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Naxion: n and r 3

FIG. 1: Model predictions in the n–r plane, averaged over
realizations, for various f in the range 0.4MP ≤ f ≤ 2MP and
Nf ranging from 464 to 10,000, all giving sufficient inflation.
The black (left) cluster of points takes N∗ = 50 and the red
(right) cluster N∗ = 60. The quadratic expansion predicts
r = 8/N∗ which is far off the top of this plot. The region to
the right of the line falls within the WMAP7+BAO+H0 95%
confidence contour [10].

that the trispectrum equivalents of Eq. (9) are, in con-
ventional notation [16], τNL = (4π4/N̄2)(M4

P
/f4) and

(54/25)gNL = (8π4/N̄2)(M4
P/f

4).
The expectations described above are borne out in nu-

merical calculations. In Fig. 1 we show model predictions
in the n–r plane, averaged over several realizations of the
initial conditions. We see n and r are only weakly depen-
dent on the model parameters (though there is significant
dispersion amongst realizations, not shown here), with
the choice of N∗ being the principal determinant of n.
In Fig. 2 we plot fNL as a function of Nf for f = MP,
with ten realizations at each Nf . This clearly shows the
expected maximum, which is nearly saturated in cases
where a single field dominates the summations. In cases
where several fields contribute to the sums in Eqs. (3)–
(6), the non-gaussian fraction is reduced. Fig. 3 shows
the mean predicted non-gaussianity, averaged over real-
izations, as a function of f .
Eqs. (8) and (9) clarify the origin of large fNL in this

model. The cooperative effect of the Nflation mecha-
nism does not enhance the non-gaussian signal. Indeed,
fNL is suppressed by the central limit theorem where
N̄ ! 1 fluctuations contribute equally to the curvature
perturbation. Nor does the large effect arise from a sin-
gularity in the e-folding history, N , as a function of its
initial angles αi. Although Eq. (7) is singular in the
limit αi → π, its Taylor expansion is trustworthy un-
less |αi − π| ! (Pζr)1/2(MP/fi). The observed magni-
tude of Pζ requires |αi− π| " r1/2(fi/MP) for each field,
so a breakdown of the Taylor expansion cannot become
relevant unless at least one fi is a few orders of magni-
tude less than the Planck scale, of order (fi/MP)4 ! Pζ .

FIG. 2: Predicted non-gaussian fraction, measured by
(6/5)fNL, for the case f = MP and N∗ = 50. The error bars
indicate error on the mean over realizations, not the standard
deviation. In this case the maximum achievable value of 6

5
fNL

is 2π2 " 20, which is almost saturated in some realizations.
There is a significant spread due to initial condition random-
ness with typical mean values being around half the maximum
achievable value, and no discernable trend with Nf .

These constraints additionally imply that we do not tres-
pass on any region of field space where quantum diffusion
competes with classical motion.

Instead, the large fNL derives from a generic dispersive
effect present in any hilltop potential. Measuring the
displacement of φi from the hilltop by δi, each potential
can be approximated in its vicinity by Vi ≈ 2Λ4

i (1 +
ηiδ2i /2M

2
P
), where ηi < 0 satisfies

ηi ≡ M2
P

V ′′

i

Vi
& −2π2

(

MP

fi

)2

. (10)

These potentials are tachyonic. Fields close to the hill-
top remain almost stationary, while fields further away
are ejected downhill. This process typically leaves a few
fields on top of the hill, which have small εi and dominate
the sums in Eqs. (3)–(6). It seems clear this behaviour
is generic for any Nflation model constructed using hill-
top potentials. The few fields remaining in the vicinity
of the hilltop each generate contributions to the curva-
ture perturbation with third moment (6/5)fNL ≈ −η∗ [8].
Accounting for suppression arising from the central limit
theorem, we recover the approximate expression (9). For
a general hilltop potential, well-rehearsed arguments lead
us to expect |η| ∼ 1 and therefore fNL ∼ 1. In a single-
field model this is the ‘η problem’. In an Nflation model,
it is a generic expectation of enhanced non-gaussianity.
Even larger yields are possible in some models, including
the Naxion case, if it is possible to achieve |η| ! 1 while
preserving technical naturalness.

Black: N* = 50
Red:   N* = 60
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This plot shows simulations with 
several different values of f. Clearly 
the dependence on N* dominates.

Nflation phenomenology

The full string axion potential is 

where there are Nf fields with constants !i and fi.     
Throughout I will ignore possible couplings between the fields.

Vi = Λ4
i

�
1− cos

2πφi

fi

�

This has been extensively explored in the quadratic 
approximation where all fields are close to their minima, in 
which case they are simply a set of massive fields with

mi ≡
2πΛ2

i

fi

Nflation phenomenology
Regardless of these choices, the Nflation phenomenology in 
this approximation is remarkably simple:

The tensor-to-scalar ratio always equals the single-field 
value:   r = 8/N  where N is the number of e-foldings.

The scalar spectral index cannot exceed the single-field 
value, equalling it only in the equal-mass case:  n ! 1-2/N

The non-gaussianity fNL always                                  
equals its single-field value:                                             
fNL = 2/N and hence is                                         
unobservably small.
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While the KS profiles are generally in a good agreement
with the X-ray derived profiles, they are more extended
than the X-ray-derived profiles (see Figure 16), which
makes the KS prediction for the projected SZ profiles
bigger. Note, however, that the outer slope of the fitting
formula given by Arnaud et al. (2009) (equation (C3))
has been forced to match that from hydrodynamical sim-
ulations of Nagai et al. (2007) in r ≥ r500. See the bot-
tom panels of Figure 16. The steepness of the profile
at r ! r500 from the simulation may be attributed to a
significant non-thermal pressure support from ρv2, which
makes it possible to balance gravity by less thermal pres-
sure at larger radii. In other words, the total pressure
(i.e., thermal plus ρv2) profile would probably be closer
to the KS prediction, but the thermal pressure would
decline more rapidly than the total pressure would.
If the SZ effect seen in the WMAP data is less than

expected, what would be the implications? One possibil-
ity is that protons and electrons do not share the same
temperature. The electron-proton equilibration time is
longer than the Hubble time at the virial radius, so that
the electron temperature may be lower than the pro-
ton temperature in the outer regions of clusters which
contribute a significant fraction of the predicted SZ flux
(Rudd & Nagai 2009; Wong & Sarazin 2009). The other
sources of non-thermal pressure support in outskirts of
the cluster (turbulence, magnetic field, and cosmic rays)
would reduce the thermal SZ effect relative to the ex-
pectation, if these effects are not taken into account in
modeling the intracluster medium. Heat conduction may
also play some role in suppressing the gas pressure (Loeb
2002, 2007).
In order to explore the impact of gas pressure at

r > r500, we cut the X-ray derived pressure profile at
rout = r500 (instead of 6r500) and repeat the analysis.
We find a = 0.74± 0.09 and 0.44± 0.14 for high and low
LX clusters, respectively. (We found a = 0.67±0.09 and
0.43± 0.12 for rout = 6r500. See Table 12.) These results
are somewhat puzzling - the X-ray observations directly
measure gas out to r500, and thus we would expect to find
a ≈ 1 at least out to r500. This analysis may suggest that
the fiducial scaling relation of Böhringer et al. (2007) is a
source of a < 1. Note that a = 1 is within the systematic
error due to the scatter in the scaling relation. Had we
used the scaling relations of Melin et al. (2010), we would
find a ≈ 1 for rout = r500. While a large uncertainty in
the scaling relation prevents us from convincingly ruling
out a = 1, the relative amplitudes between high and low
LX clusters suggest that a significant amount of pressure
is missing in low mass (M500 " 4 × 1014 h−1 M") clus-
ters, even if we scale all the results such that high-mass
clusters are forced to have a = 1. A similar trend is also
seen in Figure 3 of Melin et al. (2010).
This interpretation is consistent with the SZ power

spectrum being lower than expected. The SPT mea-
sures the SZ power spectrum at l ! 3000. At such high
multipoles, the contributions to the SZ power spectrum
are dominated by relatively low-mass clusters, M500 "
4 × 1014 h−1 M" (see Figure 6 of Komatsu & Seljak
2002). Therefore, a plausible explanation for the lower-
than-expected SZ power spectrum is a missing pressure
in lower mass clusters.
Scaling relations, gas pressure, and entropy of low-

mass clusters and groups have been studied in the lit-

Fig. 19.— Two-dimensional joint marginalized constraint (68%
and 95% CL) on the primordial tilt, ns, and the tensor-to-scalar
ratio, r, derived from the data combination of WMAP+BAO+H0.
The symbols show the predictions from “chaotic” inflation models
whose potential is given by V (φ)  φα (Linde 1983), with α =
4 (solid) and α = 2 (dashed) for single-field models, and α =
2 for multi-axion field models with β = 1/2 (dotted; Easther &
McAllister 2006).

erature.35 Leauthaud et al. (2010) obtained a rela-
tion between LX of 206 X-ray-selected galaxy groups
and the mass (M200) derived from the stacking anal-
ysis of weak lensing measurements. Converting their
best-fitting relation to r200–LX relation, we find r200 =
1.26 h − 1 Mpc

E0.89(z) [LX/(1044 h−2 erg s−1)]0.22. (Note that
the pivot luminosity of the original scaling relation is
2.6 × 1042 h−2 erg s−1.) As r500 ≈ 0.65r200, their rela-
tion is ≈ 1σ higher than the fiducial scaling relation that
we adopted (equation (89)). Had we used their scaling
relation, we would find even lower normalizations.
The next generation of simulations or analytical cal-

culations of the SZ effect should be focused more on
understanding the gas pressure profiles, both the ampli-
tude and the shape, especially in low-mass clusters. New
measurements of the SZ effect toward many individual
clusters with unprecedented sensitivity are now becom-
ing available (Staniszewski et al. 2009; Hincks et al. 2009;
Plagge et al. 2009). These new measurements would be
important for understanding the gas pressure in low-mass
clusters.

8. CONCLUSION

With the WMAP 7-year temperature and polarization
data, new measurements of H0 (Riess et al. 2009), and
improved large-scale structure data (Percival et al. 2009),
we have been able to rigorously test the standard cosmo-
logical model. The model continues to be an exquisite
fit to the existing data. Depending on the parameters,
we also use the other data sets such as the small-scale
CMB temperature power spectra (Brown et al. 2009; Re-
ichardt et al. 2009, for the primordial helium abundance),
the power spectrum of LRGs derived from SDSS (Reid
et al. 2009, for neutrino properties), the Type Ia super-
nova data (Hicken et al. 2009b, for dark energy), and the
time-delay distance to the lens system B1608+656 (Suyu
et al. 2009a, for dark energy and spatial curvature). The
combined data sets enable improved constraints over the

35 A systematic study of the thermodynamic properties of low-
mass clusters and groups is given in Finoguenov et al. (2007) (also
see Finoguenov et al. 2005a,b).
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Conclusion

The axion Nflation model is a simple 
construction which offers significant 
non-gaussianity while maintaining 
viable values of other observables.

Naxion: non-gaussianity
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FIG. 1: Model predictions in the n–r plane, averaged over
realizations, for various f in the range 0.4MP ≤ f ≤ 2MP and
Nf ranging from 464 to 10,000, all giving sufficient inflation.
The black (left) cluster of points takes N∗ = 50 and the red
(right) cluster N∗ = 60. The quadratic expansion predicts
r = 8/N∗ which is far off the top of this plot. The region to
the right of the line falls within the WMAP7+BAO+H0 95%
confidence contour [10].

that the trispectrum equivalents of Eq. (9) are, in con-
ventional notation [16], τNL = (4π4/N̄2)(M4

P
/f4) and

(54/25)gNL = (8π4/N̄2)(M4
P/f

4).
The expectations described above are borne out in nu-

merical calculations. In Fig. 1 we show model predictions
in the n–r plane, averaged over several realizations of the
initial conditions. We see n and r are only weakly depen-
dent on the model parameters (though there is significant
dispersion amongst realizations, not shown here), with
the choice of N∗ being the principal determinant of n.
In Fig. 2 we plot fNL as a function of Nf for f = MP,
with ten realizations at each Nf . This clearly shows the
expected maximum, which is nearly saturated in cases
where a single field dominates the summations. In cases
where several fields contribute to the sums in Eqs. (3)–
(6), the non-gaussian fraction is reduced. Fig. 3 shows
the mean predicted non-gaussianity, averaged over real-
izations, as a function of f .
Eqs. (8) and (9) clarify the origin of large fNL in this

model. The cooperative effect of the Nflation mecha-
nism does not enhance the non-gaussian signal. Indeed,
fNL is suppressed by the central limit theorem where
N̄ ! 1 fluctuations contribute equally to the curvature
perturbation. Nor does the large effect arise from a sin-
gularity in the e-folding history, N , as a function of its
initial angles αi. Although Eq. (7) is singular in the
limit αi → π, its Taylor expansion is trustworthy un-
less |αi − π| ! (Pζr)1/2(MP/fi). The observed magni-
tude of Pζ requires |αi− π| " r1/2(fi/MP) for each field,
so a breakdown of the Taylor expansion cannot become
relevant unless at least one fi is a few orders of magni-
tude less than the Planck scale, of order (fi/MP)4 ! Pζ .

FIG. 2: Predicted non-gaussian fraction, measured by
(6/5)fNL, for the case f = MP and N∗ = 50. The error bars
indicate error on the mean over realizations, not the standard
deviation. In this case the maximum achievable value of 6

5
fNL

is 2π2 " 20, which is almost saturated in some realizations.
There is a significant spread due to initial condition random-
ness with typical mean values being around half the maximum
achievable value, and no discernable trend with Nf .

These constraints additionally imply that we do not tres-
pass on any region of field space where quantum diffusion
competes with classical motion.

Instead, the large fNL derives from a generic dispersive
effect present in any hilltop potential. Measuring the
displacement of φi from the hilltop by δi, each potential
can be approximated in its vicinity by Vi ≈ 2Λ4

i (1 +
ηiδ2i /2M

2
P
), where ηi < 0 satisfies

ηi ≡ M2
P

V ′′

i

Vi
& −2π2

(

MP

fi

)2

. (10)

These potentials are tachyonic. Fields close to the hill-
top remain almost stationary, while fields further away
are ejected downhill. This process typically leaves a few
fields on top of the hill, which have small εi and dominate
the sums in Eqs. (3)–(6). It seems clear this behaviour
is generic for any Nflation model constructed using hill-
top potentials. The few fields remaining in the vicinity
of the hilltop each generate contributions to the curva-
ture perturbation with third moment (6/5)fNL ≈ −η∗ [8].
Accounting for suppression arising from the central limit
theorem, we recover the approximate expression (9). For
a general hilltop potential, well-rehearsed arguments lead
us to expect |η| ∼ 1 and therefore fNL ∼ 1. In a single-
field model this is the ‘η problem’. In an Nflation model,
it is a generic expectation of enhanced non-gaussianity.
Even larger yields are possible in some models, including
the Naxion case, if it is possible to achieve |η| ! 1 while
preserving technical naturalness.

f = MP; N* = 50Nf

(6
/5

) 
f N

L
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