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Abstract: We discuss how to obtain perturbatively image positions caused
by gravitational lensing for multiple lens planes,where the number of the planes is arbitrary. Expansion parameters are mass ratios.

1 Gravitational lensing for multiple lens planes

2 Two lens planes

w = z −
(

1 − ν

z∗
+

νD2

z∗ − ε∗ − (1−ν)d2
z∗

)

−→ w = z −
{

1 − ν

z∗
+ νD2

(
A

z∗ − z+
+

B

z∗ − z−

)}

where

z =
∞∑

p2=0

∞∑

p3=0

(ν2)p2(ν2)p3z(p2)(p3) , D2 =
D1D3s

D3D1s
, d2 =

D12

D3D1S

2.1 z(0)(0) #= z±

1)zeroth order

z(0)(0) = Cw

w = Cw − 1
Cw∗

C2ww∗ − Cww∗ − 1 = 0

This is solved as

C =
1
2

(
1 ±

√
1 +

1
4ww∗

)

2)first order

0 = z(1)(0) + z(0)(1) +
z(1)(0) + z(0)(1)

z2∗
(0)(0)

+
1

z∗(0)(0)
− D2

(
A

z∗(0)(0) − z+
+

B

z∗(0)(0) − z−

)

where A, B are const.

2.2 z(0) = z+

1)zeroth order

0 = z+ − 1
z∗+

− AD

z∗(1)(0) + z∗(0)(1)

2)first order

0 = z(1)(0) + z(0)(1) +
z∗(1)(0) + z∗(0)(1)

z2
+

+
1
z+

−
AD(z(1)(0) + z(0)(1) + z(1)(1))

z(1)(0) + z(0)(1)
− BD

z+ − z−

2.3 Numerical Example

!!!!!!order
1 2 3 4

‘full‘ order 2.410339 -0.411673 1.339816 -0.338482
first order 2.410895 -0.468038 1.340365 -0.340365

second order 2.410323 -0.418700 1.339832 -0.337857
third order 2.410014 -0.412183 1.339821 -0.338904

3 N point mass

w = z −
N∑

i

νiDi

αi

where

z =
∞∑

p2=0

∞∑

p3=0

· · ·
∞∑

p2N =0

(ν2)p2(ν2)p3 · · · (ν2)p2N z(p2)(p3)···(p2N )

αi = z∗ − ε∗ −
i−1∑

j

νidi

αi
, Di =

D1(DS − Di)
Di(DS − D1)

, dj =
D1(Di − Dj)

DiDj(DS − D1)

3.1 z(0)···(0) = zk

1)zeroth order

0 = z(0)···(k)···(0) −
1

z∗(0)···(k)···(0)
− AD

z∗(1)···(0) + · · · + z∗(0)···(1)···(0)

2)first order
Straightforward but length form.

4 Conclusion

We obtain perturbative solutions for mutiple lens planes

• N=2

• N=Arbitrary

Future works : Applications to observations
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1 The Gravitational lensing for multiple lens

planes

2 two lens planes

w = z −
(

1 − ν

z∗
+

νD

z∗ − ε∗ − (1−ν)D22
z∗

)

z =
∞∑

p2=0

∞∑

p3=0

(ν2)p2(ν2)p3z(p2)(p3)

w = z −
{

1 − ν

z∗
+ νD

(
A

z∗ − z+
+

B

z∗ − z−

)}

2.1 z(0) "= z±

1)zeroth order

z(0) = Aw

w = Aw − 1
Aw∗

A2ww∗ − Aww∗ − 1 = 0

This is solved as

A =
1
2

(
1 ±

√
1 +

1
4ww∗

)

2)first order

0 = aσ(1) + σ∗
(1) + 1 − D21

a − ε∗z(0) −
D22z2

(0)
a

where

a = |z(0)|2

2.2 z(0) = z+

1)zeroth order

0 = z+ − 1
z∗+

− AD

z∗(1)(0) + z∗(0)(1)

2)first order
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z2
+

+
1
z+

−
AD(z(1)(0) + z(0)(1) + z(1)(1))

z(1)(0) + z(0)(1)
− BD

z+ − z−
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