXI(n))aXa

1
N‘sz’jékl)

(n)°

28
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Thus, we obtain (note that n;, = P
(At)
s s (NP=1)DB, o [INTL ) S
meD(N? = 1)) = = T e ) = Zl Szjl > / AMd AL (1°X () e e

The derivative of the action is obtained as

as
0Xi(n)

= N(At)tr {t* (—[Xs(n), [X1(n), X;(n)]] + [A4, [A, X1 (n)]]

) 1
~ gy (4 Xaln = 1] = [4, Xa(n + 1)) — o

We obtain the relation (note that tr X; = 0 due to hermiticity)

20 (1) = @03 {= (erxato), o)

n=1

(Xi(n+ 1)+ Xaln = 1) = 2Xs(m)) ) |

+ <%tr <_ (Alt)z (X1(n)X(n+ 1) + X;(n)X;(n — 1) — 2X}(n)) — [A, X;(n)]?

g Xt 1;(;;([(” —Y A, Xf(n)]) >} .

At (At) and large N, it is rewritten as

8
(Z_f) _ % </0 dt (tr (D;X1(t))? — 2Atr [Xr(t),XJ(t)]2)>-



