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►► SlowSlow--roll conditions/equation of state of dark energyroll conditions/equation of state of dark energy

thawing modelthawing model
�� minimally coupled scalarminimally coupled scalar
�� nonnon--minimally coupled: extended quintessenceminimally coupled: extended quintessence

freezing modelfreezing model

►► SummarySummary



Q: Q: Why dynamical dark energy?Why dynamical dark energy?
LL is good enoughis good enough
w=p/w=p/rr==--11≤≤0.07 (WMAP+BAO+SN)  0.07 (WMAP+BAO+SN)  

AnsAns: 1.We need to understand : 1.We need to understand to what extent to what extent 
LL is good enoughis good enough

2. If non 2. If non LL, w is time, w is time--dependent in general.    dependent in general.    
We need a form of We need a form of w(aw(a) to  parametrize ) to  parametrize 
the deviations from the deviations from LL

Introduction



Q: Then, a Q: Then, a linear (linear (ChevallierChevallier--PolarskiPolarski--LinderLinder) ) 
parametrizationparametrization,   ,   
w(aw(a)=w)=w00+w+waa(1(1--a), a), 

is widely used . Isnis widely used . Isn’’t it enough?t it enough?

AnsAns: No not enough. Even if dark energy : No not enough. Even if dark energy 
moves slowly (so that wmoves slowly (so that w@@--1),1),
its its w(aw(a) is never linear in a.) is never linear in a.

We demonstrate this for We demonstrate this for certain certain 
quintessence modelsquintessence models..



►►CPL CPL parametrizationparametrization
w(aw(a)=w)=w00+w+waa(1(1--a)a)
is is not derivednot derived for any dark energy modelsfor any dark energy models

►►Rather, we Rather, we derivederive w(aw(a) for slowly) for slowly--rolling rolling 
quintessencequintessence



We showWe show that for quintessence models (called that for quintessence models (called 
thawing models: thawing models: ww@@--1 1 →→ ww∫∫--1)1)
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slowslow--roll conditions for roll conditions for 
scalar field dark energyscalar field dark energy



SlowSlow--Roll Thawing QuintessenceRoll Thawing Quintessence

►► FreezingFreezing models: w    models: w    --11
(runaway potential)(runaway potential)

►► ThawingThawing models: wmodels: w@@--1 1 
(axion, (axion, ff22))

�� observations favors thawing observations favors thawing 
models  (models  (ww@@--1)1)

�� Inflation can provide natural Inflation can provide natural 
initial conditionsinitial conditions
((RingevalRingeval et al. 2010)et al. 2010)
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SlowSlow--Roll ConditionsRoll Conditions

►►// acceleration acceleration 
is not negligible!is not negligible!

►►☺☺ But the ratioBut the ratio

(introduced by Crittenden (introduced by Crittenden 

et al 07) et al 07) isis
approximately constantapproximately constant

φφ &&& H3/

0'VH3 =+φ+φ &&&

φφ=β &&& H3/



slowslow--roll conditions  roll conditions  TC (2009)

equation of motion:

is not small but is approximately constant

so

slow-roll is consistent if

: the first condition



slowslow--roll conditions(cont.)roll conditions(cont.)

the second condition: 
from the time derivative of 

time indep time dep

the equality holds if 

:the second condition

so that



φφ &&& H3/

b=(1+wB)/2



slowslow--roll conditions: summaryroll conditions: summary
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dark energy (subdominant scalar):

matter/radiation is a clock

inflation:

inflaton is a clock

bá1



equation of state of equation of state of 
slowslow--roll scalar fieldroll scalar field



introduce introduce ““coordinatecoordinate”” (parameters)(parameters)
in dark energy in dark energy ““theory spacetheory space””

x
y

z R3
w(a)

?
p=w0 r0 +cs

2(r-r0)
(X-matter:TC,Sugiyama,Nakamura,1997)

w0,wa … ?
approaches L smoothly?



equation of stateequation of state

equation of motion:

can be solved assuming w@-1 (LCDM)

for a Taylor expanded potential
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good agreementgood agreement

black: 
numerical

blue:
w(a)

(red:
K at the 
maximum)

1-cos(f)logfm2f2

1-cos(f) log f m2f2

<0.3% <0.3% <0.7%



w(a) is universal: even for  kw(a) is universal: even for  k--essence/phantomessence/phantom
(TC,Dutta,Scherrer)(TC,Dutta,Scherrer)

becausebecause

p(p(ff,X),X)@@p(p(ff,0)+(,0)+(∑∑p(p(ff,0)/,0)/∑∑X)X+X)X+……

for small X=(dfor small X=(dff/dt)/dt)22/2,/2,
which reduces to slowwhich reduces to slow--roll quintessence by roll quintessence by 
field redefinitionfield redefinition

rolling tachyon, DBI, ...rolling tachyon, DBI, ...



rolling tachyon-type

DBI action

TC,Dutta,Scherrer(2009)



w(a) is never linear in aw(a) is never linear in a

solid(blue): w(a)

dotted: linear

>10% error

K=0.5,1,1.5

K=0.5,1,1.5



Observational Observational 
Constraints inConstraints in

(w(w00,K) plane,K) plane



Observational constraints in (wObservational constraints in (w00,K) plane,K) plane
(TC,Dutta,Scherrer)(TC,Dutta,Scherrer)

►►ww00==--1: Lambda 1: Lambda irrespective of Kirrespective of K

K>1 K<1



K=0.01,0.5,1,1.5,2



consistent with L:  -1.04< w0 <-0.86 (1s)

from 397 Supernovae and BAO



point vs. linepoint vs. line



new BAO data(2009/7)new BAO data(2009/7)

Still, Lambda is 
consistent!



extension: nonextension: non--minimal minimal 
couplingcoupling



nonnon--minimally coupled scalarminimally coupled scalar
(TC,Siino,Yamaguchi)(TC,Siino,Yamaguchi)

← conformal coupling: F=1/12 f2

dilaton coupling:  F=exp(-lf) 

simply we do not know how dark energy 
interacts with gravity

what is the equation of motion of slow-roll 
non-minimally coupled scalar field ?



slow-roll conditions during matter/radiation era:

equation of motion:



equation of motion:

ratio:

the slow-roll conditions

again we have 
a constant (but negative) ratio



non-minimally coupled



φφ &&& H3/

minimally coupled



minimal vs. nonminimal vs. non--minimalminimal

►► minimalminimal ►► nonnon--minimalminimal

>0 <0



the equation state approaches asymptotically 
toward that of a minimally coupled scalar 

solid: non-minimal
w(a)

dotted :minimal 
w(a)



freezing modelfreezing model



slowslow--roll conditions for roll conditions for 
freezing model (TC,09)freezing model (TC,09)

w ∫ -1  → df/dt is not negligible
→ Hubble friction is effective

from

so that

slow-roll: ‹



h=3(1+wB)/2



w(aw(a) for freezing model ) for freezing model (TC,10(TC,10))

expand V(f) around the scaling solution 
(if G=V”V/(V’)2 @ const >1)

one parameter: w(0) : eos during MD



observational constraint observational constraint 
(from SNIa and BAO)(from SNIa and BAO)

-1.11<w(0) <-0.96 (1s)1s

3s

2s



summarysummary
►► We have derived We have derived slowslow--roll conditionsroll conditions for scalar for scalar 

fields which are subdominant components of the fields which are subdominant components of the 
universeuniverse

►► CPL (CPL (linearlinear) parametrization is ) parametrization is not a good not a good 
parametrizationparametrization of w(a): of w(a): 
For For wide range of scalar field models with wwide range of scalar field models with w@@--11
in matter era in matter era (thawing model) , be it quintessence, (thawing model) , be it quintessence, 
kk--essence, or phantom, essence, or phantom, 
w(a) has a w(a) has a universaluniversal functional form and functional form and is not well is not well 
fitted by linear parametrizationfitted by linear parametrization even if weven if w@@--11

►► LL is consistent with current SN and BAO data is consistent with current SN and BAO data 
� non-minimal coupling may be discriminated 

by the sign of the ratio ̎f/3Hf̍



futurefuture

►►slowslow--roll conditions/equation of state roll conditions/equation of state 
for for other theories of gravityother theories of gravity (f(R), DGP, (f(R), DGP, 
cascading gravity ,etccascading gravity ,etc……))

►►the effect of thawing the effect of thawing axion dynamicsaxion dynamics
with large initial misalignment angle with large initial misalignment angle 
on axion abundanceon axion abundance

q@p



Happy birthday to Happy birthday to 
NakamuraNakamura--san and Maedasan and Maeda--san!san!



use this parametrization!use this parametrization!
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