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Abstract

We look for a Brans-Dicke type generalization of Horava-
Lifshitz gravity. It is shown that such a generalization is
possible within the detailed balance condition. The resulting
theory reduces in the LR limit to the usual Brans-Dicke the-
ory with a negative cosmological constant for certain values
of parameters. We then consider homogeneous, isotropic
cosmology and find some interesting features of the Brans-

Dicke scalar field in determining the early (and late) behavior
of the universe.



e Action for Brans-Dicke theory

S = [d*z\/—g (qu — %g““@uqb@yqb) , With
V=goR ~ N.,/G¢ (R + c2(K , K% — Kz))—QN\/ac_QKw—QN\/QDqu,
~V=gwdtgM 8updud = N\/que~tc?n? — N\ /qu¢™ D¢ Da,

where 4-metric g is decomposed into the lapse N, the shift N¢
and 3-metric q,,, and the 3-D covariant derivative D,, and its
scalar curvature K.

1. Ko = 55 (9ab — DaNy — DpNa)

2. = 1(¢ — N%us).



Matrix form

e Brans-Dicke action can be split into the two parts
Spp = S pT S

1. SK, = [dtd3aN /G (K, K® — K2) — 2K7 + wé™1n2)

abed  _ab
= [dtd3sN /G ( Ko =) ( oe" " w;_l ) (K;TCd )

—q
where Gabcd — 1 (qacqbd + qad bc) . qachd.

2. S =2 [dtd3azN/q ($R — 2D%¢ — w1 D ¢Dag)



e [ he matrix in SfB(D can be regarded as the supermetric on
the space of (qu,¢), naturally extending the DeWitt metric
on the 3-metric space.

e [0 construct a Brans-Dicke type extension of Horava-
Lifshitz gravity with the detailed balance condition, choose
the action of the form,

Surep =SB, 5p + Sl rp. Where the kinetic part is

abcd __ab
oo i o ) (D ) (1)

q
and the potential part is of the form

1/ W
1% _ 3 SW  16W pGabed(N)  —qab 5
Sprpp = — J dtd xNﬂ( a0 2 06 ) ( gl el

for some function W (q, ¢)




e Inverse supermetric with new parameters

[With Gabcd(A) — % (qacqbd + qadqbc) . )\qachd ]

-1 .
Inverse supermetric comes out to be of form ¢ "YGabed —Adap :
—Aqeq B¢

1 \
where G ped = ) (qacqvd + 9addbe) — Nabded

- _ 1 _ 3x-1 T 14w
With A= S 13 B= o3 A = oGrD13




Main Results

e Choose
W = c1 [ Pz /qp(R — 2/\y) — c2 [ d>z/que™ D% Dy,

then from Equations in Page 5-6 you have

Shipp = [ dtd>zN/g{ad + B($R — 2wp~1D¢Dag) + 7(—2D%¢) |
— [ dt d3zN /G Q0 1GpcaQ — 24Q7q44Q 4 BoQ?),

with parameters

_ 2 3w+7-3)\
a = (c1/\p) w(BA—1)+3’

_ 2 +5-3)
8= —(c1)N5E0T)13

2(w+1)—2w(4—3) .
v = —(c1)?N, w(3)\_11)_|_3 , and with

Q" = c1 (~¢(R® — 5R¢™) + D*D¢ — ¢*D?¢) ,
Q=c1% — o (~wpID%¢ + 45¢72D%Dub) .



e IR Limit

In the infrared limit the potential part of the action becomes

SgDHLhR
= —(c1)?Apt2 [ dtd3aN /7 ($(R — 2A) — 2D2$ — w1 D Da),

where

— 3w+4
N = 5ty N

This expression coincides with that of the Brans-Dicke theory
except that the cosmological constant term is present. The
speed of light is

2
—(e1 )2/\192%13



e Equations in Robertson-Walker spacetime

3H? +3HS — Lw(D)? =16 Tom — CE—N) - 3(5; ),

a

(2w + 3) ( + 3H¢) 16~ (pm — 3pm) + 27 + L7,

with the usual form of the continuity equation for the matter
density om.,

= (a/a),

BQ = _|_3(kc )2 _ 3wBw+4) k2

2(w+2) (=A)




e Cosmology

Consider two limiting cases for vacuum, pm = pm = 0.

First, for small a, the dark radiation term dominates:

() =2ht, ¢(1) =", (1)

Secondly, in the large a limit, cosmological term dominates
over the curvature and dark radiation terms:

H = h, %=%

g — — 4N
h=—-5=% 2w+3°

This solution represents the universe exponentially expanding
(recently).
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