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Abstract

We look for a Brans-Dicke type generalization of Horava-

Lifshitz gravity. It is shown that such a generalization is

possible within the detailed balance condition. The resulting

theory reduces in the LR limit to the usual Brans-Dicke the-

ory with a negative cosmological constant for certain values

of parameters. We then consider homogeneous, isotropic

cosmology and find some interesting features of the Brans-

Dicke scalar field in determining the early (and late) behavior

of the universe.
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• Action for Brans-Dicke theory

S =
∫
d4x

√−g
(
φR− ω

φgµν∂µφ∂νφ
)

, with

√−gφR ' N
√

qφ
(
R+ c−2(KabK

ab −K2)
)
−2N

√
qc−2Kπ−2N

√
qD2φ,

-
√−gωφ−1gµν∂µφ∂νφ = N

√
qωφ−1c−2π2 −N

√
qωφ−1DaφDaφ,

where 4-metric g is decomposed into the lapse N , the shift Na

and 3-metric qab, and the 3-D covariant derivative Da, and its

scalar curvature R.

1. Kab ≡ 1
2N (ġab −DaNb −DbNa)

2. π ≡ 1
N (φ̇−Na∂aφ).
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Matrix form

• Brans-Dicke action can be split into the two parts

SBD = SK
BD + SV

BD

1. SK
BD =

∫
dt d3xN

√
q

(
φ(KabK

ab −K2)− 2Kπ + ωφ−1π2
)

=
∫

dt d3xN
√

q
(

Kab π
) (

φGabcd −qab

−qcd ωφ−1

) (
Kcd
π

)
,

where Gabcd = 1
2

(
qacqbd + qadqbc

)
− qabqcd.

2. SV
BD = c2

∫
dt d3xN

√
q

(
φR− 2D2φ− ωφ−1DaφDaφ

)
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• The matrix in SK
BD can be regarded as the supermetric on

the space of (qab, φ), naturally extending the DeWitt metric

on the 3-metric space.

• To construct a Brans-Dicke type extension of Horava-

Lifshitz gravity with the detailed balance condition, choose

the action of the form,

SHLBD = SK
HLBD + SV

HLBD, where the kinetic part is

SK
HLBD =

∫
dtd3xN

√
q

(
Kab π

) (
φGabcd(λ) −qab

−qcd ωφ−1

) (
Kcd
π

)

and the potential part is of the form

SV
HLBD = − ∫

dtd3xN
√

q
(

δW
δqab

1
2

δW
δφ

) (
φGabcd(λ) −qab

−qcd ωφ−1

)−1



δW
δqcd
1
2

δW
δφ




for some function W (q, φ)
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• Inverse supermetric with new parameters

[With Gabcd(λ) ≡ 1
2

(
qacqbd + qadqbc

)
− λqabqcd ]

Inverse supermetric comes out to be of form

(
φ−1Gabcd −Aqab
−Aqcd Bφ

)
,

where Gabcd = 1
2 (qacqbd + qadqbc)− λ̄qabqcd,

with A = 1
ω(3λ−1)+3, B = 3λ−1

ω(3λ−1)+3, λ̄ = 1+ωλ
ω(3λ−1)+3.
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Main Results

• Choose

W = c1
∫

d3x
√

qφ(R− 2Λb)− c2
∫

d3x
√

qωφ−1DaφDaφ,

then from Equations in Page 5-6 you have

SV
HLBD =

∫
dt d3xN

√
q

{
αφ + β(φR− c2

c1
ωφ−1DaφDaφ) + γ(−2D2φ)

}

− ∫
dt d3xN

√
q

(
Qabφ−1GabcdQ

cd − 2AQabqabQ + BφQ2
)

,

with parameters

α = (c1Λb)
2 3ω+7−3λ

ω(3λ−1)+3,

β = −(c1)
2Λb

ω+5−3λ
ω(3λ−1)+3

γ = −(c1)
2Λb

2(ω+1)−c2
c1

ω(4−3λ)

ω(3λ−1)+3 , and with

Qab ≡ c1
(
−φ(Rab − 1

2Rqab) + DaDbφ− qabD2φ
)

,

Q ≡ c1
R
2 − c2

(
−ωφ−1D2φ + ω

2φ−2DaφDaφ
)

.
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• IR Limit

In the infrared limit the potential part of the action becomes

SV
BDHL|IR

= −(c1)
2Λb

ω+2
2ω+3

∫
dt d3xN

√
q

(
φ(R− 2Λ)− 2D2φ− ωφ−1DaφDaφ

)
,

where

Λ = 3ω+4
2(ω+2)Λb.

This expression coincides with that of the Brans-Dicke theory

except that the cosmological constant term is present. The

speed of light is

c2 = −(c1)
2Λb

ω+2
2ω+3.
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• Equations in Robertson-Walker spacetime

3H2 + 3H φ̇
φ − 1

2ω(φ̇
φ)

2 = 1
2φ−1ρm − (3k

a2 − Λ)− 1
2(

B2

a4 ),

(2ω + 3)
(

φ̈
φ + 3H φ̇

φ

)
= 1

2φ−1(ρm − 3pm) + 2Λ + B2

a4 ,

with the usual form of the continuity equation for the matter

density ρm,

H ≡ (ȧ/a),

B2 = 3ω
2ω+3(kc1)

2 = 3ω(3ω+4)
2(ω+2)

k2

(−Λ).
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• Cosmology

Consider two limiting cases for vacuum, ρm = pm = 0.

First, for small a, the dark radiation term dominates:

a2(t) = 2ht, φ(t) =
φ0

t
, (1)

Secondly, in the large a limit, cosmological term dominates

over the curvature and dark radiation terms:

H = h, φ̇
φ = g,

h = −g
2 = ±

√
−4Λ
2ω+3.

This solution represents the universe exponentially expanding

(recently).
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