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B+ → K+(φJ/ψ) γγ → (φJ/ψ)

e+e− → γIRS(J/ψπ+π−)

e+e− → γIRS(ψ′π+π−) e+e− → γIRS(ψ′π+π−)

B̄0 → K−(ψ′π+)

B̄0 → K−(χc1π
+)

B̄0 → K−(χc1π
+)

   X(3872)   Y(4260)     Z+(4430)

  Y(4360) Y(4660)  Z1+(4050)

 Z+2(4250)   Y(4140)  X(4350)

New charmonium mesons
X(3872): Belle @ KEK (PRL91 (2003))

very narrow (Γ < 2.3 MeV) meson observed in B decay:

B± → K±(J/ψπ+π−)
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mK+K− < 1.01 GeV/c2 or 1.03 GeV/c2 < mK+K− < 1.08 GeV/c2.
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FIG. 2: A scatter plot of M(!+!−) versus M(K+K−) for the selected K+K−!+!− events. The
size of the boxes is proportional to the number of events.

Figure 3 shows the φJ/ψ invariant mass distribution [24], together with the background
estimated from the normalized J/ψ and φ mass sidebands. No Y (4140) signal is evident.
Assuming that there is no background within the Y (4140) mass region and the number of
signal events follows a Poisson distribution with a uniform prior probability density function,
a Bayesian upper limit on the number of the Y (4140) signal events is estimated to be 2.3
at the 90% C.L. [25]. However, there is a clear enhancement at 4.35 GeV/c2, where the
background level estimated from the normalized J/ψ and φ mass sidebands is very low.
Other possible backgrounds that are not included in the sidebands, such as γγ → φJ/ψ +X
and e+e− → φJ/ψ + X where X may indicate one or more particles, and γγ → φJ/ψ with
the J/ψ and φ decaying into final states other than lepton pairs and K+K−, are found to
be very small after applying all of the event selection criteria.
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FIG. 3: The φJ/ψ invariant mass distribution of the final candidate events. The open histogram

shows the experimental data. The fit to the φJ/ψ invariant mass distribution from 4.2 to 5.0
GeV/c2 is described in the text. The solid curve is the best fit, the dashed curve is the background,
and the shaded histogram is from normalized φ and J/ψ mass sidebands. The arrow shows the

expected position of the Y (4140).

In order to obtain resonance parameters for the structure at 4.35 GeV/c2, an unbinned
extended maximum likelihood method is applied to the φJ/ψ mass spectrum in Fig. 3. The
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Y (JPC = 1−−) family
Y (4260): BaBar @ SLAC: (PRL91 (2005))

distinct peak (Γ ∼ 90MeV) observed in e+e− annihilation:

e+e− → γIRS(J/ψπ+π−)
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confirmed CLEO and Belle

π+π− distribution mass “consistent” with f0(980)

– p.19/34

Belle Collaboration arXiv:0707.3699
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observation of two
resonance-like structures:

B̄0 → K−(χc1π+)

M1 = (4051 ± 14) MeV
Γ1 = (82 ± 21) MeV

M2 = (4248 ± 44) MeV
Γ2 = (177 ± 54) MeV
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B0 → XK0 B+ → XK+

B0 → XK0

B+ → XK+
= 0.41 ± 0.24 ± 0.05

molecular model ∼ 0.1, tetraquark model ∼ 1

m(X)B+ = (3871.4±0.6)MeV, m(X)B0 = (3868.7±1.6)MeV

∆m = (2.7 ± 1.6)MeV
–p.11/34

6

)
2

)  (GeV/c!)J/
-"+"m(2(

4 4.5 5 5.5

2
E

v
e
n
ts

 /
 5

0
M

e
V

/c

5

10

)
2

)  (GeV/c!)J/
-"+"m(2(

4 4.5 5 5.5

2
E

v
e
n
ts

 /
 5

0
M

e
V

/c

5

10

)
2

)  (GeV/c!)J/
-"+"m(2(

4 4.5 5 5.5

2
E

v
e
n
ts

 /
 5

0
M

e
V

/c

5

10

)
2

)  (GeV/c!)J/
-"+"m(2(

4 4.5 5 5.5

2
E

v
e
n
ts

 /
 5

0
M

e
V

/c

5

10

FIG. 3: The 2(π+π−)J/ψ invariant mass spectrum up to
5.7 GeV/c2 for the final sample. The shaded histogram rep-
resents the fixed background and the curves represent the fits
to the data (see text).

bin. The χ2/dof values are found to be 21.3/8, 54.4/7,
and 7.3/7 for hypotheses of the Y (4260), the ψ(4415),
and a new resonance, respectively, corresponding to χ2-
probabilities of 6.5 × 10−3, 2.0 × 10−9, and 29%. The
low probabilities associated with the Y (4260) and the
ψ(4415) indicate that the structure is not consistent with
the ψ(4415), and is not well described by the Y (4260) ei-
ther. We also perform a fit including both the Y (4260)
and ψ(4415) plus their interference, and find the χ2/dof
value to be 17.8/6, corresponding to a χ2-probability of
6.7× 10−3, but no much improvement from the fit to the
Y (4260) only. In order to further compare the structure
reported here with the Y (4260) reported in Ref. [2], we
perform simultaneous fits to both the π+π−ψ(2S) mass
spectrum in Fig. 3 and the π+π−J/ψ mass distribution in
[2] under the hypotheses that (1) both signals are a single
resonance and (2) these signals are manifestations of two
independent resonances, with a single resonance for each
signal. The PDF as used in Ref. [2] is applied to the fit to
the π+π−J/ψ mass distribution. The logarithmic likeli-
hood obtained from the single-resonance hypothesis (1) is
5.4 units less than that obtained from the two-resonance
hypothesis (2), which corresponds to a χ2-probability of
4.5×10−3 for the single-resonance hypothesis assuming a
χ2 distribution for the difference in the logarithmic likeli-
hood between the two hypotheses. However, none of the
probabilities associated with the Y (4260) can exclude the
possibility that the structure observed is a manifestation
of a new decay mode for the Y (4260).

The primary π+π− invariant mass distribution for the
selected events within m(2(π+π−)J/ψ ) < 5.7 GeV/c2 is
shown in Fig. 4. For the two events having more than
one ψ(2S) candidates, the dipion invariant mass is only
included for the ψ(2S) candidate closest to its nominal
mass. The Monte Carlo distribution is also shown in
Fig. 4 for a single resonance decaying to π+π−ψ(2S) in a
S-wave three-body phase-space using the resonance pa-

rameters obtained in the above paragraph.
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FIG. 4: The primary π+π− invariant-mass spectrum within
region m(2(π+π−)J/ψ ) < 5.7 GeV/c2 for the final sample.
Only one entry per event is included in the plot, as described
in the text. The histogram shows the distribution for Monte
Carlo events (see text).

We extract the energy-dependent cross section for
e+e− → π+π−ψ(2S) up to 8 GeV for the final sample.
The average cross section over a mass range of width ∆m
is calculated as

σ(m) ≡
∫ m+∆m/2

m−∆m/2

σ(x) dx
/

∆m

≈
1

L · B · ∆m

∑

i

( 1

2mi/s · W (s, 1 − m2
i /s) · εi

)

,

(3)

where L is the integrated luminosity, B is the product
of B(ψ(2S) → π+π−J/ψ ) and B(J/ψ → &+&−), the
sum is over all events within the mass range, mi is the
2(π+π−)J/ψ invariant mass, and εi is the estimated effi-
ciency at that mass. The measured cross section is shown
in Fig. 5 and the numerical results can be found in [11],
where the background has been subtracted from bins
with non-zero content. The energy-dependent selection
efficiency (solid histogram in Fig. 5) is determined from
Monte Carlo events for which the ψ(2S) polarization
has been properly considered while the primary π+π−

is generated in S-wave phase-space. The uncertainty in
the selection efficiency due to model dependence is es-
timated from the efficiency difference between S-wave
phase-space model and multipole model [12] in the pri-
mary π+π− generation. The main systematic uncertain-
ties are listed in Table I, and are added in quadrature,
resulting in a total systematic uncertainty of 12.3%.

In summary, we have used ISR events to study the ex-
clusive process e+e− → π+π−ψ(2S) and to measure its
energy-dependent cross section from threshold to 8 GeV
CM energy. A structure is observed at ∼ 4.32 GeV/c2 in
the π+π−ψ(2S) invariant mass spectrum that is not con-
sistent with the decay ψ(4415) → π+π−ψ(2S). A fit to
the mass spectrum with a single resonance yields a mass
of (4324 ± 24) MeV/c2 and a width of (172 ± 33) MeV,
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 X(3872)
JPC =1++

3871.4±0.6
Γ<2.3 MeV

  Y(4260)
JPC =1--

4252±7
Γ=88±24

 Z+(4430)
JPC =?

4433±14
Γ=44±17

Y(4360)
JPC =1--

4361±13
Γ=74±18

Y(4660)
JPC =1--

4664±12
Γ=48±15

 Z1+(4050)
JPC =?

4051±14
Γ=82±21

 Z2+(4250)
JPC =?

4248±44
Γ=177±54

 Y(4140)
JPC =??+

4143±3
Γ=11.7±8

 X(4350)
JPC =??+

4350±5
Γ=13±9
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• All these states decay into J/ψ or ψ(2S)  ➔ they 
have a       pair in their quark components 

• Their masses are not compatible with quark 
model calculations for charmonium states

• Absence of open charm production in their 
decays is inconsistent with       interpretation

• Candidates for exotic (not quark-antiquark) states  

Common features

cc̄

cc̄
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masses and widths of the Y states are not 
consistent with any of the 1-- charmonium states 

Thursday, May 20, 2010



   X(3872)
DD* molecular state

tetraquark state
mixed charmonium- 

-molecular state 
threshold effect

  Y(4260)
charmonium hybrid
J/ψ-f0 bound state
tetraquark state

D0D* molecular state
S wave threshold effect

    Z+(4430)

D1D* molecular state
baryonium state
tetraquark state
 threshold effect

Y(4360)

charmonium  hybrid

Y(4660)

charmonium  hybrid
ψ’-f0 bound state
tetraquark state

 Z1+(4050)

D*D* molecular state
hadro-charmonium 

not a resonance

 Z2+(4250)

D1D molecular state

 Y(4140)

Ds*Ds* molecular state
tetraquark state
 not a resonance

 X(4350)
Ds*Ds0* molecular state

tetraquark state
 P-wave charmonium 
mixed charmonium-

-molecular state
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   X(3872) 

X(3872)






X(3872) → γJ/ψ ⇒ C = +

not seen in e+e− → X(3872) ⇒ JP $= 1−

angular distribution favors JP C = 1++

cc̄ spec. for JP C = 1++
(Barnes & Godfrey, PRD69 (2004))

↗2 3P1 (3990)

↘
3 3P1 (4290)

if X(3872) = cc̄ ⇒ I = 0, G = +

X → J/ψπ+π−π0

X → J/ψπ+π− ∼ 1 ⇒ strong isospin and G parity violation

X(3872) can not be easily explained as a cc̄ state
– p.4/35

 strong isospin and G 
parity violation

➡
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FIG. 3: Mbc distributions for B− → K−π+π−π0J/ψ candidates in the ∆E and X → π+π−π0J/ψ
signal regions for 25 MeV-wide π+π−π0 invariant mass bins.

∆E signals with widths fixed at their MC-determined values. The areas of the Mbc and ∆E
signal Gaussians are constrained to be equal. For the backgrounds, an ARGUS function [16]
is used for Mbc and a second-order polynomial for ∆E.
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FIG. 4: The B-meson signal yield in bins of 3π invariant mass determined from fits to the Mbc-∆E
distributions.

Figure 4 shows the fitted B-meson signal yields vs M(π+π−π0). All of the fitted yields
are consistent with zero except for the M(π+π−π0) > 750 MeV bin, where the fit gives
12.4 ± 4.1 events.

As possible backgrounds to the observed signal, we considered feed-across from B →
KωJ/ψ decays and non-resonant B− → K−π+π−π0J/ψ decays.
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Figure 4 shows the fitted B-meson signal yields vs M(π+π−π0). All of the fitted yields
are consistent with zero except for the M(π+π−π0) > 750 MeV bin, where the fit gives
12.4 ± 4.1 events.

As possible backgrounds to the observed signal, we considered feed-across from B →
KωJ/ψ decays and non-resonant B− → K−π+π−π0J/ψ decays.
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12.4 ± 4.1 events.

As possible backgrounds to the observed signal, we considered feed-across from B →
KωJ/ψ decays and non-resonant B− → K−π+π−π0J/ψ decays.
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TABLE I: Resolution values from the fits to the ψ′ signal region. The errors are statistical only.

Quantity Fitted value

σMbc
2.6 ± 0.1 MeV

σ∆E(core) 11.6 ± 0.4 MeV

σ∆E(tail) 130 ± 130 MeV

Core fraction 0.965 ± 0.015

 (GeV)bcM

5.2 5.21 5.22 5.23 5.24 5.25 5.26 5.27 5.28 5.29 5.3

E
v

e
n

ts
 /

 (
 0

.0
0

5
 G

e
V

 )

0

5

10

15

20

25

30

35

40

45

a)

) (GeV)!! "M(J/

3.82 3.84 3.86 3.88 3.9 3.92

E
v

e
n

ts
 /

 (
 0

.0
0

5
 G

e
V

 )

0

5

10

15

20

25

30

35
b)

E (GeV)#

-0.1 -0.05 0 0.05 0.1 0.15 0.2

E
v

e
n

ts
 /

 (
 0

.0
1

5
 G

e
V

 )

0

5

10

15

20

25 c)

FIG. 2: Signal-band projections of (a) Mbc, (b) Mπ+π−J/ψ and (c) ∆E for the X(3872) →
π+π−J/ψ signal region with the results of the unbinned fit superimposed.

We determine the mass of the signal peak relative to the well measured ψ′ mass:

MX = Mmeas
X − Mmeas

ψ′ + MPDG
ψ′ = 3872.0 ± 0.6 ± 0.5 MeV.

Here the first error is statistical and the second systematic. Since we use the precisely known
value of the ψ′ mass [9] as a reference, the systematic error is small. The Mψ′ measurement,
which is referenced to the J/ψ mass that is 589 MeV away, is −0.5±0.2 MeV from its world-
average value [13]. Variation of the mass scale from Mψ′ to MX requires an extrapolation
of only 186 MeV and, thus, can safely be expected to be less than this amount. We assign
0.5 MeV as the systematic error on the mass.

The measured width of the X(3872) peak is σ = 2.5 ± 0.5 MeV, which is consistent
with the MC-determined resolution and the value obtained from the fit to the ψ′ signal.
To determine an upper limit on the total width, we repeated the fits using a resolution-

TABLE II: Results of the fits to the ψ′ and M = 3872 MeV regions. The errors are statistical only.

Quantity ψ′ region M = 3872 MeV region

Signal events 489 ± 23 35.7 ± 6.8

Mmeas
π+π−J/ψ peak 3685.5 ± 0.2 MeV 3871.5 ± 0.6 MeV

σMπ+π−J/ψ 3.3 ± 0.2 MeV 2.5 ± 0.5 MeV
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M(D∗0D̄0) = (3871 ± 1) ⇒
X(3872) : molecular (D∗0D̄0 + D̄∗0D0) state (Close and Page PLB57(2004))

Tornqwist (ZPC61(94)) predict a D̄D∗ molecule with JP C = 0−+ or 1++

PRL97, 162002 (06) PRD77, 011102 (08)

Mbelle = 3875.2±0.7±0.8 Mbabar = 3875.1±1.1±0.5

higher masses than X → J/ψππ
– p.5/35

X(3872): molecular                             state (Swanson, Close, Voloshin, Wong ...)

M(D∗0D̄0) = (3871 ± 1) ⇒
X(3872) : molecular (D∗0D̄0 + D̄∗0D0) state (Close and Page PLB57(2004))

Tornqwist (ZPC61(94)) predict a D̄D∗ molecule with JP C = 0−+ or 1++

PRL97, 162002 (06) PRD77, 011102 (08)

Mbelle = 3875.2±0.7±0.8 Mbabar = 3875.1±1.1±0.5

higher masses than X → J/ψππ
– p.5/35

M(D∗0D̄0) = (3871 ± 1) ⇒
X(3872) : molecular (D∗0D̄0 + D̄∗0D0) state (Close and Page PLB57(2004))

Tornqwist (ZPC61(94)) predict a D̄D∗ molecule with JP C = 0−+ or 1++

PRL97, 162002 (06) PRD77, 011102 (08)

Mbelle = 3875.2±0.7±0.8 Mbabar = 3875.1±1.1±0.5

higher masses than X → J/ψππ
– p.5/35

Tetraquark state?

Maiani et al. (PRD71 (05)) tetraquark JP C = 1++ states:

Xq = [cq]S=1[c̄q̄]S=0 + [cq]S=0[c̄q̄]S=1

isospin eigenstates
↗X(I = 0) = Xu+Xd√

2

↘
X(I = 1) = Xu−Xd√

2

– p.8/35
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Tetraquark state?

Maiani et al. (PRD71 (05)) tetraquark JP C = 1++ states:

Xq = [cq]S=1[c̄q̄]S=0 + [cq]S=0[c̄q̄]S=1

isospin eigenstates
↗X(I = 0) = Xu+Xd√

2

↘
X(I = 1) = Xu−Xd√

2

– p.8/35

molecular and tetraquark 
interpretations differ by the 
way quarks are organized in 

the state

production rate for a pure molecule 
should be two orders of magnitude 

smaller than exp. (Bignamini et. al., 
PRL103(09)162001)
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molecular and tetraquark
interpretations differ by the
way quarks are organized in

the state

most general X(3872) states






Xl = Xu cos θ + Xd sin θ

Xh = −Xu sin θ + Xd cos θ

both can decay into 2π, 3π

Only one is produced in B± → K±X ⇒ the other appear in

B0 → K0X
– p.9/35
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QCD Sum Rule

Fundamental Assumption: Principle of Duality

Π(q) = i

∫
d4x eiq.x 〈0|T [j(x)j†(0)]|0〉

Theoretical side Phenomenological side

Πphen = λ2 1

m2
S − q2

+ continuum, λ = 〈0|j|S〉

ΠOP E(q2) =

∫ ∞

m2
c

ds
ρ(s)

s − q2
, ρ(s) =

1

π
Im[ΠOP E ]

condensates up to dimension 8






quark condensate
gluon condensate
mixed condensates
four-quark condensate– p.14/35
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Theoretical side

Introduction 4

the quark level the complex structure of the QCD vac-
uum leads us to employ the Wilson’s operator product
expansion (OPE) (69).

In QCD we only know how to work analitycally in the
perturbative regime. Therefore, the perturbative part of
Π(q) in Eq.(1) can be reliably calculated. However, this
does not yet imply that all important contributions to
the QCD of the sum rule have been taken into account.
The complete calculation has to include the effects due
to the fields of soft gluons and quarks populating the
QCD vacuum. A practical way to calculate the vacuum-
field contributions to the correlation function is through
a generalized Wilson OPE. To apply this method to the
correlation function (1), one has to expand the product
of two currents in a series of local operators:

Π(q) = i

∫

d4x eiq·x〈0|T [j(x)j†(0)|0〉 =
∑

n

Cn(Q2)Ôn ,

(2)
where the set {Ôn} includes all local gauge invariant
operators expressible in terms of the gluon fields and
the fields of light quarks. Eq. (2) is a concise form of
the Wilson OPE. The coefficients Cn(Q2) (Q2 = −q2),
by construction, include only the short-distance domain
and can, therefore, be evaluated perturbatively. Non-
perturbative long-distance effects are contained only in
the local operators. In this expasion, the operators are
ordered according to their dimension n. The lowest-
dimension operator with n = 0 is the unit operator as-
sociated with the perturbative contribution: C0(Q2) =
Πper(Q2), Ô0 = 1. The QCD vacuum fields are repre-
sented in (2) in the form of vacuum condensates. The
lowest dimension condensates are the quark condensate
of dimension three: Ô3 = 〈q̄q〉, and the gluon conden-
sate of dimension four: Ô4 = 〈g2G2〉. The contributions
of higher dimension condensates are suppressed by large
powers of Λ2

QCD/Q2, where 1/ΛQCD is the typical long-
distance scale. Therefore, even at intermediate values of
Q2 (∼ 1 GeV2), the expansion in Eq. (2) can be safely
truncated after a few terms.

The generic correlation function in Eq. (1) has a dis-
persion representation

Π(q2) = −
∫

ds
ρ(s)

q2 − s + iε
+ · · · , (3)

through its discontinuity, ρ(s), on the physical cut. The
dots in Eq. (3) represent subtraction terms.

B. The spectral density

The discontinuity can be written as the imaginary part
of the correlation function:

ρ(s) =
1

π
Im[Π(s)] . (4)

The evaluation of the spectral density (ρ(s)) is simpler
than the evaluation of the correlation function itself, and

the knownledge of ρ(s) allows one to recover the whole
function Π(q2) through the integral in Eq. (3).

The calculation of the phenomenological side proceeds
by inserting intermediate states for the hadron, H , of
interest. The current j (j†) is an operator that anni-
hilates (creates) all hadronic states that have the same
quantum numbers as j. Consequently, Π(q) contains in-
formation about all these hadronic states, including the
low mass hadron of interest. In order for the QCD sum
rule technique to be useful, one must parameterize ρ(s)
with a small number of parameters. The lowest reso-
nance is often fairly narrow, whereas higher-mass states
are broader. Therefore, one can parameterize the spec-
tral density as a single sharp pole representing the lowest
resonance of mass m, plus a smooth continuum repre-
senting higher mass states:

ρ(s) = λ2δ(s − m2) + ρcont(s) , (5)

where λ gives the coupling of the current with the low
mass hadron, H :

〈0|j|H〉 = λ. (6)

For simplicity, one often assumes that the continuum
contribution to the spectral density, ρcont(s) in Eq. (5),
vanishes bellow a certain continuum threshold s0. Above
this threshold, it is assumed to be given by the result
obtained with the OPE. Therefore, one uses the ansatz

ρcont(s) = ρOPE(s)Θ(s − s0) . (7)

C. The mass sum rule

Now one might attempt to match the two descriptions
of the correlator:

Πphen(Q2) ↔ ΠOPE(Q2) . (8)

However, such a matching is not yet practical. The OPE
side is only valid a sufficiently large spacelike Q2. On the
other hand, the phenomenological description is signifi-
cantly dominated by the lowest pole only for sufficiently
small Q2, or better yet, timelike q2 near the pole. To im-
prove the overlap between the two sides of the sum rule,
one applies the Borel transformation

BM2 [Π(q2)] = lim
−q2,n→∞
−q2/n=M2

(−q2)n+1

n!

(

d

dq2

)n

Π(q2) . (9)

Two important examples are:

BM2

[

q2n
]

= 0 , (10)

and

BM2

[

1

(m2 − q2)n

]

=
1

(n − 1)!

e−m2/M2

(M2)n−1
, (11)

Phenomenological side

Introduction 4

the quark level the complex structure of the QCD vac-
uum leads us to employ the Wilson’s operator product
expansion (OPE) (69).

In QCD we only know how to work analitycally in the
perturbative regime. Therefore, the perturbative part of
Π(q) in Eq.(1) can be reliably calculated. However, this
does not yet imply that all important contributions to
the QCD of the sum rule have been taken into account.
The complete calculation has to include the effects due
to the fields of soft gluons and quarks populating the
QCD vacuum. A practical way to calculate the vacuum-
field contributions to the correlation function is through
a generalized Wilson OPE. To apply this method to the
correlation function (1), one has to expand the product
of two currents in a series of local operators:

Π(q) = i

∫

d4x eiq·x〈0|T [j(x)j†(0)|0〉 =
∑

n

Cn(Q2)Ôn ,
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Πper(Q2), Ô0 = 1. The QCD vacuum fields are repre-
sented in (2) in the form of vacuum condensates. The
lowest dimension condensates are the quark condensate
of dimension three: Ô3 = 〈q̄q〉, and the gluon conden-
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sate of dimension four: Ô4 = 〈g2G2〉. The contributions
of higher dimension condensates are suppressed by large
powers of Λ2

QCD/Q2, where 1/ΛQCD is the typical long-
distance scale. Therefore, even at intermediate values of
Q2 (∼ 1 GeV2), the expansion in Eq. (2) can be safely
truncated after a few terms.

The generic correlation function in Eq. (1) has a dis-
persion representation

Π(q2) = −
∫

ds
ρ(s)

q2 − s + iε
+ · · · , (3)

through its discontinuity, ρ(s), on the physical cut. The
dots in Eq. (3) represent subtraction terms.

B. The spectral density

The discontinuity can be written as the imaginary part
of the correlation function:

ρ(s) =
1

π
Im[Π(s)] . (4)

The evaluation of the spectral density (ρ(s)) is simpler
than the evaluation of the correlation function itself, and

the knownledge of ρ(s) allows one to recover the whole
function Π(q2) through the integral in Eq. (3).

The calculation of the phenomenological side proceeds
by inserting intermediate states for the hadron, H , of
interest. The current j (j†) is an operator that anni-
hilates (creates) all hadronic states that have the same
quantum numbers as j. Consequently, Π(q) contains in-
formation about all these hadronic states, including the
low mass hadron of interest. In order for the QCD sum
rule technique to be useful, one must parameterize ρ(s)
with a small number of parameters. The lowest reso-
nance is often fairly narrow, whereas higher-mass states
are broader. Therefore, one can parameterize the spec-
tral density as a single sharp pole representing the lowest
resonance of mass m, plus a smooth continuum repre-
senting higher mass states:

ρ(s) = λ2δ(s − m2) + ρcont(s) , (5)

where λ gives the coupling of the current with the low
mass hadron, H :

〈0|j|H〉 = λ. (6)

For simplicity, one often assumes that the continuum
contribution to the spectral density, ρcont(s) in Eq. (5),
vanishes bellow a certain continuum threshold s0. Above
this threshold, it is assumed to be given by the result
obtained with the OPE. Therefore, one uses the ansatz

ρcont(s) = ρOPE(s)Θ(s − s0) . (7)

C. The mass sum rule

Now one might attempt to match the two descriptions
of the correlator:

Πphen(Q2) ↔ ΠOPE(Q2) . (8)

However, such a matching is not yet practical. The OPE
side is only valid a sufficiently large spacelike Q2. On the
other hand, the phenomenological description is signifi-
cantly dominated by the lowest pole only for sufficiently
small Q2, or better yet, timelike q2 near the pole. To im-
prove the overlap between the two sides of the sum rule,
one applies the Borel transformation

BM2 [Π(q2)] = lim
−q2,n→∞
−q2/n=M2

(−q2)n+1

n!

(

d

dq2

)n

Π(q2) . (9)

Two important examples are:

BM2

[

q2n
]

= 0 , (10)

and

BM2

[

1

(m2 − q2)n

]

=
1

(n − 1)!

e−m2/M2

(M2)n−1
, (11)

Introduction 4

the quark level the complex structure of the QCD vac-
uum leads us to employ the Wilson’s operator product
expansion (OPE) (69).

In QCD we only know how to work analitycally in the
perturbative regime. Therefore, the perturbative part of
Π(q) in Eq.(1) can be reliably calculated. However, this
does not yet imply that all important contributions to
the QCD of the sum rule have been taken into account.
The complete calculation has to include the effects due
to the fields of soft gluons and quarks populating the
QCD vacuum. A practical way to calculate the vacuum-
field contributions to the correlation function is through
a generalized Wilson OPE. To apply this method to the
correlation function (1), one has to expand the product
of two currents in a series of local operators:

Π(q) = i

∫

d4x eiq·x〈0|T [j(x)j†(0)|0〉 =
∑

n

Cn(Q2)Ôn ,
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for n > 0. From these two results, (10) and (11), one can
see that the Borel transformation removes the subtrac-
tion terms in the dispersion relation, and exponentially
suppresses the contribution from excited resonances and
continuum states in the phenomenological side. In the
OPE side the Borel transformation suppresses the contri-
bution from higher dimension condensates by a factorial
term.

After making a Borel transform on both sides of the
sum rule, and transferring the continuum contribution to
the OPE side, the sum rule can be written as

λ2e−m2/M2

=

∫ s0

smin

ds e−s/M2

ρOPE(s) . (12)

If both sides of the sum rule were calculated to arbi-
trary high accuracy, the matching would be independent
of M2. In practice, however, both sides are represented
imperfectly. The hope is that there exists a range of M2,
called Borel window, in which the two sides have a good
overlap and information on the lowest resonance can be
extracted. In general, to determine the allowed Borel
window, one analyses the OPE convergence and the pole
contribution: the minimum value of the Borel mass is
fixed by considering the convergence of the OPE, and
the maximum value of the Borel mass is determined by
imposing the condition that the pole contribution must
be bigger than the continuum contribution.

In order to extract the mass m without worrying about
the value of the coupling λ, it is possible to take the
derivative of Eq. (12) with respect to 1/M2, and divide
the result by Eq. (12). This gives:

m2 =

∫ s0

smin
ds e−s/M2

s ρOPE(s)
∫ s0

smin
ds e−s/M2 ρOPE(s)

. (13)

This quantity has the advantage to be less sensitive to
the perturbative radiative corrections than the individual
sum rules. Therefore, we expect that our results obtained
to leading order in αs will be quite accurate.

D. Choice of currents

Mesonic currents for charmed mesons are given in Ta-
ble I.

TABLE I Currents for the D mesons
state symbol current JP

scalar meson D0 q̄c 0+

pseudoscalar meson D iq̄γ5c 0−

vector meson D∗ q̄γµc 1−

axial-vector meson D1 q̄γµγ5c 1+

From these currents we can construct molecular cur-
rents which can be eingenstates of charge conjugation C
and G-parity. Let us consider, as an example, a current

with JPC = 1++ for the molecular D0D∗0 system. It can
be written as a combination of two currents (70; 71):

j1
µ(x) = [ū(x)γ5c(x)][c̄(x)γµu(x)], (14)

and

j2
µ(x) = [ū(x)γµc(x)][c̄(x)γ5u(x)]. (15)

Since the charge conjugation transformation is defined
as: (q̄)C = −qT C−1 = qT C and (q)C = Cq̄T , we get

(j1
µ)C = −(c̄γ5u)(ūγµc) = −j2

µ, (16)

(j2
µ)C = −(c̄γµu)(ūγ5c) = −j1

µ. (17)

Therefore, the current

jµ(x) =
1√
2

(

j1
µ(x) − j2

µ(x)
)

, (18)

has positive C. However, this current is not a G-parity
eingenstate. The G-parity transformation is an isospin
rotation of the charge conjugated current:

(j1
µ)G = −(c̄γ5d)(d̄γµc), (19)

(j2
µ)G = −(c̄γµd)(d̄γ5c). (20)

In the case of a charged molecular D1D∗ current with
JP = 0−, it can also be written as a combination of two
currents:

j1 = (c̄γµγ5u)(d̄γµc), (21)

j2 = (c̄γµu)(d̄γµγ5c). (22)

The charge conjugation transformation in these currents
leads to

(j1)C = −(ūγµγ5c)(c̄γ
µd), (23)

(j2)C = −(ūγµc)(c̄γµγ5d), (24)

and the isospin rotation gives

(j1)G = (d̄γµγ5c)(c̄γ
µu) = j2, (25)

(j2)G = (d̄γµc)(c̄γµγ5u) = j1. (26)

Therefore, the current

j =
1√
2

(j1 + j2) , (27)

has positive G-parity.
In the case of tetraquark [cq][c̄q̄] currents, they can

be constructed in terms of color anti-symmetric diquark
states: εabc[qT

a CΓcb], where a, b, c are color indices of the

      : continuum parameters0
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Good Sum Rule  ➡  Borel window such that:

• pole contribution > continuum contribution

• good OPE convergence

• good Borel stability

Introduction 4

the quark level the complex structure of the QCD vac-
uum leads us to employ the Wilson’s operator product
expansion (OPE) (69).

In QCD we only know how to work analitycally in the
perturbative regime. Therefore, the perturbative part of
Π(q) in Eq.(1) can be reliably calculated. However, this
does not yet imply that all important contributions to
the QCD of the sum rule have been taken into account.
The complete calculation has to include the effects due
to the fields of soft gluons and quarks populating the
QCD vacuum. A practical way to calculate the vacuum-
field contributions to the correlation function is through
a generalized Wilson OPE. To apply this method to the
correlation function (1), one has to expand the product
of two currents in a series of local operators:

Π(q) = i

∫

d4x eiq·x〈0|T [j(x)j†(0)|0〉 =
∑

n

Cn(Q2)Ôn ,

(2)
where the set {Ôn} includes all local gauge invariant
operators expressible in terms of the gluon fields and
the fields of light quarks. Eq. (2) is a concise form of
the Wilson OPE. The coefficients Cn(Q2) (Q2 = −q2),
by construction, include only the short-distance domain
and can, therefore, be evaluated perturbatively. Non-
perturbative long-distance effects are contained only in
the local operators. In this expasion, the operators are
ordered according to their dimension n. The lowest-
dimension operator with n = 0 is the unit operator as-
sociated with the perturbative contribution: C0(Q2) =
Πper(Q2), Ô0 = 1. The QCD vacuum fields are repre-
sented in (2) in the form of vacuum condensates. The
lowest dimension condensates are the quark condensate
of dimension three: Ô3 = 〈q̄q〉, and the gluon conden-
sate of dimension four: Ô4 = 〈g2G2〉. The contributions
of higher dimension condensates are suppressed by large
powers of Λ2

QCD/Q2, where 1/ΛQCD is the typical long-
distance scale. Therefore, even at intermediate values of
Q2 (∼ 1 GeV2), the expansion in Eq. (2) can be safely
truncated after a few terms.

The generic correlation function in Eq. (1) has a dis-
persion representation

Π(q2) = −
∫

ds
ρ(s)

q2 − s + iε
+ · · · , (3)

through its discontinuity, ρ(s), on the physical cut. The
dots in Eq. (3) represent subtraction terms.

B. The spectral density

The discontinuity can be written as the imaginary part
of the correlation function:

ρ(s) =
1

π
Im[Π(s)] . (4)

The evaluation of the spectral density (ρ(s)) is simpler
than the evaluation of the correlation function itself, and

the knownledge of ρ(s) allows one to recover the whole
function Π(q2) through the integral in Eq. (3).

The calculation of the phenomenological side proceeds
by inserting intermediate states for the hadron, H , of
interest. The current j (j†) is an operator that anni-
hilates (creates) all hadronic states that have the same
quantum numbers as j. Consequently, Π(q) contains in-
formation about all these hadronic states, including the
low mass hadron of interest. In order for the QCD sum
rule technique to be useful, one must parameterize ρ(s)
with a small number of parameters. The lowest reso-
nance is often fairly narrow, whereas higher-mass states
are broader. Therefore, one can parameterize the spec-
tral density as a single sharp pole representing the lowest
resonance of mass m, plus a smooth continuum repre-
senting higher mass states:

ρ(s) = λ2δ(s − m2) + ρcont(s) , (5)

where λ gives the coupling of the current with the low
mass hadron, H :

〈0|j|H〉 = λ. (6)

For simplicity, one often assumes that the continuum
contribution to the spectral density, ρcont(s) in Eq. (5),
vanishes bellow a certain continuum threshold s0. Above
this threshold, it is assumed to be given by the result
obtained with the OPE. Therefore, one uses the ansatz

ρcont(s) = ρOPE(s)Θ(s − s0) . (7)

C. The mass sum rule

Now one might attempt to match the two descriptions
of the correlator:

Πphen(Q2) ↔ ΠOPE(Q2) . (8)

However, such a matching is not yet practical. The OPE
side is only valid a sufficiently large spacelike Q2. On the
other hand, the phenomenological description is signifi-
cantly dominated by the lowest pole only for sufficiently
small Q2, or better yet, timelike q2 near the pole. To im-
prove the overlap between the two sides of the sum rule,
one applies the Borel transformation

BM2 [Π(q2)] = lim
−q2,n→∞
−q2/n=M2

(−q2)n+1

n!

(

d

dq2

)n

Π(q2) . (9)

Two important examples are:

BM2

[

q2n
]

= 0 , (10)

and

BM2

[

1

(m2 − q2)n

]

=
1

(n − 1)!

e−m2/M2

(M2)n−1
, (11)
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Borel transform
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for n > 0. From these two results, (10) and (11), one can
see that the Borel transformation removes the subtrac-
tion terms in the dispersion relation, and exponentially
suppresses the contribution from excited resonances and
continuum states in the phenomenological side. In the
OPE side the Borel transformation suppresses the contri-
bution from higher dimension condensates by a factorial
term.

After making a Borel transform on both sides of the
sum rule, and transferring the continuum contribution to
the OPE side, the sum rule can be written as

λ2e−m2/M2

=

∫ s0

smin

ds e−s/M2

ρOPE(s) . (12)

If both sides of the sum rule were calculated to arbi-
trary high accuracy, the matching would be independent
of M2. In practice, however, both sides are represented
imperfectly. The hope is that there exists a range of M2,
called Borel window, in which the two sides have a good
overlap and information on the lowest resonance can be
extracted. In general, to determine the allowed Borel
window, one analyses the OPE convergence and the pole
contribution: the minimum value of the Borel mass is
fixed by considering the convergence of the OPE, and
the maximum value of the Borel mass is determined by
imposing the condition that the pole contribution must
be bigger than the continuum contribution.

In order to extract the mass m without worrying about
the value of the coupling λ, it is possible to take the
derivative of Eq. (12) with respect to 1/M2, and divide
the result by Eq. (12). This gives:

m2 =

∫ s0

smin
ds e−s/M2

s ρOPE(s)
∫ s0

smin
ds e−s/M2 ρOPE(s)

. (13)

This quantity has the advantage to be less sensitive to
the perturbative radiative corrections than the individual
sum rules. Therefore, we expect that our results obtained
to leading order in αs will be quite accurate.

D. Choice of currents

Mesonic currents for charmed mesons are given in Ta-
ble I.

TABLE I Currents for the D mesons
state symbol current JP

scalar meson D0 q̄c 0+

pseudoscalar meson D iq̄γ5c 0−

vector meson D∗ q̄γµc 1−

axial-vector meson D1 q̄γµγ5c 1+

From these currents we can construct molecular cur-
rents which can be eingenstates of charge conjugation C
and G-parity. Let us consider, as an example, a current

with JPC = 1++ for the molecular D0D∗0 system. It can
be written as a combination of two currents (70; 71):

j1
µ(x) = [ū(x)γ5c(x)][c̄(x)γµu(x)], (14)

and

j2
µ(x) = [ū(x)γµc(x)][c̄(x)γ5u(x)]. (15)

Since the charge conjugation transformation is defined
as: (q̄)C = −qT C−1 = qT C and (q)C = Cq̄T , we get

(j1
µ)C = −(c̄γ5u)(ūγµc) = −j2

µ, (16)

(j2
µ)C = −(c̄γµu)(ūγ5c) = −j1

µ. (17)

Therefore, the current

jµ(x) =
1√
2

(

j1
µ(x) − j2

µ(x)
)

, (18)

has positive C. However, this current is not a G-parity
eingenstate. The G-parity transformation is an isospin
rotation of the charge conjugated current:

(j1
µ)G = −(c̄γ5d)(d̄γµc), (19)

(j2
µ)G = −(c̄γµd)(d̄γ5c). (20)

In the case of a charged molecular D1D∗ current with
JP = 0−, it can also be written as a combination of two
currents:

j1 = (c̄γµγ5u)(d̄γµc), (21)

j2 = (c̄γµu)(d̄γµγ5c). (22)

The charge conjugation transformation in these currents
leads to

(j1)C = −(ūγµγ5c)(c̄γ
µd), (23)

(j2)C = −(ūγµc)(c̄γµγ5d), (24)

and the isospin rotation gives

(j1)G = (d̄γµγ5c)(c̄γ
µu) = j2, (25)

(j2)G = (d̄γµc)(c̄γµγ5u) = j1. (26)

Therefore, the current

j =
1√
2

(j1 + j2) , (27)

has positive G-parity.
In the case of tetraquark [cq][c̄q̄] currents, they can

be constructed in terms of color anti-symmetric diquark
states: εabc[qT

a CΓcb], where a, b, c are color indices of the
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for n > 0. From these two results, (10) and (11), one can
see that the Borel transformation removes the subtrac-
tion terms in the dispersion relation, and exponentially
suppresses the contribution from excited resonances and
continuum states in the phenomenological side. In the
OPE side the Borel transformation suppresses the contri-
bution from higher dimension condensates by a factorial
term.

After making a Borel transform on both sides of the
sum rule, and transferring the continuum contribution to
the OPE side, the sum rule can be written as

λ2e−m2/M2

=

∫ s0

smin

ds e−s/M2

ρOPE(s) . (12)

If both sides of the sum rule were calculated to arbi-
trary high accuracy, the matching would be independent
of M2. In practice, however, both sides are represented
imperfectly. The hope is that there exists a range of M2,
called Borel window, in which the two sides have a good
overlap and information on the lowest resonance can be
extracted. In general, to determine the allowed Borel
window, one analyses the OPE convergence and the pole
contribution: the minimum value of the Borel mass is
fixed by considering the convergence of the OPE, and
the maximum value of the Borel mass is determined by
imposing the condition that the pole contribution must
be bigger than the continuum contribution.

In order to extract the mass m without worrying about
the value of the coupling λ, it is possible to take the
derivative of Eq. (12) with respect to 1/M2, and divide
the result by Eq. (12). This gives:

m2 =

∫ s0

smin
ds e−s/M2

s ρOPE(s)
∫ s0

smin
ds e−s/M2 ρOPE(s)

. (13)

This quantity has the advantage to be less sensitive to
the perturbative radiative corrections than the individual
sum rules. Therefore, we expect that our results obtained
to leading order in αs will be quite accurate.

D. Choice of currents

Mesonic currents for charmed mesons are given in Ta-
ble I.

TABLE I Currents for the D mesons
state symbol current JP

scalar meson D0 q̄c 0+

pseudoscalar meson D iq̄γ5c 0−

vector meson D∗ q̄γµc 1−

axial-vector meson D1 q̄γµγ5c 1+

From these currents we can construct molecular cur-
rents which can be eingenstates of charge conjugation C
and G-parity. Let us consider, as an example, a current

with JPC = 1++ for the molecular D0D∗0 system. It can
be written as a combination of two currents (70; 71):

j1
µ(x) = [ū(x)γ5c(x)][c̄(x)γµu(x)], (14)

and

j2
µ(x) = [ū(x)γµc(x)][c̄(x)γ5u(x)]. (15)

Since the charge conjugation transformation is defined
as: (q̄)C = −qT C−1 = qT C and (q)C = Cq̄T , we get

(j1
µ)C = −(c̄γ5u)(ūγµc) = −j2

µ, (16)

(j2
µ)C = −(c̄γµu)(ūγ5c) = −j1

µ. (17)

Therefore, the current

jµ(x) =
1√
2

(

j1
µ(x) − j2

µ(x)
)

, (18)

has positive C. However, this current is not a G-parity
eingenstate. The G-parity transformation is an isospin
rotation of the charge conjugated current:

(j1
µ)G = −(c̄γ5d)(d̄γµc), (19)

(j2
µ)G = −(c̄γµd)(d̄γ5c). (20)

In the case of a charged molecular D1D∗ current with
JP = 0−, it can also be written as a combination of two
currents:

j1 = (c̄γµγ5u)(d̄γµc), (21)

j2 = (c̄γµu)(d̄γµγ5c). (22)

The charge conjugation transformation in these currents
leads to

(j1)C = −(ūγµγ5c)(c̄γ
µd), (23)

(j2)C = −(ūγµc)(c̄γµγ5d), (24)

and the isospin rotation gives

(j1)G = (d̄γµγ5c)(c̄γ
µu) = j2, (25)

(j2)G = (d̄γµc)(c̄γµγ5u) = j1. (26)

Therefore, the current

j =
1√
2

(j1 + j2) , (27)

has positive G-parity.
In the case of tetraquark [cq][c̄q̄] currents, they can

be constructed in terms of color anti-symmetric diquark
states: εabc[qT

a CΓcb], where a, b, c are color indices of the

2

was used to study the light scalar mesons [22, 23, 24, 25] and the D+
sJ(2317) meson [26, 27], considered as

four-quark states and a good agreement with the experimental masses was obtained. However, the tests
were not decisive as the usual quark–antiquark assignments also provide predictions consistent with data
and more importantly with chiral symmetry expectations [19, 23, 28, 29]. In the four-quark scenario,
scalar mesons can be considered as S-wave bound states of diquark-antidiquark pairs, where the diquark
was taken to be a spin zero color anti-triplet. Here we follow ref. [1], and consider the X(3872) as the
JPC = 1++ state with the symmetric spin distribution: [cq]S=1[c̄q̄]S=0 + [cq]S=0[c̄q̄]S=1. Therefore, the
corresponding lowest-dimension interpolating operator for describing Xq is given by:

jµ =
iεabcεdec√

2
[(qT

a Cγ5cb)(q̄dγµCc̄T
e ) + (qT

a Cγµcb)(q̄dγ5Cc̄T
e )] , (1)

where a, b, c, ... are color indices, C is the charge conjugation matrix and q denotes a u or d quark.
In general, one should consider all possible combinations of different 1++ four-quark operators, similar

to e.g. done in [31] for the 0++ light mesons and consider their mixing under renormalizations [32]
from which one can form renormalization group invariant (RGI) physical currents. However, we might
expect that, working with a particular choice of current given above will provide a general feature of the
four-quark model predictions for the X(3872), provided that we can work with quantities less affected by
radiative corrections and where the OPE converges quite well 1 As pointed out in [1], isospin forbidden
decays are possible if X is not a pure isospin state. Pure isospin states are:

X(I = 0) =
Xu + Xd√

2
, and X(I = 1) =

Xu − Xd√
2

. (2)

If the physical states are just the mass eigenstates Xu or Xd, maximal isospin violations are possible.
Deviations from these two ideal situations are described by a mixing angle between Xu and Xd [1]:

Xl = Xu cos θ + Xd sin θ,

Xh = −Xu sin θ + Xd cos θ. (3)

In ref. [1], by considering the X decays into two and three pions, a mixing angle θ ∼ 20◦ is deduced
and a mass difference

m(Xh) − m(Xl) = (8 ± 3)MeV. (4)

In this work, we want to test in which conditions the results of the sum rules are compatible with the
above predictions.

II. THE QCD EXPRESSION OF THE TWO-POINT CORRELATOR

The SR are constructed from the two-point correlation function

Πµν(q) = i

∫

d4x eiq.x〈0|T [jµ(x)j†ν(0)]|0〉 = −Π1(q
2)(gµν −

qµqν

q2
) + Π0(q

2)
qµqν

q2
. (5)

Since the axial vector current is not conserved, the two functions, Π1 and Π0, appearing in Eq. (5) are
independent and have respectively the quantum numbers of the spin 1 and 0 mesons.

The fundamental assumption of the sum rules approach is the principle of duality. Specifically, we
assume that there is an interval over which the correlation function may be equivalently described at both
the quark and the hadron levels. Therefore, on the one hand, we calculate the correlation function at the
quark level in terms of quark and gluon fields. On the other hand, the correlation function is calculated
at the hadronic level introducing hadron characteristics such as masses and coupling constants. At the

1 In the well-known case of baryon sum rules, a simplest choice of operator [33] and a more general choice [34] have been
given in the literature. Though technically apparently different, mainly for the region of convergence of the OPE, the
two choices of interpolating currents have provided the same predictions for the proton mass and mixed condensate but
only differs for values of higher dimension four-quark condensates.

Matheus, Narison, MN, Richard: PRD75 (07)

Thursday, May 20, 2010



QCD sum rules calculation for X(3872)

jX
µ =

iεabcεdec√
2

[
(qT

a Cγ5cb)(q̄dγµCc̄T
e )+(qT

a Cγµcb)(q̄dγ5Cc̄T
e )

]

2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8

   30

   35

   40

   45

   50

   55

   60

   65

   70
s0

1/2 = 4.2 GeV
 Continuum
 Pole

C
on

tri
bu

tio
n/

(P
ol

e+
C

on
tin

uu
m

) (
%

)

M2 (GeV2 ) 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0

0.5

1.0

1.5

2.0

2.5  Perturbative
 + <qq>
 + <g2G2>
 + m0

2 <qq>
 + <qq>2

 + m0
2 <qq>2

s0
1/2 = 4.3 GeV

C
on

de
ns

at
e/

R
H

S

M2 (GeV2)

good Borel window 2.0 ≤ M2 ≤ 2.3GeV2
– p.16/35

Introduction 5

for n > 0. From these two results, (10) and (11), one can
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tion terms in the dispersion relation, and exponentially
suppresses the contribution from excited resonances and
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OPE side the Borel transformation suppresses the contri-
bution from higher dimension condensates by a factorial
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ρOPE(s) . (12)

If both sides of the sum rule were calculated to arbi-
trary high accuracy, the matching would be independent
of M2. In practice, however, both sides are represented
imperfectly. The hope is that there exists a range of M2,
called Borel window, in which the two sides have a good
overlap and information on the lowest resonance can be
extracted. In general, to determine the allowed Borel
window, one analyses the OPE convergence and the pole
contribution: the minimum value of the Borel mass is
fixed by considering the convergence of the OPE, and
the maximum value of the Borel mass is determined by
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be bigger than the continuum contribution.
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µ, (16)
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µ. (17)

Therefore, the current
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, (18)

has positive C. However, this current is not a G-parity
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In general, one should consider all possible combinations of different 1++ four-quark operators, similar
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expect that, working with a particular choice of current given above will provide a general feature of the
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decays are possible if X is not a pure isospin state. Pure isospin states are:

X(I = 0) =
Xu + Xd√
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, and X(I = 1) =
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. (2)

If the physical states are just the mass eigenstates Xu or Xd, maximal isospin violations are possible.
Deviations from these two ideal situations are described by a mixing angle between Xu and Xd [1]:

Xl = Xu cos θ + Xd sin θ,

Xh = −Xu sin θ + Xd cos θ. (3)

In ref. [1], by considering the X decays into two and three pions, a mixing angle θ ∼ 20◦ is deduced
and a mass difference

m(Xh) − m(Xl) = (8 ± 3)MeV. (4)

In this work, we want to test in which conditions the results of the sum rules are compatible with the
above predictions.

II. THE QCD EXPRESSION OF THE TWO-POINT CORRELATOR

The SR are constructed from the two-point correlation function
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2)(gµν −
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2)
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Since the axial vector current is not conserved, the two functions, Π1 and Π0, appearing in Eq. (5) are
independent and have respectively the quantum numbers of the spin 1 and 0 mesons.

The fundamental assumption of the sum rules approach is the principle of duality. Specifically, we
assume that there is an interval over which the correlation function may be equivalently described at both
the quark and the hadron levels. Therefore, on the one hand, we calculate the correlation function at the
quark level in terms of quark and gluon fields. On the other hand, the correlation function is calculated
at the hadronic level introducing hadron characteristics such as masses and coupling constants. At the

1 In the well-known case of baryon sum rules, a simplest choice of operator [33] and a more general choice [34] have been
given in the literature. Though technically apparently different, mainly for the region of convergence of the OPE, the
two choices of interpolating currents have provided the same predictions for the proton mass and mixed condensate but
only differs for values of higher dimension four-quark condensates.
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where the integration limits are given by αmin = (1 −
√

1 − 4m2
c/s)/2, αmax = (1 +

√

1 − 4m2
c/s)/2 and

(βmin = αm2
c)/(sα − m2

c). We have also included the dominant contributions from the dimension-five
condensates:

ρmix(s) =
mc〈q̄gσ.Gq〉

26π4

αmax
∫

αmin

dα

[

−
2

α
(m2

c − α(1 − α)s) +

1−α
∫

βmin

dβ
[

(α + β)m2
c − αβs

]

(

1

α
+

α + β

β2

) ]

,(12)

where the contribution of dimension-six condensates 〈g3G3〉 is neglected, since assumed to be suppressed
by the loop factor 1/16π2. The usual estimate 〈g3G3〉 $ 1GeV2〈αsG2〉 [19] would deserve to be checked
in more detail. We have included the contribution of the dimension-six four-quark condensate:

ρ〈q̄q〉2(s) =
m2

c〈q̄q〉2

12π2

√

s − 4m2
c

s
, (13)

and (for completeness) a part of the dimension-8 condensate contributions 3:

Πmix〈q̄q〉
1 (M2) = −

m2
c〈q̄gσ.Gq〉〈q̄q〉

24π2

∫ 1

0

dα

[

1 +
m2

c

α(1 − α)M2
−

1

2(1 − α)

]

exp

[

−
m2

c

α(1 − α)M2

]

. (14)

III. LSR PREDICTIONS OF MX
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FIG. 1: The OPE convergence in the region 1.6 ≤ M2 ≤ 2.8 GeV2 for s1/2

0 = 4.17 GeV. We start with the
perturbative contribution (plus a very small mq contribution) and each subsequent line represents the addition
of one extra condensate dimension in the expansion.

In order to extract the mass MX without worrying about the value of the decay constant fX , we take
the derivative of Eq. (9) with respect to 1/M2, divide the result by Eq. (9) and obtain:

M2
X =

∫ s0

4m2
c
ds e−s/M2

s ρ(s)
∫ s0

4m2
c
ds e−s/M2 ρ(s)

. (15)

3 We should note that a complete evaluation of these contributions require more involved analysis including a non-trivial
choice of the factorization assumption basis [38]. We wish that we can perform this analysis in the future.

6

obtained up to dimension-5 are very close to the ones obtained up to dimension-8. For definiteness, the
value of MX obtained by including the dimension-5 mixed condensate will be considered as the final
prediction from the LSR, and the effects of the higher condensates as the error due to the truncation of
the OPE.
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FIG. 3: The dashed line shows the relative pole contribution (the pole contribution divided by the total, pole
plus continuum, contribution) and the solid line shows the relative continuum contribution.

We get an upper limit constraint for M2 by imposing the rigorous constraint that the QCD continuum
contribution should be smaller than the pole contribution5. The maximum value of M2 for which this
constraint is satisfied depends on the value of s0. The comparison between pole and continuum contri-

butions for s1/2
0 = 4.2 GeV is shown in Fig. 3. The same analysis for the other value of the continuum

threshold gives M2 < 2.2 GeV2 for s1/2
0 = 4.1 GeV.
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5 More restrictive conditions are sometimes imposed in the literature, where, for example, it is required that the continuum
contribution is smaller than 30 % of the total contribution. In this case no sum rule-window is allowed. In our analysis, we
use a less restrictive criterion, having in mind that the role of the continuum is expected to be larger for high-dimensional
current operators than in the usual ρ-meson channel, as indicated by different sum rules analyses in the existing literature.
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X → J/ψπ+π− ∼ 1 ⇒ θ ∼ 200

M(Xh) − M(Xl)
↗(8 ± 3) MeV (quark model)

↘
(2.6 − 3.9) MeV (QCD sum rule)

– p.10/35

QCD sum rules calculation for X(3872)
tetraquark state (PRD75 (2007) 014005)

jX = [cq]S=1[c̄q̄]S=0 + [cq]S=0[c̄q̄]S=1

mX = (3.92 ± 0.13) GeV

molecular state (arXiv:0803.1168)

jX = D∗0D̄0 + D̄∗0D0

mX = (3.87 ± 0.07) GeV

Better agreement with the molecular model

– p.11/32
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current operators than in the usual ρ-meson channel, as indicated by different sum rules analyses in the existing literature.
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X → J/ψπ+π−π0

X → J/ψπ+π− ∼ 1 ⇒ θ ∼ 200

M(Xh) − M(Xl)
↗(8 ± 3) MeV (quark model)
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(2.6 − 3.9) MeV (QCD sum rule)
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mX = (3.87 ± 0.07) GeV

Better agreement with the molecular model
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obtained up to dimension-5 are very close to the ones obtained up to dimension-8. For definiteness, the
value of MX obtained by including the dimension-5 mixed condensate will be considered as the final
prediction from the LSR, and the effects of the higher condensates as the error due to the truncation of
the OPE.
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FIG. 3: The dashed line shows the relative pole contribution (the pole contribution divided by the total, pole
plus continuum, contribution) and the solid line shows the relative continuum contribution.

We get an upper limit constraint for M2 by imposing the rigorous constraint that the QCD continuum
contribution should be smaller than the pole contribution5. The maximum value of M2 for which this
constraint is satisfied depends on the value of s0. The comparison between pole and continuum contri-

butions for s1/2
0 = 4.2 GeV is shown in Fig. 3. The same analysis for the other value of the continuum

threshold gives M2 < 2.2 GeV2 for s1/2
0 = 4.1 GeV.
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use a less restrictive criterion, having in mind that the role of the continuum is expected to be larger for high-dimensional
current operators than in the usual ρ-meson channel, as indicated by different sum rules analyses in the existing literature.
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The X(3872) meson 10

Other interpretations for the X(3872) like cusp (102),
hybrids (103; 104), or glueball (105) have already been
covered in refs. (56; 57; 58; 59; 60; 61; 62; 63). Here we
would like to focus on the QCD sum rules studies for this
meson.

B. QCDSR studies for X(3872)

Considering the X(3872) as a JPC = 1++ state we
can construct a current based on diquarks in the color
triplet configuration, with symmetric spin distribution:
[cq]S=1[c̄q̄]S=0 + [cq]S=0[c̄q̄]S=1, as proposed in ref. (42).
Therefore, the corresponding lowest-dimension interpo-
lating operator for describing Xq as a tetraquark state is
given by:

j(q,di)
µ =

iεabcεdec√
2

[(qT
a Cγ5cb)(q̄dγµCc̄T

e )

+ (qT
a Cγµcb)(q̄dγ5Cc̄T

e )] , (47)

where q denotes a u or d quark.
On the other hand, we can construct a current describ-

ing Xq as a molecular DD̄∗ state:

j(q,mol)
µ (x) =

1√
2

[

(q̄a(x)γ5ca(x)c̄b(x)γµqb(x))

− (q̄a(x)γµca(x)c̄b(x)γ5qb(x))

]

(48)

In general, other four-quark operators with 1++ are
possible. For example, starting from the simple charmed
diquark states given in Table II, another tetraquark cur-
rent with JPC = 1++ can be constructed by combining
the pseudo scalar 0− and vector 1− diquark. Equiva-
lently, additional current can be constructed for the me-
son type currents. The number of currents increases fur-
ther, if one allows for additional color states; color sextet
for the diquark and color octet for the molecular states.
An extensive study has been carried out for the 0++ light
mesons(106), with their mixing under renormalizations
(107) from which one can form renormalization group
invariant physical currents. The choice of the current
does not matter too much provided that we can work
with quantities less affected by radiative corrections and
where the OPE converges quite well. This is borne out
in the well-known case of baryon sum rules, where a sim-
ple choice of operator (108) and a more general choice
(109) have been studied. Even though apparently dif-
ferent, mainly in the region of convergence of the OPE,
the two choices of interpolating currents have provided
the same predictions for the proton mass. In some cases
however, particular choices might be preferable over the
others.

For the present case, the two currents in Eqs. (47) and
(48) were used, in refs. (110) and (111) respectively, to
study the X(3872). In both cases it was possible to find a
Borel window where the pole contribution is bigger than

the continuum contribution and with a reasonable OPE
convergence. In the OPE side, the calculations were done
at leading order in αs and contributions of condensates
up to dimension eight were included.
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FIG. 6 The j(q−di)
µ OPE convergence in the region 1.6 ≤

M2 ≤ 2.8 GeV2 for
√

s0 = 4.17 GeV (taken from ref.(110)).

In the case of the current in Eq. (47) we show, in
Fig. 6, the relative contribution of each term on the
OPE expansion of the sum rule. One can see that for
M2 > 1.9 GeV2, the addition of a subsequent term of the
expansion brings the curve (representing the sum) closer
to an asymptotic value (which was normalized to 1). Fur-
thermore the changes in this curve become smaller with
increasing dimension. These are the requirements for a
good OPE convergence and this fixes the lower limit of
the Borel window to be M2 ≥ 2 GeV2.
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FIG. 7 The dashed line shows the relative pole contribution
(the pole contribution divided by the total, pole plus con-
tinuum, contribution) and the solid line shows the relative
continuum contribution (taken from ref.(110)).

We obtain an upper limit for M2 by imposing the rig-
orous constraint that the QCD continuum contribution
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QCD sum rules calculation for X(3872)
tetraquark state (PRD75 (2007) 014005)

jX = [cq]S=1[c̄q̄]S=0 + [cq]S=0[c̄q̄]S=1

mX = (3.92 ± 0.13) GeV

molecular state (arXiv:0803.1168)

jX = D∗0D̄0 + D̄∗0D0

mX = (3.87 ± 0.07) GeV

Better agreement with the molecular model

– p.11/32

Lee, MN, Wiedner:              molecular current (arXiv:0803.1168)D0D̄∗0

better agreement with the molecular current

Problem: decay width   X → J/ψππ 
~ 50 GeV (Navarra, MN, PLB639 (06)272)

7

From Eqs. (58) and (61) we get the following relation
between the coupling constants:

gXψωfω

gXψρfρ
=

Nω

(

cosα + sinα
)

Nρ

(

cosα − sinα
) . (62)

Using the previous result in Eq. (41) and the numerical
values for fω and fρ we have

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
# 0.15

(

cosα + sinα

cosα − sinα

)2

. (63)

This is exactly the same relation obtained in refs. [11, 27],
that determines α ∼ 200 for reproducing the experimen-
tal result in Eq.(1).

With this mixing angle α defined, we can now eval-
uate the decay rate itself, for any one of the decays:
X → J/ψρ or X → J/ψω, since they will be the same.
Therefore, we choose to work with X → J/ψω since the
combination cosα + sinα appears in both sides of the
sum rule and the result for gXψω is independent of α.
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FIG. 4: Diagrams which contribute to the OPE side of the sum rule.

In the OPE side we consider condensates up to di-
mension five , as shown in Fig. 4. Taking the limit
p2 = p′2 = −P 2 and doing a single Borel transform to
P 2 → M2, we get in the structure εανσγp′σqγp′µ (the same
considered in ref.[27]) (Q2 = −q2):

C(Q2)
(

e−m2
ψ/M2

− e−m2
X/M2

)

+ B e−s0/M2

=

(Q2 + m2
ω)Π(OPE)(M2, Q2), (64)

where

Π(OPE)(M2, Q2) =
〈q̄q〉

6
√

2π2Q2

[(

m2
0

3Q2
+

− 1

)
∫ u0

4m2
c

du e−u/M2 √

1 − 4m2
c/u

(

1

2
+

m2
c

u

)

+

−
m2

0

16

∫ 1

0
dα

1 + 3α

α
e

−m2
c

α(1−α)M2

]

. (65)

In Eq. (64)

C(Q2) =
6

sin(θ)
mωfω

fψλq

mψ(m2
X − m2

ψ)
gXψω(Q2), (66)

and B gives the contribution of the pole-continuum tran-
sitions [27, 28, 29]. s0 and u0 are the continuum thresh-
olds for X and J/ψ respectively. Notice that in Eq.(65)
we have introduced the form factor gXψω(Q2). This is
because the meson ω is off-shell in the vertex XJ/ψω.

If we parametrize C(Q2) as a monopole:

C(Q2) =
c1

Q2 + c2
, (67)

we can fit the left hand side of Eq. (64) as a function
of Q2 and M2 to the QCDSR results in the right hand
side, obtaining c1, c2 and B. In Fig. 5 we show the
points obtained if we isolate C(Q2) in Eq. (64) and vary
both Q2 and M2. The function C(Q2) (and consequently
gXψω(Q2)) should not depend on M2, so we limit our fit
region to 3.0 GeV2 ≤ M2 ≤ 3.5 GeV2 where C(Q2) is
clearly stable in M2 for all values of Q2.

We do the fitting for s1/2
0 = 4.4 GeV as the results

do not depend much on this parameter, the results are
shown bellow:

c1 = 2.5 × 10−2 GeV7,

c2 = 38 GeV2,

MeV
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indication of a significant mixing of the cc̄ and D0D̄∗0
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Jq
µ(x) = sin θj(q,mol)

µ (x) + cos θj(q,2)
µ (x)Matheus, Navarra, 

MN, Zanetti           
(arXiv:0907.2683) 

The X(3872) meson 12

with j(q,mol)
µ (x) given in Eq. (48) and

j(q,2)
µ (x) =

1

6
√

2
〈q̄q〉[c̄a(x)γµγ5ca(x)]. (58)

There is no problem in reproducing the experimental
mass of the X(3872) with this current for a large range
of the mixture angle α. Using Eq. (57) as jX

µ in Eq. (53)
one arrives at (89):

Πµνβ(x, y) = sin(α)〈0|T [jψ
µ (x)jV

ν (y)j(q,mol)
β

†
(0)]|0〉,

(59)
that can not reproduce the experimental observation in
Eq. (35), as showed in Eq. (36). Therefore, to be able to
reproduce the result in Eq. (35), it is necessary to con-
sider also a mixture of D+D∗− and D−D∗+ components,
like in ref. (42). In this case the current is given by

jX
µ (x) = cos θJu

µ (x) + sin θJd
µ(x), (60)

with Ju
µ (x) and Jd

µ(x) given by Eq. (57). With this par-
ticular combination it is possible to show that the rate
in Eq. (36) becomes:

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
% 0.15

(

cos θ + sin θ

cos θ − sin θ

)2

. (61)

This is exactly the same relation obtained in refs. (42;
114), that imposes θ ∼ 200 to reproduce the experimen-
tal result in Eq.(35). A similar relation was obtained in
ref. (116) where the decay of the X into two and three
pions goes through a D D∗ loop.

Using the current in Eq. (60), it was shown in ref. (89)
that for a mixing angle in Eq. (57) α = 90 ± 40, it is pos-
sible to describe the experimental mass of the X(3872)
with a decay width Γ(X → J/ψ (nπ)) = (9.3±6.9) MeV,
which is compatible with the experimental upper limit.
Therefore, in a QCDSR calculation, the X(3872) can be
well described basically by a cc̄ current with a small,
but fundamental, admixture of molecular (DD̄∗) or
tetraquark ([cq][c̄q̄] currents.

In ref. (117) a similar mixture between a cc̄ state and
molecular states (including J/ψρ and J/ψω) was consid-
ered to study the X(3872) decays into J/ψγ and ψ(2S)γ,
using effective Lagrangians. In this approach the authors
only needed a small admixture of the cc̄ component (
equivalent to α = 780 ± 20 in Eq. (57)) to reproduce the
ratio in Eq. (45). It is not clear, however, if with this
small cc̄ admixture it is possible to obtain the prompt
production cross section for the X(3872) observed by the
CDF Collaboration (55).

C. Summary for X(3872)

To summarize, there is an emerging consensus that the
X(3872) is not a pure cc̄ state neither a pure multi-quark
state. From the ratio in Eq. (35), we know that X(3872)
is not an isospin eingenstate, therefore, it can not be a

pure cc̄ state. On the other hand, the binding energy, the
production rates and the observed ratio in Eq. (45) are
not compatible with a pure molecular state. Consider-
ing all the available experimental information, it is very
probable that the X(3872) is a admixture of a charmo-
nium state with other multi-quark states: molecular or
tetraquark states.

D. Predictions for Xb, Xs, Xs
b

It is straightforward to extend the analysis done for
the X(3872) to the case of the bottom quark. Using
the same interpolating field of Eq. (47) with the charm
quark replaced by the bottom one, the analysis done for
X(3872) was repeated for Xb in ref.(110). In this case
there is also a good Borel window and the prediction
for the mass of the state that couples with a tetraquark
(bq)(b̄q̄) with JPC = 1++ current is:

MXb
= (10.27 ± 0.23) GeV . (62)

The central value in Eq. (102) is close to the mass
of Υ(3S), and appreciably below the B∗B̄ threshold at
about 10.6 GeV. For comparison, the molecular model
predicts for Xb a mass which is about 50 − 60 MeV be-
low this threshold (56), while a relativistic quark model
without explicit (bb̄) clustering predicts a value of about
133 MeV below this threshold (118). A future discovery
of this state, e.g. at LHCb, will certainly test the dif-
ferent theoretical models of this state and clarify, at the
same time, the nature of the X(3872).

In the case of Xs ([cs][c̄s̄]) and Xs
b ([bs][b̄s̄]), one has

to replace the light quarks in the currents for X and
Xb by strange quarks. To extract the relatively small
mass-splitting, it is appropriate to use the double ratio
of moments (67; 119):

ds
c ≡

M2
Xs

M2
X

, (63)

which suppress different systematic errors and the depen-
dence on the sum rule parameters like s0 and M2. The
result obtained for this ratio in ref. (110) is:

√

ds
c = 0.984 ± 0.007 . (64)

This leads to the mass splitting:

MXs − MX % −(61± 30) MeV . (65)

Similar methods used in (67; 119) have predicted suc-
cessfully the values of MDs

/MD and MBs
/MB, which is

not quite surprising, as in the double ratios, all irrelevant
sum rules systematics cancel out.

It is interesting to notice that the Xs mass prediction
from ref. (110) is slightly smaller than the X(3872) mass,
which is quite unusual. Such a small and negative mass-
splitting is rather striking and needs to be checked us-
ing alternative methods. The (almost) degenerate value
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mX = (3.77± 0.18) GeV

90 ≤ θ ≤ 130
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∫ αmax
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∫ βmax
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αβ2 K2(α, β),
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ρ(44)
〈ūu〉2(s) =

m2
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24π2
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ρ(44)
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211π6

∫ αmax

αmin
dα
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βmin
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[

m2
c

(1−(α+β)2)
α3

− 1−2α−2β
αβ2 K(α, β)

]

K(α, β),

(30)

ρ(44)
〈ūGu〉(s) = − 3mc

28π4 〈ūgσ · Gu〉
∫ αmax
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[

2(m2
c−α(1−α)s)

1−α

−
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(

1 − 2α+β
β

)

K(α,β)
β

]

, (31)

Π(44)
〈ūu〉〈ūGu〉(M

2) = −m2
c〈ūu〉〈ūgsσ·Gu〉

25π2

∫ 1
0 dα

[

α(1−α)M2+m2
c

α(1−α)M2

− 1
1−α

]

e
− m2

c
α(1−α)M2 . (32)

The integration limits are:

αmin =
1 −

√

1 − 4m2
c

s

2
, αmax =

1 +
√

1 − 4m2
c

s

2

βmin =
α

α q2

m2
c
− 1

, βmax = 1 − α

and we define K(α, β) ≡ (α + β)m2
c − αβq2.

By taking the derivative of Eq. (18) with respect to
1/M2 and dividing the result by Eq. (18) we can obtain
the mass of mX without worrying about the value of
the meson-current coupling λu. The expression thus ob-
tained is analised numerically using the following values
for quark masses and QCD condensates [15, 31]:

mc(mc) = (1.23 ± 0.05) GeV,

〈ūu〉 − (0.23 ± 0.03)3 GeV3,

〈ūgσ.Gu〉 = m2
0〈ūu〉,

m2
0 = 0.8 GeV2,

〈g2G2〉 = 0.88 GeV4. (33)

In Fig. 1 we show the contributions of the terms in
Eqs. (22) to (32) grouped by condensate dimensions di-

vided by the RHS of Eq. (18). We have used s1/2
0 = 4.4

GeV and θ = 9◦, but the situation does not change much

FIG. 1: Relative contributions of the terms in eqs. (22) to
(32) grouped by condensate dimensions. We start with the
perturbative contribution and each subsequent line represents
the addition of one extra condensate dimension in the expan-
sion.

FIG. 2: The dashed line shows the relative pole contribution
(the pole contribution divided by the total, pole plus con-
tinuum, contribution) and the solid line shows the relative
continuum contribution.

for other choices of these parameters. It is clear that the
OPE is converging for values of M2 ≥ 2.6 GeV2 and we
will limit our analysis to that region.

The upper limit to the value of M2 comes by imposing
that the QCD pole contribution should be bigger than the
continuun contribution. The maximum value of M2 that
satisfies this condition depends on the value of s0, being
more restrictive for smaller s0. In Fig. 2 we show a com-
parison between the pole and continuun contributions

for the smaller s0 we will be considering (s1/2
0 = 4.4) and

θ = 9◦. The condition obtained from Fig. 2 is M2 ≤ 3.2
GeV2, but in this case, the dependence on the choice of
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FIG. 1: Relative contributions of the terms in eqs. (22) to
(32) grouped by condensate dimensions. We start with the
perturbative contribution and each subsequent line represents
the addition of one extra condensate dimension in the expan-
sion.

FIG. 2: The dashed line shows the relative pole contribution
(the pole contribution divided by the total, pole plus con-
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for other choices of these parameters. It is clear that the
OPE is converging for values of M2 ≥ 2.6 GeV2 and we
will limit our analysis to that region.

The upper limit to the value of M2 comes by imposing
that the QCD pole contribution should be bigger than the
continuun contribution. The maximum value of M2 that
satisfies this condition depends on the value of s0, being
more restrictive for smaller s0. In Fig. 2 we show a com-
parison between the pole and continuun contributions

for the smaller s0 we will be considering (s1/2
0 = 4.4) and

θ = 9◦. The condition obtained from Fig. 2 is M2 ≤ 3.2
GeV2, but in this case, the dependence on the choice of

5

θ is very strong. Taking into account the variation of θ
we have determined that, for 5◦ ≤ θ ≤ 13◦, the QCDSR
are valid in the following region:

2.6 GeV2 ≤ M2 ≤ 3.0 GeV2 (34)

In Fig. 3, we show the X meson mass in this region.
We see that the results are reasonably stable as a function
of M2. From Fig. 3 we obtain mX = (3.80 ± 0.08) GeV

FIG. 3: The X meson mass as a function of the sum rule
parameter (M2) in the region of eq. (34) for different values of

the continuum threshold: s1/2

0 = 4.4 GeV (solid line), s1/2

0 =

4.5 GeV (dashed line) and s1/2

0 = 4.6 GeV (dotted line).

where the error includes the variation of both s0 and M2.
If we also take into account the variation of θ in the region
5◦ ≤ θ ≤ 13◦ we get:

mX = (3.77 ± 0.18) GeV, (35)

which is in a good agreement with the experimental
value. The value obtained for the mass grows with the
value of the mixing angle θ, but for θ ≥ 30◦ it reaches a
stable value being completely determined by the molec-
ular part of the current.

From Eq. (18) we can also obtain λu by fixing mX

equal to the experimental value (mX = 3.87 GeV). Using
the same region in θ, s0 and M2 that we have used in
the mass analysis we obtain:

λu = (3.6 ± 0.9).10−3 GeV5. (36)

IV. DECAY OF THE X(3872) AND THE THREE
POINT CORRELATOR

As discussed in Sec. I, one of the most intriguing facts
about the meson X(3872) is the observation, reported
by the BELLE collaboration [3], that the X decays into
J/ψ π+π−π0, with a strength that is compatible to that

of the J/ψπ+π− mode, as given by Eq .(1). This de-
cay suggests an appreciable transition rate to J/ψ ω and
establishes strong isospin violating effects. It still does
not completely exclude a cc̄ interpretation for X since
the origin of the isospin and G parity non-conservation
in Eq. (1) could be of dynamical origin due to ρ0−ω mix-
ing [32]. However, the observation of the ratio in Eq. (1)
is an important point in favor of the molecular picture
proposed by Swanson [19]. In this molecular picture the
X(3872) is mainly a D0D̄∗0 molecule with a small but
important admixture of ρJ/ψ and ωJ/ψ components.

It is important to notice that, although a D0D̄∗0

molecule is not an isospin eingenstate, the ratio in Eq. (1)
can not be reproduced by a pure D0D̄∗0 molecule. This
can be seen through the observation that the decay
width for the decay X → J/ψV → J/ψF where F =
π+π−(π+π−π0) for V = ρ(ω) is given by [11, 33]

dΓ

ds
(X → J/ψf) =

1

8πm2
X

|M|2BV →F

×
ΓV mV

π

p(s)

(s − m2
V )2 + (mV ΓV )2

, (37)

where

p(s) =

√

λ(m2
X , m2

ψ, s)

2mX
, (38)

with λ(a, b, c) = a2 + b2 + c2 − 2ab − 2ac − 2bc. The
invariant amplitude squared is given by:

|M|2 = g2
XψV f(mX , mψ, s), (39)

where gXψV is the coupling constant in the vertex
XJ/ψV and

f(mX , mψ, s) =
1

3

(

4m2
X −

m2
ψ + s

2
+

(m2
X − m2

ψ)2

2s

+
(m2

X − s)2

2m2
ψ

)

m2
X − m2

ψ + s

2m2
X

. (40)

Therefore, the ratio in Eq. (1) is given by:

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
=

g2
XψωmωΓωBω→πππIω

g2
XψρmρΓρBρ→ππIρ

, (41)

where

IV =

∫ (mX−mψ)2

(nmπ)2
ds

(

f(mX , mψ, s)

×
p(s)

(s − m2
V )2 + (mV ΓV )2

)

. (42)

Using Bω→πππ = 0.89, Γω = 8.49 GeV, mω =
782.6 MeV, Bρ→ππ = 1, Γρ = 149.4 GeV and mρ =
775.5 MeV we get

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
= 0.118

(

gXψω

gXψρ

)2

. (43)
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By taking the derivative of Eq. (18) with respect to
1/M2 and dividing the result by Eq. (18) we can obtain
the mass of mX without worrying about the value of
the meson-current coupling λu. The expression thus ob-
tained is analised numerically using the following values
for quark masses and QCD condensates [15, 31]:

mc(mc) = (1.23 ± 0.05) GeV,

〈ūu〉 − (0.23 ± 0.03)3 GeV3,

〈ūgσ.Gu〉 = m2
0〈ūu〉,

m2
0 = 0.8 GeV2,

〈g2G2〉 = 0.88 GeV4. (33)

In Fig. 1 we show the contributions of the terms in
Eqs. (22) to (32) grouped by condensate dimensions di-

vided by the RHS of Eq. (18). We have used s1/2
0 = 4.4

GeV and θ = 9◦, but the situation does not change much

FIG. 1: Relative contributions of the terms in eqs. (22) to
(32) grouped by condensate dimensions. We start with the
perturbative contribution and each subsequent line represents
the addition of one extra condensate dimension in the expan-
sion.

FIG. 2: The dashed line shows the relative pole contribution
(the pole contribution divided by the total, pole plus con-
tinuum, contribution) and the solid line shows the relative
continuum contribution.

for other choices of these parameters. It is clear that the
OPE is converging for values of M2 ≥ 2.6 GeV2 and we
will limit our analysis to that region.

The upper limit to the value of M2 comes by imposing
that the QCD pole contribution should be bigger than the
continuun contribution. The maximum value of M2 that
satisfies this condition depends on the value of s0, being
more restrictive for smaller s0. In Fig. 2 we show a com-
parison between the pole and continuun contributions

for the smaller s0 we will be considering (s1/2
0 = 4.4) and

θ = 9◦. The condition obtained from Fig. 2 is M2 ≤ 3.2
GeV2, but in this case, the dependence on the choice of
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〈ūu〉2(s) =

m2
c

24π2
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〈ūu〉〈ūGu〉(M

2) = −m2
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for other choices of these parameters. It is clear that the
OPE is converging for values of M2 ≥ 2.6 GeV2 and we
will limit our analysis to that region.

The upper limit to the value of M2 comes by imposing
that the QCD pole contribution should be bigger than the
continuun contribution. The maximum value of M2 that
satisfies this condition depends on the value of s0, being
more restrictive for smaller s0. In Fig. 2 we show a com-
parison between the pole and continuun contributions

for the smaller s0 we will be considering (s1/2
0 = 4.4) and

θ = 9◦. The condition obtained from Fig. 2 is M2 ≤ 3.2
GeV2, but in this case, the dependence on the choice of
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θ is very strong. Taking into account the variation of θ
we have determined that, for 5◦ ≤ θ ≤ 13◦, the QCDSR
are valid in the following region:

2.6 GeV2 ≤ M2 ≤ 3.0 GeV2 (34)

In Fig. 3, we show the X meson mass in this region.
We see that the results are reasonably stable as a function
of M2. From Fig. 3 we obtain mX = (3.80 ± 0.08) GeV

FIG. 3: The X meson mass as a function of the sum rule
parameter (M2) in the region of eq. (34) for different values of

the continuum threshold: s1/2

0 = 4.4 GeV (solid line), s1/2

0 =

4.5 GeV (dashed line) and s1/2

0 = 4.6 GeV (dotted line).

where the error includes the variation of both s0 and M2.
If we also take into account the variation of θ in the region
5◦ ≤ θ ≤ 13◦ we get:

mX = (3.77 ± 0.18) GeV, (35)

which is in a good agreement with the experimental
value. The value obtained for the mass grows with the
value of the mixing angle θ, but for θ ≥ 30◦ it reaches a
stable value being completely determined by the molec-
ular part of the current.

From Eq. (18) we can also obtain λu by fixing mX

equal to the experimental value (mX = 3.87 GeV). Using
the same region in θ, s0 and M2 that we have used in
the mass analysis we obtain:

λu = (3.6 ± 0.9).10−3 GeV5. (36)
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about the meson X(3872) is the observation, reported
by the BELLE collaboration [3], that the X decays into
J/ψ π+π−π0, with a strength that is compatible to that

of the J/ψπ+π− mode, as given by Eq .(1). This de-
cay suggests an appreciable transition rate to J/ψ ω and
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not completely exclude a cc̄ interpretation for X since
the origin of the isospin and G parity non-conservation
in Eq. (1) could be of dynamical origin due to ρ0−ω mix-
ing [32]. However, the observation of the ratio in Eq. (1)
is an important point in favor of the molecular picture
proposed by Swanson [19]. In this molecular picture the
X(3872) is mainly a D0D̄∗0 molecule with a small but
important admixture of ρJ/ψ and ωJ/ψ components.

It is important to notice that, although a D0D̄∗0

molecule is not an isospin eingenstate, the ratio in Eq. (1)
can not be reproduced by a pure D0D̄∗0 molecule. This
can be seen through the observation that the decay
width for the decay X → J/ψV → J/ψF where F =
π+π−(π+π−π0) for V = ρ(ω) is given by [11, 33]

dΓ

ds
(X → J/ψf) =

1

8πm2
X

|M|2BV →F

×
ΓV mV

π

p(s)

(s − m2
V )2 + (mV ΓV )2

, (37)

where

p(s) =

√

λ(m2
X , m2

ψ, s)

2mX
, (38)

with λ(a, b, c) = a2 + b2 + c2 − 2ab − 2ac − 2bc. The
invariant amplitude squared is given by:

|M|2 = g2
XψV f(mX , mψ, s), (39)

where gXψV is the coupling constant in the vertex
XJ/ψV and

f(mX , mψ, s) =
1

3

(

4m2
X −

m2
ψ + s

2
+

(m2
X − m2

ψ)2

2s

+
(m2

X − s)2

2m2
ψ

)

m2
X − m2

ψ + s

2m2
X

. (40)

Therefore, the ratio in Eq. (1) is given by:

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
=

g2
XψωmωΓωBω→πππIω

g2
XψρmρΓρBρ→ππIρ

, (41)

where

IV =

∫ (mX−mψ)2

(nmπ)2
ds

(

f(mX , mψ, s)

×
p(s)

(s − m2
V )2 + (mV ΓV )2

)

. (42)

Using Bω→πππ = 0.89, Γω = 8.49 GeV, mω =
782.6 MeV, Bρ→ππ = 1, Γρ = 149.4 GeV and mρ =
775.5 MeV we get

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
= 0.118

(

gXψω

gXψρ

)2

. (43)

mX increases with θ 
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The couplings, gXψV , can be evaluated through a
QCDSR calculation for the vertex, X(3872)J/ψV , that
centers in the three-point function given by

Πµνα(p, p′, q) =

∫

d4xd4y eip′.x eiq.yΠµνα(x, y), (44)

with

Πµνα(x, y) = 〈0|T [jψ
µ (x)jV

ν (y)jX
α

†
(0)]|0〉, (45)

where p = p′ + q and the interpolating fields are given
by:

jψ
µ = c̄aγµca, (46)

jV
ν =

NV

2
(ūaγνua + (−1)IV d̄aγνda), (47)

with Nρ = 1, Iρ = 1, Nω = 1/3 and Iω = 0. If X(3872)
is a pure D0D̄∗0 molecule, jX

α is given by Eq. (8). In this
case the only difference in the OPE side of the sum rule
is the factor NV and, therefore, regardless the approxi-
mations made in the OPE side and the number of terms
considered in the sum rule one has

ΠV
µνα(p, p′, q) = NV ΠOPE

µνα (p, p′, q). (48)

To evaluate the phenomenological side of the sum rule
we insert, in Eq.(45), intermediate states for X , J/ψ and
V . We get [33]:

Π(phen)
µνα (p, p′, q) =

iλXmψfψmV fV gXψV

(p2 − m2
X)(p′2 − m2

ψ)(q2 − m2
V )

×
(

− εαµνσ(p′σ + qσ) − εαµσγ p′σqγqν

m2
V

− εανσγ p′σqγp′µ
m2

ψ

)

. (49)

Therefore, for a given structure the sum rule is given
by:

iλXmψfψmV fV gXψV

(p2 − m2
X)(p′2 − m2

ψ)(q2 − m2
V )

= NV ΠOPE(p, p′, q),(50)

from where, considering mρ % mω one gets:

gXψωfω

gXψρfρ
=

Nω

Nρ
=

1

3
. (51)

Using fρ = 157 MeV and fω = 46 MeV we obtain

gXψω

gXψρ
= 1.14, (52)

and using this result in Eq. (43) we finally get

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
% 0.15. (53)

It is very important to notice that this is a very gen-
eral result that does not depend on any approximation
in the QCDSR. This result shows that the admixture of
ρJ/ψ and ωJ/ψ components in the molecular model of
ref.[19] is indeed very important to reproduce the data in
Eq. (1). It is also important to notice that, in a QCDSR
calculation of the decay rate X → J/ψV , the cc̄ admix-
ture in the D0D̄∗0 molecule, as given by Eq. (10), does
not solve the problem of geting the ratio in Eq.(1). This
can be seen by using, in Eq. (45), jX

α = Ju
α , with Ju

α given
by Eq. (10). One gets:

Πµνα(x, y) =
〈ūu〉
2
√

6
cos(θ)Πcc̄

µνα(x, y)

+ sin(θ)Πmol
µνα(x, y), (54)

where

Πcc̄
µνα(x, y) = 〈0|T [jψ

µ (x)jV
ν (y)j

′(2)
α

†
(0)]|0〉, (55)

and

Πmol
µνα(x, y) = 〈0|T [jψ

µ (x)jV
ν (y)j(4u)

α
†
(0)]|0〉, (56)

with j
′(2)
α and j(4u)

α given by Eqs. (7) and (8). Using the
currents in Eqs.(47) and (46) for the mesons V and J/ψ,
it is easy to see that

Πcc̄
µνα(x, y) =

NV

2
Tr [γµSc

ac(x)γαγ5S
c
ca(−x)] ×

× Tr
[

γνSu
bb(0) + (−1)IV γνSd

bb(0)
]

.(57)

For V = ρ with Iρ = 1 the result in Eq. (57) is obvi-
ously zero due to isospin conservation, in the case that
the quark u and d are degenerate. However, even for
V = ω (Iω = 0), the result in Eq. (57) is zero be-
cause Tr [γµSq

bb(0)] = 0. Therefore, in the OPE side,
the three-point function is given only by the molecular
part of the current in Eq (10):

Πµνα(x, y) = sin(θ)Πmol
µνα(x, y), (58)

that can not reproduce the experimental observation in
Eq. (1), as demonstrated above.

In the following, to be able to reproduce the data in
Eq.(1), instead of the admixture of ρJ/ψ and ωJ/ψ com-
ponents to the D0D̄∗0 molecule, as done by Swanson
[19], we will consider a small admixture of D+D∗− and
D−D∗+ components. In this case, instead of Eq.(10) we
have

jX
µ (x) = cosαJu

µ (x) + sinαJd
µ(x), (59)

with Ju
µ (x) and Jd

µ(x) given by Eq.(10).
If we consider the quarks u and d to be degenerate,

i.e., mu = md and 〈ūu〉 = 〈d̄d〉, the change in Eq.(10)
to Eq.(59) does not make any difference in the results in
Sec. III.
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For V = ρ with Iρ = 1 the result in Eq. (57) is obvi-
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the quark u and d are degenerate. However, even for
V = ω (Iω = 0), the result in Eq. (57) is zero be-
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that can not reproduce the experimental observation in
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In the following, to be able to reproduce the data in
Eq.(1), instead of the admixture of ρJ/ψ and ωJ/ψ com-
ponents to the D0D̄∗0 molecule, as done by Swanson
[19], we will consider a small admixture of D+D∗− and
D−D∗+ components. In this case, instead of Eq.(10) we
have

jX
µ (x) = cosαJu

µ (x) + sinαJd
µ(x), (59)

with Ju
µ (x) and Jd

µ(x) given by Eq.(10).
If we consider the quarks u and d to be degenerate,

i.e., mu = md and 〈ūu〉 = 〈d̄d〉, the change in Eq.(10)
to Eq.(59) does not make any difference in the results in
Sec. III.
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with Nρ = 1, Iρ = 1, Nω = 1/3 and Iω = 0. If X(3872)
is a pure D0D̄∗0 molecule, jX

α is given by Eq. (8). In this
case the only difference in the OPE side of the sum rule
is the factor NV and, therefore, regardless the approxi-
mations made in the OPE side and the number of terms
considered in the sum rule one has

ΠV
µνα(p, p′, q) = NV ΠOPE

µνα (p, p′, q). (48)

To evaluate the phenomenological side of the sum rule
we insert, in Eq.(45), intermediate states for X , J/ψ and
V . We get [33]:
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Using fρ = 157 MeV and fω = 46 MeV we obtain

gXψω

gXψρ
= 1.14, (52)

and using this result in Eq. (43) we finally get

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
% 0.15. (53)

It is very important to notice that this is a very gen-
eral result that does not depend on any approximation
in the QCDSR. This result shows that the admixture of
ρJ/ψ and ωJ/ψ components in the molecular model of
ref.[19] is indeed very important to reproduce the data in
Eq. (1). It is also important to notice that, in a QCDSR
calculation of the decay rate X → J/ψV , the cc̄ admix-
ture in the D0D̄∗0 molecule, as given by Eq. (10), does
not solve the problem of geting the ratio in Eq.(1). This
can be seen by using, in Eq. (45), jX

α = Ju
α , with Ju

α given
by Eq. (10). One gets:
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〈ūu〉
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that can not reproduce the experimental observation in
Eq. (1), as demonstrated above.

In the following, to be able to reproduce the data in
Eq.(1), instead of the admixture of ρJ/ψ and ωJ/ψ com-
ponents to the D0D̄∗0 molecule, as done by Swanson
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with Ju
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If we consider the quarks u and d to be degenerate,

i.e., mu = md and 〈ūu〉 = 〈d̄d〉, the change in Eq.(10)
to Eq.(59) does not make any difference in the results in
Sec. III.
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〈ūu〉
2
√

6
cos(θ)Πcc̄

µνα(x, y)

+ sin(θ)Πmol
µνα(x, y), (54)

where

Πcc̄
µνα(x, y) = 〈0|T [jψ

µ (x)jV
ν (y)j

′(2)
α

†
(0)]|0〉, (55)

and

Πmol
µνα(x, y) = 〈0|T [jψ

µ (x)jV
ν (y)j(4u)

α
†
(0)]|0〉, (56)

with j
′(2)
α and j(4u)

α given by Eqs. (7) and (8). Using the
currents in Eqs.(47) and (46) for the mesons V and J/ψ,
it is easy to see that

Πcc̄
µνα(x, y) =

NV

2
Tr [γµSc

ac(x)γαγ5S
c
ca(−x)] ×

× Tr
[

γνSu
bb(0) + (−1)IV γνSd

bb(0)
]

.(57)

For V = ρ with Iρ = 1 the result in Eq. (57) is obvi-
ously zero due to isospin conservation, in the case that
the quark u and d are degenerate. However, even for
V = ω (Iω = 0), the result in Eq. (57) is zero be-
cause Tr [γµSq

bb(0)] = 0. Therefore, in the OPE side,
the three-point function is given only by the molecular
part of the current in Eq (10):

Πµνα(x, y) = sin(θ)Πmol
µνα(x, y), (58)

that can not reproduce the experimental observation in
Eq. (1), as demonstrated above.

In the following, to be able to reproduce the data in
Eq.(1), instead of the admixture of ρJ/ψ and ωJ/ψ com-
ponents to the D0D̄∗0 molecule, as done by Swanson
[19], we will consider a small admixture of D+D∗− and
D−D∗+ components. In this case, instead of Eq.(10) we
have

jX
µ (x) = cosαJu

µ (x) + sinαJd
µ(x), (59)

with Ju
µ (x) and Jd

µ(x) given by Eq.(10).
If we consider the quarks u and d to be degenerate,

i.e., mu = md and 〈ūu〉 = 〈d̄d〉, the change in Eq.(10)
to Eq.(59) does not make any difference in the results in
Sec. III.
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QCD Sum Rules for the X(3872) as a mixed molecule-charmoniun state

R.D. Matheus,1, ∗ F.S. Navarra,1, † M. Nielsen,1, ‡ and C.M. Zanetti1, §

1Instituto de F́ısica, Universidade de São Paulo, C.P. 66318, 05389-970 São Paulo, SP, Brazil

We use QCD sum rules to test the nature of the meson X(3872), assumed to be a mixture between
charmonium and exotic molecular [cq̄][qc̄] states with JPC = 1++. We find that there is only a small
range for the values of the mixing angle, θ, that can provide simultaneously good agreement with
the experimental value of the mass and the decay width, and this range is 50 ≤ θ ≤ 130. In
this range we get mX = (3.77 ± 0.18) GeV and Γ(X → J/ψπ+π−) = (9.3 ± 6.9) MeV, which
are compatible, within the errors, with the experimental values. We, therefore, conclude that the
X(3872) is approximately 97% a charmonium state with 3% admixture of ∼88% D0D∗0 molecule
and ∼12% D+D∗− molecule.

PACS numbers: 11.55.Hx, 12.38.Lg , 12.39.-x

I. INTRODUCTION

Among the new hadronic states discovered in the last
few years, the X(3872) is one of the most interest-
ing. It has been first observed by the Belle collabora-
tion in the decay B+ → X(3872)K+ → J/ψπ+π−K+

[1]. This observation was later confirmed by CDF, D0
and BaBar [2]. The current world average mass is
mX = (3871.4 ± 0.6) MeV which is at the threshold
for the production of the charmed meson pair D0D̄0∗.
This state is extremely narrow, with a width smaller
than 2.3 MeV at 90% confiedence level. Both Belle and
Babar collaborations reported the radiative decay mode
X(3872) → γJ/ψ [3, 4], which determines C = +. Fur-
ther studies from Belle and CDF that combine angular
information and kinematic properties of the π+π− pair,
strongly favor the quantum numbers JPC = 1++ or 2−+

[3, 5, 6].
In constituent quark models [7] the masses of the pos-

sible charmonium states with JPC = 1++ quantum num-
bers are: 2 3P1(3990) and 3 3P1(4290), which are much
bigger than the observed mass. In view of this large
mass discrepancy the attempts to understand the X me-
son as a conventional quark-antiquark states were aban-
doned. The next possibility explored was to treat this
state as a multiquark state, composed by c, c and a
light quark antiquark pair. Another experimental find-
ing in favor of this conjecture is the the fact that the de-
cay rates of the processes X(3872) → J/ψ π+π−π0 and
X(3872) →J/ψπ+π− are comparable [3]:

X → J/ψ π+π−π0

X →J/ψπ+π− = 1.0 ± 0.4 ± 0.3. (1)

This ratio indicates a strong isospin and G parity vi-
olation, which is incompatible with a cc̄ structure for
X(3872).

∗Electronic address: matheus@if.usp.br
†Electronic address: navarra@if.usp.br
‡Electronic address: mnielsen@if.usp.br
§Electronic address: carina@if.usp.br

In a multiquark approach we can avoid the isospin vi-
olation problem. The next natural question is: is the
X made by four quarks in a bag or by a meson-meson
molecule?

The observation of the above mentioned decays, plus
the coincidence between the X mass and the D∗0D0

threshold: M(D∗0D0) = (3871.81 ± 0.36) MeV [8], in-
spired the proposal that the X(3872) could be a molec-
ular (D∗0D̄0 − D̄∗0D0) bound state with small binding
energy [9, 10]. The D∗0D̄0 molecule is not an isospin
eigenstate and the rate in Eq.(1) could be explained in a
very natural way in this model.

Maiani and collaborators [11] suggested that X(3872)
is a tetraquark. They have considered diquark-
antidiquark states with JPC = 1++ and symmetric spin
distribution:

Xq = [cq]S=1[c̄q̄]S=0 + [cq]S=0[c̄q̄]S=1. (2)

The isospin states with I = 0, 1 are given by:

X(I = 0) =
Xu + Xd√

2
, X(I = 1) =

Xu − Xd√
2

. (3)

In [11] the authors argue that the physical states are
closer to mass eigenstates and are no longer isospin eigen-
states. The most general states are then:

Xl = cos θXu +sin θXd, Xh = cos θXd − sin θXu, (4)

and both can decay into 2π and 3π. Imposing the rate in
Eq.(1), they obtain θ ∼ 200. They also argue that if Xl

dominates B+ decays, then Xh dominates the B0 decays
and vice-versa. Therefore, the X particle in B+ and B0

decays would be different with [11, 12] M(Xh)−M(Xl) =
(8±3) MeV. There are indeed reports from Belle [13] and
Babar [14] Collaborations on the observation of the B0 →
K0 X decay. However, these reports (not completely
consistent with each other) point to a mass difference
much smaller than the predicited % 8 MeV.

All the conclusions in ref. [11] were obtained in the
context of a quark model. Given the uncertainties inher-
ent to hadron spectroscopy, it is interesting to confront
these theoretical results with QCD sum rules (QCDSR)

α ∼ 200

7

By inserting jX
µ , given by Eq. (59), in Eq. (45) and

considering the quarks u and d to be degenerate, one has

Πµνα(p, p′, q) = sin(θ)
NV

2
√

2

(

cosα

+ (−1)IV sinα
)

ΠOPE
µνα (p, p′, q), (60)

with

ΠOPE
µνα (p, p′, q) =

∫

d4u

∫

d4k

(2π)4

(

Tr
[

γµSc
a′c(k)γ5 ×

× Sq
ab′(−y)γνSq

b′b(y)γαSc
ba′(k − p′)

]

+

− Tr
[

γµSc
a′c(k)γαSq

ab′(−y)γνSq
b′b(y)γ5S

c
ba′(k − p′)

]

)

.(61)

In the phenomenological side, considering the defini-
tion of λu in Eq.(12) and the definition of the current in
(59), we can define

λX = cosαλu + sinαλd = (cosα + sinα)λq , (62)

where λq was evaluated in Sec. III, and is given in
Eq. (36). Using Eq.(62) in Eq.(49), the phenomenological
side of the sum rule is now given by:

Π(phen)
µνα (p, p′, q) =

i(cosα + sinα)λqmψfψmV fV gXψV

(p2 − m2
X)(p′2 − m2

ψ)(q2 − m2
V )

×
(

− εαµνσ(p′σ + qσ) − εαµσγ p′σqγqν

m2
V

− εανσγ p′σqγp′µ
m2

ψ

)

. (63)

From Eqs. (60) and (63) we get the following relation
between the coupling constants:

gXψωfω

gXψρfρ
=

Nω

(

cosα + sinα
)

Nρ

(

cosα − sinα
) . (64)

Using the previous result in Eq. (43) and the numerical
values for fω and fρ we have

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
% 0.15

(

cosα + sinα

cosα − sinα

)2

. (65)

This is exactly the same relation obtained in refs. [11, 33],
that determines α ∼ 200 for reproducing the experimen-
tal result in Eq.(1). A similar relation was obtained in
ref. [34] where the decay of the X into two and three
pions goes through a D D∗ loop.

With this mixing angle α defined, we can now eval-
uate the decay rate itself, for any one of the decays:
X → J/ψρ or X → J/ψω, since they will be the same.
Therefore, we choose to work with X → J/ψω since the
combination cosα + sinα appears in both sides of the
sum rule and the result for gXψω is independent of α.
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FIG. 4: Diagrams which contribute to the OPE side of the sum rule.

In the OPE side we consider condensates up to di-
mension five , as shown in Fig. 4. Taking the limit
p2 = p′2 = −P 2 and doing a single Borel transform to
P 2 → M2, we get in the structure εανσγp′σqγp′µ (the same

considered in ref.[33]) (Q2 = −q2):

C(Q2)
(

e−m2
ψ/M2

− e−m2
X/M2

)

+ B e−s0/M2

=

(Q2 + m2
ω)Π(OPE)(M2, Q2), (66)
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〈J/ψ(p′)V (q)|X(p)〉 = gXψV (Q2)εµνρσpµε∗ρ(p
′)ε∗σ(q)εν(p)

〈J/ψ(p′)V (q)|X(p)〉
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By inserting jX
µ , given by Eq. (59), in Eq. (45) and

considering the quarks u and d to be degenerate, one has

Πµνα(p, p′, q) = sin(θ)
NV

2
√

2

(

cosα

+ (−1)IV sinα
)

ΠOPE
µνα (p, p′, q), (60)

with

ΠOPE
µνα (p, p′, q) =
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d4u
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(

Tr
[

γµSc
a′c(k)γ5 ×

× Sq
ab′(−y)γνSq
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ba′(k − p′)

]

+

− Tr
[

γµSc
a′c(k)γαSq

ab′(−y)γνSq
b′b(y)γ5S
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ba′(k − p′)

]

)

.(61)

In the phenomenological side, considering the defini-
tion of λu in Eq.(12) and the definition of the current in
(59), we can define

λX = cosαλu + sinαλd = (cosα + sinα)λq , (62)

where λq was evaluated in Sec. III, and is given in
Eq. (36). Using Eq.(62) in Eq.(49), the phenomenological
side of the sum rule is now given by:

Π(phen)
µνα (p, p′, q) =

i(cosα + sinα)λqmψfψmV fV gXψV

(p2 − m2
X)(p′2 − m2

ψ)(q2 − m2
V )

×
(

− εαµνσ(p′σ + qσ) − εαµσγ p′σqγqν

m2
V

− εανσγ p′σqγp′µ
m2

ψ

)

. (63)

From Eqs. (60) and (63) we get the following relation
between the coupling constants:

gXψωfω

gXψρfρ
=

Nω

(

cosα + sinα
)

Nρ

(

cosα − sinα
) . (64)

Using the previous result in Eq. (43) and the numerical
values for fω and fρ we have

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
% 0.15

(

cosα + sinα

cosα − sinα

)2

. (65)

This is exactly the same relation obtained in refs. [11, 33],
that determines α ∼ 200 for reproducing the experimen-
tal result in Eq.(1). A similar relation was obtained in
ref. [34] where the decay of the X into two and three
pions goes through a D D∗ loop.

With this mixing angle α defined, we can now eval-
uate the decay rate itself, for any one of the decays:
X → J/ψρ or X → J/ψω, since they will be the same.
Therefore, we choose to work with X → J/ψω since the
combination cosα + sinα appears in both sides of the
sum rule and the result for gXψω is independent of α.
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In the OPE side we consider condensates up to di-
mension five , as shown in Fig. 4. Taking the limit
p2 = p′2 = −P 2 and doing a single Borel transform to
P 2 → M2, we get in the structure εανσγp′σqγp′µ (the same

considered in ref.[33]) (Q2 = −q2):

C(Q2)
(

e−m2
ψ/M2

− e−m2
X/M2

)

+ B e−s0/M2

=

(Q2 + m2
ω)Π(OPE)(M2, Q2), (66)
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where

Π(OPE)(M2, Q2) =
〈q̄q〉

6
√

2π2Q2

[(

m2
0

3Q2
+

− 1

)
∫ u0

4m2
c

du e−u/M2 √

1 − 4m2
c/u

(

1

2
+

m2
c

u

)

+

−
m2

0

16

∫ 1

0
dα

1 + 3α

α
e

−m2
c

α(1−α)M2

]

. (67)

In Eq. (66)

C(Q2) =
6

sin(θ)
mωfω

fψλq

mψ(m2
X − m2

ψ)
gXψω(Q2), (68)

and B gives the contribution of the pole-continuum tran-
sitions [33, 35, 36]. s0 and u0 are the continuum thresh-
olds for X and J/ψ respectively. Notice that in Eq.(67)
we have introduced the form factor gXψω(Q2). This is
because the meson ω is off-shell in the vertex XJ/ψω.

FIG. 5: Values of C(Q2) obtained by varying both Q2 and
M2 in Eq. (66).

If we parametrize C(Q2) as a monopole:

C(Q2) =
c1

Q2 + c2
, (69)

we can fit the left hand side of Eq. (66) as a function
of Q2 and M2 to the QCDSR results in the right hand
side, obtaining c1, c2 and B. In Fig. 5 we show the
points obtained if we isolate C(Q2) in Eq. (66) and vary
both Q2 and M2. The function C(Q2) (and consequently
gXψω(Q2)) should not depend on M2, so we limit our fit
region to 3.0 GeV2 ≤ M2 ≤ 3.5 GeV2 where C(Q2) is
clearly stable in M2 for all values of Q2.

We do the fitting for s1/2
0 = 4.4 GeV as the results

do not depend much on this parameter, the results are

shown bellow:

c1 = 2.5 × 10−2 GeV7,

c2 = 38 GeV2,

B = 2.9 × 10−4 GeV5. (70)

In Fig. 6 we can see that the Q2 dependence of C(Q2)
is well reproduced by the chosen parametrization in the
interval 2.5 ≤ Q2 ≤ 4.5 GeV2, where the QCDSR is
valid.

FIG. 6: Momentum dependence of C(Q2) for s1/2

0 = 4.4 GeV.
The solid line gives the parametrization of the QCDSR results
(dots) through Eq. (69) and (70).

The form factor gXψω(Q2) can then be easily obtained
by using Eqs. (68) and (69). Since the coupling constant
is defined as the value of the form factor at the meson
pole: Q2 = −m2

ω, to determine the coupling constant we
have to extrapolate gXψω(Q2) to a Q2 region where the
sum rules are no longer valid (since the QCDSR results
are valid in the deep Euclidian region). Using mψ =
3.1 GeV, mX = 3.87 GeV, fψ = 0.405 GeV, λu = 3.6 ×
103 GeV5 from Eq. (36) and varying θ in the range 5◦ ≤
θ ≤ 13◦, we get:

gXψω = gXψω(−m2
ω) = 5.4 ± 2.4 (71)

The decay width is given by:

Γ
(

X → J/ψπ+π−π0
)

= g2
Xψω

mωΓω

8π2m2
X

Bω→πππIω , (72)

which, together with Eq. (71) gives us:

Γ
(

X → J/ψπ+π−π0
)

= (9.3 ± 6.9) MeV. (73)

The result in Eq. (73) is in complete agreement with
the experimental upper limit. It is important to notice
that the width grows with the mixing angle θ, as can be
seen from Eq. (68), while the mass grows with θ. There-
fore, there is only a small range for the values of this an-
gle that can provide simultaneously good agreement with

g(Q2) =
A

B + Q2

8

FIG. 5: Values of C(Q2) obtained by varying both Q2 and
M2 in Eq. (64).

B = 2.9 × 10−4 GeV5. (68)

In Fig. 6 we can see that the Q2 dependence of C(Q2)
is well reproduced by the chosen parametrization in the
interval 2.5 ≤ Q2 ≤ 4.5 GeV2, where the QCDSR is
valid.

FIG. 6: Momentum dependence of C(Q2) for s1/2

0 = 4.4 GeV.
The solid line gives the parametrization of the QCDSR results
(dots) through Eq. (67) and (68).

The form factor gXψω(Q2) can then be easily obtained

by using Eqs. (66) and (67). Since the coupling constant
is defined as the value of the form factor at the meson
pole: Q2 = −m2

ω, to determine the coupling constant we
have to extrapolate gXψω(Q2) to a Q2 region where the
sum rules are no longer valid (since the QCDSR results
are valid in the deep Euclidian region). Using mψ =
3.1 GeV, mX = 3.87 GeV, fψ = 0.405 GeV, λu = 3.6 ×
103 GeV5 from Eq. (34) and varying θ in the range 5◦ ≤
θ ≤ 13◦, we get:

gXψω = gXψω(−m2
ω) = 5.4 ± 2.4 (69)

The decay width is given by:

Γ
(

X → J/ψπ+π−π0
)

= g2
Xψω

mωΓω

8π2m2
X

Bω→πππIω , (70)

which, together with Eq. (69) gives us:

Γ
(

X → J/ψπ+π−π0
)

= (9.3 ± 6.9) MeV. (71)

The result in Eq. (71) is in complete agreement with
the experimental upper limit. It is important to notice
that the width grows with the mixing angle θ, as can be
seen from Eq. (66), while the mass grows with θ. There-
fore, there is only a small range for the values of this an-
gle that can provide simultaneously good agreement with
the experimental values of the mass and the decay width,
and this range is 5◦ ≤ θ ≤ 13◦. This means that the
X(3872) is basically a cc̄ state with a small, but funda-
mental, admixture of molecular DD∗ states. By molecu-
lar states we mean an admixture between D0D̄∗0, D̄0D∗0

and D+D∗−, D−D∗+ states, as given by Eq. (57).

V. CONCLUSIONS

We have presented a QCDSR analysis of the two-point
and three-point functions of the X(3872) meson, by con-
sidering a mixed charmonium-molecular current. We find
that the sum rules results in Eqs. (33) and (71) are com-
patible with experimental data. These results were ob-
tained by considering the mixing angle in Eq. (10) in the
range 5◦ ≤ θ ≤ 13◦.

We have also studied the mixing between the
D0D̄∗0, D̄0D∗0 and D+D∗−, D−D∗+ states by impos-
ing the ratio in Eq. (1). In accordance with the findings
in ref. [11] we found that the mixing angle in Eq. (57) is
α ∼ 200.

With the knowledge of these two mixing angles we con-
clude that the X(3872) is basically a cc̄ state (∼97%)
with a small, but fundamental, admixture of molecular
D0D̄∗0, D̄0D∗0 (∼88%) and D+D∗−, D−D∗+ (∼12%)
states.

[1] S.-K. Choi et al. [Belle Collaboration], Phys. Rev. Lett.
91, 262001 (2003).

[2] V. M. Abazov et al. [D0 Collaboration], Phys. Rev. Lett.

Γ = (9.3 ±6.9) MeV
50 ≤ θ ≤ 130

mX = (3.77 ± 0.18) GeV
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Πµνα(x, y) = 〈0|Tjψ
µ jγ

ν jX†

α ]|0〉 jX
µ = sinαJd

µ + cos αJu
µ

jγ
µ =

2
3
ūγµu− 1

3
d̄γµd +

2
3
c̄γµc

Decay width   X → J/ψϒ

6

The couplings, gXψV , can be evaluated through a
QCDSR calculation for the vertex, X(3872)J/ψV , that
centers in the three-point function given by

Πµνα(p, p′, q) =

∫

d4xd4y eip′.x eiq.yΠµνα(x, y), (44)

with

Πµνα(x, y) = 〈0|T [jψ
µ (x)jV

ν (y)jX
α

†
(0)]|0〉, (45)

where p = p′ + q and the interpolating fields are given
by:

jψ
µ = c̄aγµca, (46)

jV
ν =

NV

2
(ūaγνua + (−1)IV d̄aγνda), (47)

with Nρ = 1, Iρ = 1, Nω = 1/3 and Iω = 0. If X(3872)
is a pure D0D̄∗0 molecule, jX

α is given by Eq. (8). In this
case the only difference in the OPE side of the sum rule
is the factor NV and, therefore, regardless the approxi-
mations made in the OPE side and the number of terms
considered in the sum rule one has

ΠV
µνα(p, p′, q) = NV ΠOPE

µνα (p, p′, q). (48)

To evaluate the phenomenological side of the sum rule
we insert, in Eq.(45), intermediate states for X , J/ψ and
V . We get [33]:

Π(phen)
µνα (p, p′, q) =

iλXmψfψmV fV gXψV

(p2 − m2
X)(p′2 − m2

ψ)(q2 − m2
V )

×
(

− εαµνσ(p′σ + qσ) − εαµσγ p′σqγqν

m2
V

− εανσγ p′σqγp′µ
m2

ψ

)

. (49)

Therefore, for a given structure the sum rule is given
by:

iλXmψfψmV fV gXψV

(p2 − m2
X)(p′2 − m2

ψ)(q2 − m2
V )

= NV ΠOPE(p, p′, q),(50)

from where, considering mρ % mω one gets:

gXψωfω

gXψρfρ
=

Nω

Nρ
=

1

3
. (51)

Using fρ = 157 MeV and fω = 46 MeV we obtain

gXψω

gXψρ
= 1.14, (52)

and using this result in Eq. (43) we finally get

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
% 0.15. (53)

It is very important to notice that this is a very gen-
eral result that does not depend on any approximation
in the QCDSR. This result shows that the admixture of
ρJ/ψ and ωJ/ψ components in the molecular model of
ref.[19] is indeed very important to reproduce the data in
Eq. (1). It is also important to notice that, in a QCDSR
calculation of the decay rate X → J/ψV , the cc̄ admix-
ture in the D0D̄∗0 molecule, as given by Eq. (10), does
not solve the problem of geting the ratio in Eq.(1). This
can be seen by using, in Eq. (45), jX

α = Ju
α , with Ju

α given
by Eq. (10). One gets:

Πµνα(x, y) =
〈ūu〉
2
√

6
cos(θ)Πcc̄

µνα(x, y)

+ sin(θ)Πmol
µνα(x, y), (54)

where

Πcc̄
µνα(x, y) = 〈0|T [jψ

µ (x)jV
ν (y)j

′(2)
α

†
(0)]|0〉, (55)

and

Πmol
µνα(x, y) = 〈0|T [jψ

µ (x)jV
ν (y)j(4u)

α
†
(0)]|0〉, (56)

with j
′(2)
α and j(4u)

α given by Eqs. (7) and (8). Using the
currents in Eqs.(47) and (46) for the mesons V and J/ψ,
it is easy to see that

Πcc̄
µνα(x, y) =

NV

2
Tr [γµSc

ac(x)γαγ5S
c
ca(−x)] ×

× Tr
[

γνSu
bb(0) + (−1)IV γνSd

bb(0)
]

.(57)

For V = ρ with Iρ = 1 the result in Eq. (57) is obvi-
ously zero due to isospin conservation, in the case that
the quark u and d are degenerate. However, even for
V = ω (Iω = 0), the result in Eq. (57) is zero be-
cause Tr [γµSq

bb(0)] = 0. Therefore, in the OPE side,
the three-point function is given only by the molecular
part of the current in Eq (10):

Πµνα(x, y) = sin(θ)Πmol
µνα(x, y), (58)

that can not reproduce the experimental observation in
Eq. (1), as demonstrated above.

In the following, to be able to reproduce the data in
Eq.(1), instead of the admixture of ρJ/ψ and ωJ/ψ com-
ponents to the D0D̄∗0 molecule, as done by Swanson
[19], we will consider a small admixture of D+D∗− and
D−D∗+ components. In this case, instead of Eq.(10) we
have

jX
µ (x) = cosαJu

µ (x) + sinαJd
µ(x), (59)

with Ju
µ (x) and Jd

µ(x) given by Eq.(10).
If we consider the quarks u and d to be degenerate,

i.e., mu = md and 〈ūu〉 = 〈d̄d〉, the change in Eq.(10)
to Eq.(59) does not make any difference in the results in
Sec. III.

Jq
µ(x) = sin θj(q,mol)

µ (x) + cos θj(q,2)
µ (x)
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with j(q,mol)
µ (x) given in Eq. (48) and

j(q,2)
µ (x) =

1

6
√

2
〈q̄q〉[c̄a(x)γµγ5ca(x)]. (58)

There is no problem in reproducing the experimental
mass of the X(3872) with this current for a large range
of the mixture angle α. Using Eq. (57) as jX

µ in Eq. (53)
one arrives at (89):

Πµνβ(x, y) = sin(α)〈0|T [jψ
µ (x)jV

ν (y)j(q,mol)
β

†
(0)]|0〉,

(59)
that can not reproduce the experimental observation in
Eq. (35), as showed in Eq. (36). Therefore, to be able to
reproduce the result in Eq. (35), it is necessary to con-
sider also a mixture of D+D∗− and D−D∗+ components,
like in ref. (42). In this case the current is given by

jX
µ (x) = cos θJu

µ (x) + sin θJd
µ(x), (60)

with Ju
µ (x) and Jd

µ(x) given by Eq. (57). With this par-
ticular combination it is possible to show that the rate
in Eq. (36) becomes:

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
% 0.15

(

cos θ + sin θ

cos θ − sin θ

)2

. (61)

This is exactly the same relation obtained in refs. (42;
114), that imposes θ ∼ 200 to reproduce the experimen-
tal result in Eq.(35). A similar relation was obtained in
ref. (116) where the decay of the X into two and three
pions goes through a D D∗ loop.

Using the current in Eq. (60), it was shown in ref. (89)
that for a mixing angle in Eq. (57) α = 90 ± 40, it is pos-
sible to describe the experimental mass of the X(3872)
with a decay width Γ(X → J/ψ (nπ)) = (9.3±6.9) MeV,
which is compatible with the experimental upper limit.
Therefore, in a QCDSR calculation, the X(3872) can be
well described basically by a cc̄ current with a small,
but fundamental, admixture of molecular (DD̄∗) or
tetraquark ([cq][c̄q̄] currents.

In ref. (117) a similar mixture between a cc̄ state and
molecular states (including J/ψρ and J/ψω) was consid-
ered to study the X(3872) decays into J/ψγ and ψ(2S)γ,
using effective Lagrangians. In this approach the authors
only needed a small admixture of the cc̄ component (
equivalent to α = 780 ± 20 in Eq. (57)) to reproduce the
ratio in Eq. (45). It is not clear, however, if with this
small cc̄ admixture it is possible to obtain the prompt
production cross section for the X(3872) observed by the
CDF Collaboration (55).

C. Summary for X(3872)

To summarize, there is an emerging consensus that the
X(3872) is not a pure cc̄ state neither a pure multi-quark
state. From the ratio in Eq. (35), we know that X(3872)
is not an isospin eingenstate, therefore, it can not be a

pure cc̄ state. On the other hand, the binding energy, the
production rates and the observed ratio in Eq. (45) are
not compatible with a pure molecular state. Consider-
ing all the available experimental information, it is very
probable that the X(3872) is a admixture of a charmo-
nium state with other multi-quark states: molecular or
tetraquark states.

D. Predictions for Xb, Xs, Xs
b

It is straightforward to extend the analysis done for
the X(3872) to the case of the bottom quark. Using
the same interpolating field of Eq. (47) with the charm
quark replaced by the bottom one, the analysis done for
X(3872) was repeated for Xb in ref.(110). In this case
there is also a good Borel window and the prediction
for the mass of the state that couples with a tetraquark
(bq)(b̄q̄) with JPC = 1++ current is:

MXb
= (10.27 ± 0.23) GeV . (62)

The central value in Eq. (102) is close to the mass
of Υ(3S), and appreciably below the B∗B̄ threshold at
about 10.6 GeV. For comparison, the molecular model
predicts for Xb a mass which is about 50 − 60 MeV be-
low this threshold (56), while a relativistic quark model
without explicit (bb̄) clustering predicts a value of about
133 MeV below this threshold (118). A future discovery
of this state, e.g. at LHCb, will certainly test the dif-
ferent theoretical models of this state and clarify, at the
same time, the nature of the X(3872).

In the case of Xs ([cs][c̄s̄]) and Xs
b ([bs][b̄s̄]), one has

to replace the light quarks in the currents for X and
Xb by strange quarks. To extract the relatively small
mass-splitting, it is appropriate to use the double ratio
of moments (67; 119):

ds
c ≡

M2
Xs

M2
X

, (63)

which suppress different systematic errors and the depen-
dence on the sum rule parameters like s0 and M2. The
result obtained for this ratio in ref. (110) is:

√

ds
c = 0.984 ± 0.007 . (64)

This leads to the mass splitting:

MXs − MX % −(61± 30) MeV . (65)

Similar methods used in (67; 119) have predicted suc-
cessfully the values of MDs

/MD and MBs
/MB, which is

not quite surprising, as in the double ratios, all irrelevant
sum rules systematics cancel out.

It is interesting to notice that the Xs mass prediction
from ref. (110) is slightly smaller than the X(3872) mass,
which is quite unusual. Such a small and negative mass-
splitting is rather striking and needs to be checked us-
ing alternative methods. The (almost) degenerate value
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Other interpretations for the X(3872) like cusp (102),
hybrids (103; 104), or glueball (105) have already been
covered in refs. (56; 57; 58; 59; 60; 61; 62; 63). Here we
would like to focus on the QCD sum rules studies for this
meson.

B. QCDSR studies for X(3872)

Considering the X(3872) as a JPC = 1++ state we
can construct a current based on diquarks in the color
triplet configuration, with symmetric spin distribution:
[cq]S=1[c̄q̄]S=0 + [cq]S=0[c̄q̄]S=1, as proposed in ref. (42).
Therefore, the corresponding lowest-dimension interpo-
lating operator for describing Xq as a tetraquark state is
given by:

j(q,di)
µ =

iεabcεdec√
2

[(qT
a Cγ5cb)(q̄dγµCc̄T

e )

+ (qT
a Cγµcb)(q̄dγ5Cc̄T

e )] , (47)

where q denotes a u or d quark.
On the other hand, we can construct a current describ-

ing Xq as a molecular DD̄∗ state:

j(q,mol)
µ (x) =

1√
2

[

(q̄a(x)γ5ca(x)c̄b(x)γµqb(x))

− (q̄a(x)γµca(x)c̄b(x)γ5qb(x))

]

(48)

In general, other four-quark operators with 1++ are
possible. For example, starting from the simple charmed
diquark states given in Table II, another tetraquark cur-
rent with JPC = 1++ can be constructed by combining
the pseudo scalar 0− and vector 1− diquark. Equiva-
lently, additional current can be constructed for the me-
son type currents. The number of currents increases fur-
ther, if one allows for additional color states; color sextet
for the diquark and color octet for the molecular states.
An extensive study has been carried out for the 0++ light
mesons(106), with their mixing under renormalizations
(107) from which one can form renormalization group
invariant physical currents. The choice of the current
does not matter too much provided that we can work
with quantities less affected by radiative corrections and
where the OPE converges quite well. This is borne out
in the well-known case of baryon sum rules, where a sim-
ple choice of operator (108) and a more general choice
(109) have been studied. Even though apparently dif-
ferent, mainly in the region of convergence of the OPE,
the two choices of interpolating currents have provided
the same predictions for the proton mass. In some cases
however, particular choices might be preferable over the
others.

For the present case, the two currents in Eqs. (47) and
(48) were used, in refs. (110) and (111) respectively, to
study the X(3872). In both cases it was possible to find a
Borel window where the pole contribution is bigger than

the continuum contribution and with a reasonable OPE
convergence. In the OPE side, the calculations were done
at leading order in αs and contributions of condensates
up to dimension eight were included.
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FIG. 6 The j(q−di)
µ OPE convergence in the region 1.6 ≤

M2 ≤ 2.8 GeV2 for
√

s0 = 4.17 GeV (taken from ref.(110)).

In the case of the current in Eq. (47) we show, in
Fig. 6, the relative contribution of each term on the
OPE expansion of the sum rule. One can see that for
M2 > 1.9 GeV2, the addition of a subsequent term of the
expansion brings the curve (representing the sum) closer
to an asymptotic value (which was normalized to 1). Fur-
thermore the changes in this curve become smaller with
increasing dimension. These are the requirements for a
good OPE convergence and this fixes the lower limit of
the Borel window to be M2 ≥ 2 GeV2.
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FIG. 7 The dashed line shows the relative pole contribution
(the pole contribution divided by the total, pole plus con-
tinuum, contribution) and the solid line shows the relative
continuum contribution (taken from ref.(110)).

We obtain an upper limit for M2 by imposing the rig-
orous constraint that the QCD continuum contribution
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〈J/ψ(p′)|jγ
ν (q)|X(p)〉 = iM (X(p) → J/ψ(p′)γ(q)) ε∗γ

ν (q)

A(Q2) = ae−bQ2

6

Next we comment on the coupling constant gD∗ 0D0γ , where the value is deduced from the data on strong and radiative
decays of D∗ mesons. We use the central values for the partial decay width Γ(D∗+ → D0π+) and the D∗ 0 branching
ratios of:

Γ(D∗+ → D0π+) = 65 keV , Br(D∗ 0 → D0π0) = 61.9% , Br(D∗ 0 → D0γ) = 38.1% . (20)

The strong decay width Γ(D∗ 0 → D0π0) is deduced by applying isospin invariance, which relates the D∗+D0π+ and
D∗ 0D0π0 couplings as

Γ(D∗ 0 → D0π0) =
1

2

(

mD∗ +

mD∗ 0

)5 (

λ(m2
D∗ 0 , m2

D0 , m2
π0)

λ(m2
D∗ + , m2

D0 , m2
π+)

)3/2

Γ(D∗+ → D0π+) = 42.3 keV , (21)

where λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz is the Källen function.
Then we have the decay width Γ(D∗ 0 → D0γ) which is expressed through the coupling constant gD∗ 0D0γ as

Γ(D∗ 0 → D0γ) =
α

24
g2

D∗ 0D0γ
m3

D∗ 0

(

1 −
m2

D0

m2
D∗ 0

)3

= 26 keV . (22)

From Eq. (22) we finally predict

gD∗ 0D0γ # 2 GeV−1 . (23)

For the mass mc of the charm quark we choose the value mc = mX/2. The coupling gJψ
is related to the coupling

fJψ
as

gJψ
=

2

3

mJψ

fJψ

. (24)

The quantity fJψ
is defined by the decay width J/Ψ → γ → e+e−:

Γ(J/Ψ → e+e−) =
16π

27

α2

mJψ

f2
Jψ

# 5.55 keV . (25)

Fitting the experimental value with fJψ
= 416.5 MeV we obtain gJψ

# 5. Finally, in our calculation we have the

following free parameters: the size parameter ΛM in the correlation function Φ̃M , describing the distribution of the
DD∗ constituent in the X(3872), the size parameter ΛC in the correlation function Φ̃C , describing the distribution
of the charm quarks in the X(3872) and the ratio R = β/α of the mixing parameters involving the molecular and
quarkonia components.

III. RADIATIVE DECAY X(3872) → γJ/ψ

A. Matrix element and decay width

The matrix element describing the radiative X(3872) → γJ/ψ decay is defined in general as follows

M(X(p) → γ(q)J/ψ(p′)) = e εmnρσ εα
X

(p) εµ
Jψ

(p′) εγ
ρ(q)

qσ

m2
X

(

Agµngαm pq + B gµn pmqα + C gαm pnqµ

)

, (26)

where A, B and C are dimensionless couplings, εα
X

, εµ
Jψ

and εγ
ρ are the polarization vectors of X(3872), J/ψ and the

photon.
The X(3872) → γJ/ψ decay width is calculated according to the expression:

Γ(X(3872) → γJ/ψ) =
α

3

P ∗5

m4
X

(

(A + B)2 +
m2

X

m2
Jψ

(A + C)2
)

, (27)

where P ∗ = (m2
X − m2

Jψ
)/(2mX) is the three–momentum of the decay products.

〈J/ψ(p′)|jγ
ν (q)|X(p)〉

7

By inserting jX
µ , given by Eq. (59), in Eq. (45) and

considering the quarks u and d to be degenerate, one has

Πµνα(p, p′, q) = sin(θ)
NV

2
√

2

(

cosα

+ (−1)IV sinα
)

ΠOPE
µνα (p, p′, q), (60)

with

ΠOPE
µνα (p, p′, q) =

∫

d4u

∫

d4k

(2π)4

(

Tr
[

γµSc
a′c(k)γ5 ×

× Sq
ab′(−y)γνSq

b′b(y)γαSc
ba′(k − p′)

]

+

− Tr
[

γµSc
a′c(k)γαSq

ab′(−y)γνSq
b′b(y)γ5S

c
ba′(k − p′)

]

)

.(61)

In the phenomenological side, considering the defini-
tion of λu in Eq.(12) and the definition of the current in
(59), we can define

λX = cosαλu + sinαλd = (cosα + sinα)λq , (62)

where λq was evaluated in Sec. III, and is given in
Eq. (36). Using Eq.(62) in Eq.(49), the phenomenological
side of the sum rule is now given by:

Π(phen)
µνα (p, p′, q) =

i(cosα + sinα)λqmψfψmV fV gXψV

(p2 − m2
X)(p′2 − m2

ψ)(q2 − m2
V )

×
(

− εαµνσ(p′σ + qσ) − εαµσγ p′σqγqν

m2
V

− εανσγ p′σqγp′µ
m2

ψ

)

. (63)

From Eqs. (60) and (63) we get the following relation
between the coupling constants:

gXψωfω

gXψρfρ
=

Nω

(

cosα + sinα
)

Nρ

(

cosα − sinα
) . (64)

Using the previous result in Eq. (43) and the numerical
values for fω and fρ we have

Γ(X → J/ψ π+π−π0)

Γ(X → J/ψ π+π−)
% 0.15

(

cosα + sinα

cosα − sinα

)2

. (65)

This is exactly the same relation obtained in refs. [11, 33],
that determines α ∼ 200 for reproducing the experimen-
tal result in Eq.(1). A similar relation was obtained in
ref. [34] where the decay of the X into two and three
pions goes through a D D∗ loop.

With this mixing angle α defined, we can now eval-
uate the decay rate itself, for any one of the decays:
X → J/ψρ or X → J/ψω, since they will be the same.
Therefore, we choose to work with X → J/ψω since the
combination cosα + sinα appears in both sides of the
sum rule and the result for gXψω is independent of α.
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FIG. 4: Diagrams which contribute to the OPE side of the sum rule.

In the OPE side we consider condensates up to di-
mension five , as shown in Fig. 4. Taking the limit
p2 = p′2 = −P 2 and doing a single Borel transform to
P 2 → M2, we get in the structure εανσγp′σqγp′µ (the same

considered in ref.[33]) (Q2 = −q2):

C(Q2)
(

e−m2
ψ/M2

− e−m2
X/M2

)

+ B e−s0/M2

=

(Q2 + m2
ω)Π(OPE)(M2, Q2), (66)

4

coupling constant is defined as the value of the form fac-
tor at the foton pole: Q2 = 0, to determine the coupling
we have to extrapolate A, B, C(Q2) to a region where the
sum rules are no longer valid (since the QCDSR results
are valid at the deep Euclidian region). Varying θ in the
range 5o ≤ θ13o we get:

A = A(Q2 = 0) = 23.9 ± 1.2
A + B = (A + B)(Q2 = 0) − 0.9 ± 0.4

C = C(Q2 = 0) = −1.08 ± 0.01 (36)

The decay width is calculated from

Γ(X → J/ψ γ) =
α

3
p∗5

m4
X

(
(A + B)2 +

m2
X

m2
ψ

(A + C)2
)

.

(37)

which together with (36), and the result of the decay
width obtained in the Ref. ?? in the same range of θ
(Γ(X → J/ψ ππ) = 9.3 ± 6.9 MeV), gives the branching
ratio

Γ(X → J/ψ γ)
Γ(X → J/ψ π+π−)

= 0.31 ± 0.22. (38)

The result in (38) is in complete agreement with the
experimental result.
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Γ(X → J/ψγ)
Γ(X → J/ψπ+π−)

∣∣∣∣
exp

= 0.14± 0.05

Γ(X → J/ψγ)
Γ(X → J/ψπ+π−)

= 0.31± 0.22, 50 ≤ θ ≤ 130

6

Next we comment on the coupling constant gD∗ 0D0γ , where the value is deduced from the data on strong and radiative
decays of D∗ mesons. We use the central values for the partial decay width Γ(D∗+ → D0π+) and the D∗ 0 branching
ratios of:

Γ(D∗+ → D0π+) = 65 keV , Br(D∗ 0 → D0π0) = 61.9% , Br(D∗ 0 → D0γ) = 38.1% . (20)

The strong decay width Γ(D∗ 0 → D0π0) is deduced by applying isospin invariance, which relates the D∗+D0π+ and
D∗ 0D0π0 couplings as

Γ(D∗ 0 → D0π0) =
1

2

(

mD∗ +

mD∗ 0

)5 (

λ(m2
D∗ 0 , m2

D0 , m2
π0)

λ(m2
D∗ + , m2

D0 , m2
π+)

)3/2

Γ(D∗+ → D0π+) = 42.3 keV , (21)

where λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz is the Källen function.
Then we have the decay width Γ(D∗ 0 → D0γ) which is expressed through the coupling constant gD∗ 0D0γ as

Γ(D∗ 0 → D0γ) =
α

24
g2

D∗ 0D0γ
m3

D∗ 0

(

1 −
m2

D0

m2
D∗ 0

)3

= 26 keV . (22)

From Eq. (22) we finally predict

gD∗ 0D0γ # 2 GeV−1 . (23)

For the mass mc of the charm quark we choose the value mc = mX/2. The coupling gJψ
is related to the coupling

fJψ
as

gJψ
=

2

3

mJψ

fJψ

. (24)

The quantity fJψ
is defined by the decay width J/Ψ → γ → e+e−:

Γ(J/Ψ → e+e−) =
16π

27

α2

mJψ

f2
Jψ

# 5.55 keV . (25)

Fitting the experimental value with fJψ
= 416.5 MeV we obtain gJψ

# 5. Finally, in our calculation we have the

following free parameters: the size parameter ΛM in the correlation function Φ̃M , describing the distribution of the
DD∗ constituent in the X(3872), the size parameter ΛC in the correlation function Φ̃C , describing the distribution
of the charm quarks in the X(3872) and the ratio R = β/α of the mixing parameters involving the molecular and
quarkonia components.

III. RADIATIVE DECAY X(3872) → γJ/ψ

A. Matrix element and decay width

The matrix element describing the radiative X(3872) → γJ/ψ decay is defined in general as follows

M(X(p) → γ(q)J/ψ(p′)) = e εmnρσ εα
X

(p) εµ
Jψ

(p′) εγ
ρ(q)

qσ

m2
X

(

Agµngαm pq + B gµn pmqα + C gαm pnqµ

)

, (26)

where A, B and C are dimensionless couplings, εα
X

, εµ
Jψ

and εγ
ρ are the polarization vectors of X(3872), J/ψ and the

photon.
The X(3872) → γJ/ψ decay width is calculated according to the expression:

Γ(X(3872) → γJ/ψ) =
α

3

P ∗5

m4
X

(

(A + B)2 +
m2

X

m2
Jψ

(A + C)2
)

, (27)

where P ∗ = (m2
X − m2

Jψ
)/(2mX) is the three–momentum of the decay products.
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FIG. 2: (color online.) Same as Fig. 1, but as a function of
the Breit-Wigner mass and for a fixed Borel mass.

horizontal line denoting the value of mass in the Γ = 0
and the curves of a given Borel mass in the figures. For
example, if one has m = 3.8 GeV in the Γ = 0 case, a
possible solution at M2 = 2.0 GeV2 and m = 4 GeV is
Γ ! 40 MeV. If one sets m = 4.4 GeV, Γ ! 60 MeV is one
of the possible solutions. The best solution is determined
by looking at the stability against M2. From the mono-
tonic behavior seen in Fig. 1, one notes that introducing
the width increases the mass especially at small Borel
mass region. Hence, if one gets the mass in the Γ = 0
case which monotonically increases as M2 increases, it
will be improved by including the width. This fact gives
a guideline on the QCDSR analyses.1

We also plot the direct relation between the Breit-
Wigner mass and the mass in the Γ = 0 case in Fig. 2.
Here we fixed the Borel mass M2 = 2.5 GeV2 in the top
panel and 3.0 GeV2 in the bottom panel, which are typi-
cal values satisfying the stability criterion in the QCDSR
analyses below. One can see that deviation from the mass
in the Γ = 0 is larger for larger mass m and smaller Borel
mass M2. One should note that it is no longer monotonic
as a function of m at smaller M2 and large Γ, as seen in

1 This is not a completely general result of QCDSR; as seen in
[10], introducing width leads to smaller mass when M2 is large
compared to m.

the top panel. This means that if one gets the mass 4200
MeV in the Γ = 0 case with stability at M2 = 2.5 GeV2,
the maximum width of this state is limited to 50 MeV.
This also gives the constraint on possible mass and width
values.
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IV. RESULTS

For parameters in the QCDSR analyses, we use the
same parameter set as in the previous works and assume
the factorization of the higher dimensional condensates.
Namely, mc = 1.23 GeV, 〈q̄q〉 = −(0.23GeV)3, 〈g2G2〉 =
0.88GeV4, 〈q̄gσ ·Gq〉 = m2

0〈q̄q〉 and m2
0 = 0.8GeV2. Here

we ignored the possible uncertainties in these parame-
ters. Because the uncertainties are those related to the
OPE side, which are unchanged by including the width,
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the Breit-Wigner mass and for a fixed Borel mass.

horizontal line denoting the value of mass in the Γ = 0
and the curves of a given Borel mass in the figures. For
example, if one has m = 3.8 GeV in the Γ = 0 case, a
possible solution at M2 = 2.0 GeV2 and m = 4 GeV is
Γ ! 40 MeV. If one sets m = 4.4 GeV, Γ ! 60 MeV is one
of the possible solutions. The best solution is determined
by looking at the stability against M2. From the mono-
tonic behavior seen in Fig. 1, one notes that introducing
the width increases the mass especially at small Borel
mass region. Hence, if one gets the mass in the Γ = 0
case which monotonically increases as M2 increases, it
will be improved by including the width. This fact gives
a guideline on the QCDSR analyses.1

We also plot the direct relation between the Breit-
Wigner mass and the mass in the Γ = 0 case in Fig. 2.
Here we fixed the Borel mass M2 = 2.5 GeV2 in the top
panel and 3.0 GeV2 in the bottom panel, which are typi-
cal values satisfying the stability criterion in the QCDSR
analyses below. One can see that deviation from the mass
in the Γ = 0 is larger for larger mass m and smaller Borel
mass M2. One should note that it is no longer monotonic
as a function of m at smaller M2 and large Γ, as seen in

1 This is not a completely general result of QCDSR; as seen in
[10], introducing width leads to smaller mass when M2 is large
compared to m.

the top panel. This means that if one gets the mass 4200
MeV in the Γ = 0 case with stability at M2 = 2.5 GeV2,
the maximum width of this state is limited to 50 MeV.
This also gives the constraint on possible mass and width
values.
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IV. RESULTS

For parameters in the QCDSR analyses, we use the
same parameter set as in the previous works and assume
the factorization of the higher dimensional condensates.
Namely, mc = 1.23 GeV, 〈q̄q〉 = −(0.23GeV)3, 〈g2G2〉 =
0.88GeV4, 〈q̄gσ ·Gq〉 = m2

0〈q̄q〉 and m2
0 = 0.8GeV2. Here

we ignored the possible uncertainties in these parame-
ters. Because the uncertainties are those related to the
OPE side, which are unchanged by including the width,
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horizontal line denoting the value of mass in the Γ = 0
and the curves of a given Borel mass in the figures. For
example, if one has m = 3.8 GeV in the Γ = 0 case, a
possible solution at M2 = 2.0 GeV2 and m = 4 GeV is
Γ ! 40 MeV. If one sets m = 4.4 GeV, Γ ! 60 MeV is one
of the possible solutions. The best solution is determined
by looking at the stability against M2. From the mono-
tonic behavior seen in Fig. 1, one notes that introducing
the width increases the mass especially at small Borel
mass region. Hence, if one gets the mass in the Γ = 0
case which monotonically increases as M2 increases, it
will be improved by including the width. This fact gives
a guideline on the QCDSR analyses.1

We also plot the direct relation between the Breit-
Wigner mass and the mass in the Γ = 0 case in Fig. 2.
Here we fixed the Borel mass M2 = 2.5 GeV2 in the top
panel and 3.0 GeV2 in the bottom panel, which are typi-
cal values satisfying the stability criterion in the QCDSR
analyses below. One can see that deviation from the mass
in the Γ = 0 is larger for larger mass m and smaller Borel
mass M2. One should note that it is no longer monotonic
as a function of m at smaller M2 and large Γ, as seen in

1 This is not a completely general result of QCDSR; as seen in
[10], introducing width leads to smaller mass when M2 is large
compared to m.

the top panel. This means that if one gets the mass 4200
MeV in the Γ = 0 case with stability at M2 = 2.5 GeV2,
the maximum width of this state is limited to 50 MeV.
This also gives the constraint on possible mass and width
values.
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We also plot the direct relation between the Breit-
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analyses below. One can see that deviation from the mass
in the Γ = 0 is larger for larger mass m and smaller Borel
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as a function of m at smaller M2 and large Γ, as seen in
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same parameter set as in the previous works and assume
the factorization of the higher dimensional condensates.
Namely, mc = 1.23 GeV, 〈q̄q〉 = −(0.23GeV)3, 〈g2G2〉 =
0.88GeV4, 〈q̄gσ ·Gq〉 = m2

0〈q̄q〉 and m2
0 = 0.8GeV2. Here

we ignored the possible uncertainties in these parame-
ters. Because the uncertainties are those related to the
OPE side, which are unchanged by including the width,
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Charmonium Spectroscopy (X,Y,Z) at the B Factories Michal Kreps
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Figure 4: The J/"! invariant mass distribution

obtained by Belle experiment in B decays (top)

and ## fusion (bottom). The full line on top rep-

resents fit projection, the magenta line B+ back-

ground, the dashed blue line non-B+ background

and the red line signal. In bottom, the open his-

togram shows data, the filled histogram J/" and

! sidebands and the blue line fit projection.
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Figure 5: The "(2S)$+ invariant mass distri-

butions of B
0
→ "(2S)$+K− signal from Belle

(top), BABAR (middle) and difference of the two

(bottom). The distribution from BABAR is scaled

by factor 1.18 to take to account difference in the

number of BB pairs.

News consist of analysis of B
0
→ "(2S)$+K− final state by both B-factories experiments.

First, analysis of BABAR data was presented [22]. Performing a detailed study of the acceptance

and possible reflections they concluded that no significant signal exists in the data. The most

significant excess is at mass 4476± 8 MeV/c2 with a 2.7& significance. The mass of this excess

is slightly higher than 4433± 4± 1 MeV/c2 measured at Belle and also shows up mainly in the

K∗ regions of the Dalitz plot. With the same K∗ veto as done in original Belle analysis [20] and

resonance parameters fixed to Belle values, small excess with 1.9& significance is fitted. On the

Belle side, original dataset was reanalyzed using original selection and employing a full Dalitz plot

ansatz [23]. The new analysis confirms previous result with resonance parametersM= 4433+15
−12

+19
−13

MeV/c2 and '= 107+86
−43

+74
−56 MeV/c2. Main change compare to the original result is an increase

in uncertainties, which comes mainly from the uncertainty in Dalitz model. It is worth to note,

that while two experiments made different conclusion, the data itself seems to be in a reasonable

agreement. In Fig. 5 we show"(2S)$+ invariant distribution ofB0 signal for both experiments and

their difference. As one can see, there is no large discrepancy and it is perhaps only lower available

statistics of the BABAR experiment, which does not allow to observe the Z(4430).

7. Conclusions

Over the past year both B-factories made progress on studies of XYZ states. The X(3872)

received additional attention with several new results andremains the best studied state. Despite the
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• Lots of charmonia in the last 7 years: a new 
spectroscopy?

• Emerging consensus that X(3872) is a mixed 
charmonium-molecular state.

• Discovery of Y(4260), Y(4360) and Y(4660) 
represent an overpopulation of the 1-- states

• Absence of open charm production in the Y 
decay is inconsistent with       interpretation

• Z+ states, need confirmation, but only molecule 
or tetraquark interpretations are possible  

Conclusions

cc̄
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