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Gravitational lensing
by a non-spherical 

compact object



Non-spherical property 
is modeled by

the quadrupole moment

Qi j =

∫
ρ
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XiXj −

1
2
δi j | X |2

)
d3X



Under the assumption

we solved the lens equation
perturbatively to obtain
approximate solutions.

Qi j ⇒
(

e !

! −e

)

0 < e ! 1



Comparison with numerical solutions

Typical errors 
for the “major” images are

less than 0.5%
⇩

very accurate!



flux ratio

µ+

µ−
→ β4

(
1 ± 2 β2 e

)

Asymptotic behavior for β ! 1:

µ+

µ−
→ 1 ± 4

β
e

Asymptotic behavior for 0 < β ! 1:



Anomalous flux ratio!?
The quadrupole moment can 

significantly change
the flux ratio

⇩
a clue to

the anomalous flux ratio problem?
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Abstract: We investigate the gravitational (micro-)lensing effect by a non-spherical lens object. The non-spherical potential of the lens is modelled
by use of the quadrupole moment. We calculate the bending angle and solve the lens equation for a non-spherical lens with quadrupole moment
analytically by use of an perturbative approach. We show how the quadrupole moment changes the image positions and the amplification light curve.

Non-spherical compact lens model

We investigate the gravitational lens effect by a non-spherical compact object. Non-
spherical property of the lens object is modeled by using a quadrupole moment in the
Newtonian gravitational potential:
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GM

r
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2
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)
Ii j , Ii j ≡

∫
ρ($r′)xi′ x j′d3$r′ .

Using the above form of the potential, the deflection angle α is
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where
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∫
ρ
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1
2
δi j | X |2

)
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denotes the trace-free quadrupole moment on the lens plane. Assuming the normal-
ized quadrupole moment is diagonalized

Q̃i j ≡
c2DS

2GM2DLDLS
Qi j ⇒




e 0
0 −e


 ,

the lens equation is

βx = x − x
x2 + y2 − e

x(x2 − 3y2)
(x2 + y2)3 ,

βy = y − y
x2 + y2 − e

y(3x2 − y2)
(x2 + y2)3 ,

where β = (βx, βy) and θ = (x, y) are the source position and the image position,
respectively, normalized by the Einstein radius θE .

Perturbative approach to the image positions

A comprehensive, algebraic study of the above lens equation has been done by Asada
(2005). He showed the lens equation for this type as a single real 10th-order algebraic
equation, and gave analytic solutions in some special cases. However, because of the
higher polynomial feature of the lens equations, general analytic solutions for the image
positions are not given yet (or cannot be given for more than 4 images). Also, the
physical properties of the lensed images, such as the image amplification factor, are not
yet investigated.
Instead of such an exact treatment, we take another, a more tractable approach to the
quadrupole lens equations. We employ a perturbative approach to the lens equations
and obtain approximate solutions to the image positions (x, y), up to the lowest order
of the eigenvalue of the quadrupole moment Q̃i j, namely e.
First, the 0-th order solutions (e = 0) are

x± = x±0 =
β ±
√
β2 + 4

2β
βx ≡ f ±βx ,

y± = y±0 =
β ±
√
β2 + 4

2β
βy ≡ f ±βy .

Under the assumption 0 < e % 1, the approximate solutions up to the lowest order of e
are

x± & x±0 + e x±1 = x±0 + e

(
4β2

x − 3β2
)

( f ±)2 − 1

β2 ( f ±β2 + 1
) (

f ±β2 + 2
) βx ,

y± & y±0 + e y±1 = y±0 + e

(
3β2 − 4β2

y

)
( f ±)2 + 1

β2 ( f ±β2 + 1
) (

f ±β2 + 2
) βy .

These two “major” images (x+, y+) and (x−, y−) have parity positive and negative, re-
spectively. There are another two approximate solutions on the y-axis,

x & 0, y & ±
√

e,

which are very dim and may be called the “ minor” images.

Comparison with numerical solutions

Next, we compare our approximate solutions with the numerical ones, and check the
accuracy of our approximation. Some of the results on the y-axis case β = (0, βy),
θ = (0, y) are shown in the following table.

e βy numeric. y approx. y error

0.01 0.2

1.1009 1.1009 0.00%
-0.9456 -0.9457 -0.01%
0.0995 0.1000 -0.50%

-0.1016 -0.1000 1.54%

0.01 0.5

1.2778 1.2778 0.00%
-0.7726 -0.7728 -0.03%
0.0981 0.1000 -1.95%

-0.1033 -0.1000 3.17%

0.01 1.0

1.6163 1.6163 0.00%
-0.6058 -0.6063 -0.09%
0.0959 0.1000 -4.25%

-0.1065 -0.1000 6.07%

e βy numeric. y approx. y error

0.02 0.2

1.0967 1.0968 -0.01%
-0.8924 -0.8928 -0.05%
0.1408 0.1414 -0.42%

-0.1451 -0.1414 2.54%

0.02 0.5

1.2748 1.2749 -0.01%
-0.7640 -0.7649 -0.11%
0.1380 0.1414 -2.47%

-0.1488 -0.1414 4.95%

0.02 1.0

1.6146 1.6146 0.00%
-0.5922 -0.5946 -0.40%
0.1339 0.1414 -5.64%

-0.1562 -0.1414 9.48%

Typical errors for the “major” images are less than 0.5%, whereas for the “minor”
images the errors are larger.

Amplification factor

Once we obtain the solutions for the image positions (x, y) in terms of the source posi-
tion (βx, βy), we can directly calculate the amplification factor for the “major” images
by

µ± =

∣∣∣∣∣∣det
∂(x±, y±)
∂(βx, βy)

∣∣∣∣∣∣ .

The calculation is straightforward, but the result is rather lengthy. As for the “minor”
images, the amplification factors vanish in our approximation because the image po-
sitions are independent of the source positions. Numerical computations also confirm
that the “minor” images are sufficiently dim and negligible.

Characteristic properties of lensing for the on-axis sources

Lens properties for on-axis sources β = (β, 0) or (0, β)

image separation: ∆θ = x+ − x− =
√
β2 + 4
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1 ± e
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)
,
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√
β2 + 4

{
1 ∓ e

2(β2 + 6)
(β2 + 2)(β2 + 4)

}

flux ratio:
µ+

µ−
=




√
β2 + 4 + β
√
β2 + 4 − β




2 
1 ± e




√
β2 + 4(β2 + 2)

β
+
β
√
β2 + 4(β2 + 6)
β2 + 4







Asymptotic behavior for 0 < β % 1:

∆θ → 2
(
1 ± 1

2
e
)
, µ+ + µ− → 1

β

(
1 ∓ 3

2
e
)
,
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→ 1 ± 4

β
e

Asymptotic behavior for β * 1:

∆θ → β (1 ± e) , µ+ + µ− → 1,
µ+

µ−
→ β4

(
1 ± 2β2 e

)

Anomalous flux ratio due to quadrupole moment!?

The existence of the quadrupole moment significantly changes the flux ratio of the two
“major” images! In particular, the image with negative parity can become brighter than
that with positive parity. Therefore, such a non-spherical property of the lens object
may give a clue to the solution of the anomalous flux ratio problem in the observed
multiply imaged lens systems.


