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Exact solutions

* Non-linear, superposition principle fails.
Every solution Is unique.

e Exact solutions----- More than a thousand
(Exact Solutions of Einstein’s Field Equations, H. Stephani, D.

Kramer, M. A. H. Ma’cCallum, C. Hoenselaers and E. Herlt)

e But physical meanings?-----seldom

“The key to physical interpretation is to find
out the nature of the sources which
generate the vacuum spaces.”-----Bonner

2010/9/23 JGRG20, 2010



Taub solution

ds® = —2 7231242 + d2? + 24302 (fi'.;rg + d".@fg) :

Taub, 1951
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No-go theorem

across the boundary. We then have the result:

An incompressible fluid cannot bound a vacuum in a
space-time with plane symmetry unless the boundary

condition of the continuitz of the derivatives of the
metrlc Lensor 1s Vlolated As 1s well known, a similar

e empty reglon we

dY/dH=—3Y,

whereas for the region occupied by the incompressible
fluid we have the equation before (9.1). Since §5%0,
dY/dH cannot be continuous across the boundary and
hence we cannot satisfy the boundary condition that
the derivatives of the metric tensor be continuous
across the boundary. We then have the result:

An incompressible fluid cannot bound a vacuum in a
space-time with plane symmetry unless the boundary
condition of the continuity of the derivatives of the
metric_tensor is violated. As is well known, a similar
result holds in the spherically symmetric case.
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Equation (10.6) is an Abel differential equation for
the variable Y2 When it is solved for Y=Y (¢) we may
substitute its solution into Eq. (10.7) and determine
¢(7). We shall illustrate the method of dealing with
these equations for the special case of the degenerate
gas where

and

(10.7)

p/po=e**

and

Taub, 1956

p/po=e73¢,
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Our solution

We find that the following metric solves Einstein filed equation with source
in perfect fluid form,

h(z) tan(eaz S’
hviz) arc ml(e v ¢ }
; __ ; | —2|az+4 s —dh(z) 5 5
ds? = — f(2)%dt* + d=* + e**% f(z)?e (da? + dy?)
where,
f(z) = ce™ " 4+ we"*
h(z) = —ce™ " 4+ we"”.
1 . * - o T - . & 3 N 1 E i C} i 1 — i "i
Clearly there are four Killing fields 57, 5-, 2y and —y5-+x By
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Density and pressure

p=— [—16!}304({@;3 + 1664 du® + 12b° A du® + 4502 c*u?v? + 3b7d%cu'” + 1267265/ 2Py + 1802 B d? —
1202 du® 4 45635 dPu? + 18b°c2d?u® + 45b° P d?ub + 18bcv? — 6b°vbedu'"v 4 186723240 —
165%™ — IQO(bCJT/Qd-u4-L! + 66%cu® + 6b1/ 2 2% — 24b2 P du — 8be fu + 246%/2%2%0 +
8v/becPu v — 126%/ 26720 0 + 456 20 0? + 86 A0S + 24072 du” + 60b ct Put — 00672 2du +
B2 du + 8bPedu® — 8be® — 6V bec®u 2w + 18b% cu®v? + 3cfu" 0% + 6bc® — 167 ut +

3be” d?u? — 18b% 2 2y — 6612V 2y — 8B eu® 4 4B Put — 1867 P du” + 6bcSd fu —

166 %0 4+ 3651002 — 36b%/ 2120 4+ 1662 Vbeu® v — 16b cu®y — 90062 Vbedu?v — 2462 uTv +
+8b%cu? — 360°cv/ bedu®v — 8b°Vbev + 60b6° S utv? — ﬁbscd-ug] a?(be)™ e+ bu?) ™t |

p=— [%cﬁd-u_l — 6b%5d? — 2b°Vheu v + 406° A Vbedw fu — 863 cPu? + 2Vbec® u %0 — 6675 d fu—
4bc® + 6b°c2du® — 15b*ute? — 8b 3 du® — 120°c2du® — Bb*cv/beu®v — 4b°cu® + VbecPvu—? +
Woedu” + 26°Vbedu®v + 12 evbeu®o + 126°ev/beu®v + 8b*ctdu — 1507 c*? — 6652 dPu’ —

6bc®u 0% — b5t — 4bedu” + 3062 Vbedv + 4b* P du® + 863 u? + 4b°cu® + 6bc* Ve fu +
12bc®Vbeu™2v — 15b%c%d? + 30b* P Vbeuv 4+ 8b*c2Vbeu®v + 4be® Vbeu ™2 — 2bc®Vbedu™? —

Sumt? — bed?u® — 4b* At du + 40°Vieu v + 1202 dfu + 42 Vbeuv — b’ d*u™ — 12bc* Ve u +
8h2ct — 20b A d2u? — 2003 u? — 8 Vbeuw — 4e®Vbeu v — Gb5cu6-1:2] a?(be) e+ bu?)?,

where ©u = ¢**, v = arctan (u\/g)
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General requirement to be an interior solution of a
vacuum solution

General boundary conditions

1.The metric Is continuous

2.The extrinsic curvatures measured by
the different sides of the boundary
surface satisfy

K — htr(K)|™ = —7
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The source of Taub space

 |n a special family of the above solution,
under the condition azq = —1/3 the
large branch of plane symmetric solution
we proposed can perfectly match to the
vacuum Taub space. Hence it is the proper

source of Taub space.
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What's the fundamental new idea?

 Negative pressure IS possible.

e Matter which violates energy conditions
may exIst.

* The essential physics: negative pressure
Props up this thick plane
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The properties of this space

e Geodesics
e Essential contents
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]O:

p:

ds? =

a? n—2

N-dim solution

_ 20z g2 n d72 4 ez[az+beﬂ2f'*”—3}] dzz,

[(n . 3)2(n . 1) 1 2(“ . 2)2beaz/(n—3) 1 (n . 1)b282czz/(n—3)]ﬁ

2 (n—3)2

at n—2

2 (n—3)
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[(n—3)(n— 1) +2(n — 2)be™/ "3 4 pZe2az/(1=3)]
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Thank you!

OOOOOOOOOOO
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