Restricted Gravity

—A New Approach to Quantum Gravity—

Y. M. Cho

School of Electrical and Computer Engineering
Ulsan National Institute of Science and Technology
and
School of Physics and Astronomy
College of Natural Science, Seoul National University
Korea

February 27, 2012

Y. M. Cho (Seoul National University) Restricted Gravity February 27, 2012



Motivation and Plan

o Problems of spin-two graviton

@ The metric is a classical concept which allows precise mesurement, but
quantum gravity requires a quantum field which requires intrinsic
fuzziness — Geroch.

@ The metric can not describe the gravitational coupling to fermions
("/}Va ,u'@[]) X ey

This tells that the tetrad (4 spin-one fields e#) is more fundamental
than the metric. So we need a new paradigm for quantum gravity.
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o Motivation

@ Is Einstein’s theory the simplest possible generally invariant theory?
Yes?.....No!

@ What is the simpler theory?
Restricted gravity which describes the core dynamics of Einstein’s

theory.

© How can we obtain such gravity?
Making Abelian projection to Einstein's theory.

© How can we describe the graviton in this theory?
By a spin-one Abelian gauge field.

Quantum gravity
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o Plan

@ Treat Einstein's theory as a gauge theory of Lorentz group. Make the
Abelian projection to decompose the connection to the restricted part
and the valence part.

@ Remove the valence part to separate the core dynamics of Einstein's
theory. Obtain the restricted gravity.

© Express the restricted gravity by an Abelian gauge theory, and show
that the graviton can be described by a massless spin-one gauge field.

© Recover Einstein's theory adding the valence part. Establish the
Abelian dominance in Einstein's theory.

Example: Restricted QCD

Y. M. Cho (Seoul National University) Restricted Gravity February 27, 2012 4 /47



Abelian Decomposition: SU(2) QCD

A) Abelian decomposition

o Let (n1,n2,n3 = n) be an orthonormal basis, and select 7 to be the
Abelian (i.e., the color) direction. Make the Abelian projection

Dy = dui+ gA, x 1 =0. (A% =1)

—

- A 1
Ay = Au= Ay — i x i (Au =1+ 4,)

@ With this we have the Abelian (Cho-Faddeev-Niemi or Cho-Duan-Ge)
decomposition

B, 1 . >
A=A — i x 9+ X, (X, =0).
g
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@ Under the infinitesimal gauge transformation
§A,=-D,d, o= —ax,

we have

—a X X,.

>
=
=
(o9
S
=
I

(1) Au has the full SU(2) gauge degrees of freedom, and forms an SU(2)
connection space by itself.

Q Xu transforms covariantly.

6/ 47

Y. M. Cho (Seoul National University) Restricted Gravity February 27, 2012



B) Restricted QCD (RCD)

° /1# is essentially Abelian, but has a dual structure

Fu, = 0,A, —8,A, +gA, x A, = (F,, + H,)h,
F = 0,4, — 8,A,,

1
HNV = —;’fl/ ° (6;/& X (9l,ﬁ) == a/j,cl/ - aIIC’,U,?
c 1, o7
= —Nq - Nno.
L g 1 2 2

So FW is described by two Abelian potentials, the “electric” Au and
the “magnetic” C),.
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= 1
@ let C),=——nx0J,n andfind
g

H,, =8,C, —8,C,+ gC, x C, = H .

Moreover, éu with n = 7 describes precisely the Wu-Yang monopole,
where 7 represents the non-Abelian monopole topology IT5(5?).

@ Define the restricted QCD by

1. .
ERCD ES _KF:MVZ'

It has the full non-Abelian gauge invariance and thus inherits all
topological properties of QCD, but is much simpler than QCD.
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C) Abelian dominance

o Find

Lqocp = 4F/fu 71F31/7 gpzw (Xu x X,)
1 A — A~ — 92 — —
—~ (DX, — D, X,)? - 2 (X, x X,)?
4 K K 4 ;

So QCD can be viewed as RCD made of flu which has the valence
gluons as colored source.

@ The valence gluons play no role in confinement, because they are the
colored source which have to be confined.
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D) Monopole dominance

@ The Abelian projection separates the monopole potential gauge
independently.

@ The one-loop effective action of QCD shows that the monopole
condensation plays the central role in color confinement.

@ The monopole dominance in the color confinement has been
confirmed by recent KEK lattice calculations based on Abelian
projection.
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Figure: The monopole dominance based on Abelian projection in lattice QCD.
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Vacuum Decomposition

A) Vacuum potential

@ Impose the vacuum isometry

i Dyfi; = (O + gAux) Ay =0,
Yi [Dy, D)) Ay = Fupy xt; =0 = F,, =0.

@ Construct the most general vacuum potential
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e With S3 compactification of R3, we have the multiple vacua |n)
classified by the Hopf invariant IT3(S%) ~ I13(S?) which represents
the knot topology of n = ng,

3

o
=iy / eapreikCLOICE P, (0,07 =1,2,3)

o With Q#, the restricted potential fl# admits further decomposition
Au = Qu + ém éu = (Au + Cu) m,

. 1 ~
50, =-D,"a, 6B,=-axB, (D =0,+g0x).
g

So ©, (just like A,,) forms its own SU(2) connection space.
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::*u

B,
A= O Bt
-, = A, + X, ——

Figure: The structure of non-Abelian connection space: It has two proper
subspaces made of the restricted potentials A, and the vacuum potentials €,
which form their own non-Abelian connection spaces.
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B) Vacuum tunneling

@ The multiple vacua |n) are physically (as well as topologically)
inequivalent, but are unstable under the quantum fluctuation. They
are connected by the vacuum tunneling through the instantons.

@ The vacuum tunneling assures the existence of the #-vacuum in QCD
1) = Zemg |n).
n

@ The SU(2) results directly applies to Einstein's theory because SU(2)
is the rotation subgroup of Lorentz group.
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Einstein's Theory: Gauge Theory of Lorentz Group

@ Einstein's theory can be viewed as a gauge theory of Lorentz group,
and the local Lorentz invariance assures the general invariance.

@ In the presence of spinor field one must have the local Lorentz
invariance. This necessitates a gauge theory of Lorentz group, where
the tetrad (not the metric) plays the fundamental role.

o Constructing a gauge theory of Lorentz group is a natural way to
rediscover Einstein's theory.
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@ Introduce a coordinate basis 9, and an orthonormal basis e,
[a/u au] = 07 [eaa eb] = fabc €c,
ea=¢d Oy Ou=c¢eles (1,v;0,b,c=0,1,2,3)

Let Jup = —Jpe be the generators of Lorentz group,

[Jab7 ch] = nachd - nchad + ndeac - 77aclch

mn
ab,cd Jmn;

where 14, = diag (—1,1,1,1) is the Minkowski metric.
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@ With the 3-dimensional rotation and boost generators L; and K; we
have

[Li, Lj] = €ijuly,  [Li, Kj] = €u Kk,
[Ki; KJ] = —eijkLk.

@ Notice that

1. The Lorentz group is non-compact, so that the invariant metric is
indefinite.

2. The Lorentz group has the well-known invariant tensor €,4.q Which
allows the dual transformation.

3. The Lorentz group has rank two, so that it has two commuting

Abelian subgroups.
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@ Remember that

1. In the gauge formalism of Einstein’s theory the spin connection

wu“b corresponds to the gauge potential F,ﬁb, and the curvature

tensor ij”b corresponds to the field strength F#Vab.

2. In Einstein's theory the metric g, propagates, but in gauge theory
the potential Fﬂab propagates.

3. The Einstein-Hilbert action is linear in R/Wab (R= ea“eb”RWab),
but in gauge theory the Yang-Mills action is quadratic in FW“b

(FQ — F#VabF“yab).
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o Let p® (p“b = —pba) be an adjoint representation of Lorentz group

1

5ab PCd = _§fab,mn

cd . mn

We can denote p® by a sextet p made of two triplets 77 and &,

1 m 1
P = 5 pabIab = < Z > ) pab =P Iab = ipCdch ab7

I 4 ab _ (5ca5db o 5cb5da)>

C

where 71 is the magnetic (rotation) part and € is the electric (boost)
part of p.
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@ Lorentz group has two maximal Abelian subgroups, A made of L3
and K3 and By made of (L1 + K3)/v/2 and (Ls — K1)/+/2. In both
cases the magnetic isometry is described by two, not one, commuting
sextet vector fields which are dual to each other.

@ Let one of the isometry vector be p
Dyp=(0,+T,x)p=0.
This automatically assures that p also becomes an isometry,

D,p=(0,+T,x)p=0.
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@ The isometry is described by two Casimir invariants a and (3,

a=p-p=m’—&, [=p-p=2m-¢

and we can always choose (a, 3) to be either (£1,0) or (0,0).

@ The Ay isometry has (+1,0), so that it can be called the
rotation-boost (or non-lightlike) isometry. But the By isometry has
(0,0), so that it can be called the null (or lightlike) isometry.
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Abelian Decomposition of Einstein's Theory

A) A, isometry

o Express the Ay isometry by

n = 0
1_13_(0>, 1_k3_(_ﬁ>,
1=0, D,1=0,
and find (a, 8) = (1,0). Find the restricted connection f‘M of Ay
T, =T,1-T,1-1x 9,
~ - 1 - -
:FMI—FMI—i(lxaul—lxﬁul),
r,=1.T,, T,=1.T,.
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@ The restricted field strength f{W of A is given by

R,, =9,I, -9, +T,xT,
= (T + Hy) 1= (T + Hu) 1,
T, =080, — 8,0, Hu =—1-(8,1x8,1) =09,C, —8,C,,
Ty =00, —8,T,, Hy=-1-(9,1x3,1) =0,

so that we have

R, = (Cp + Hy) 19° =Ty 190,

Y. M. Cho (Seoul National University) Restricted Gravity February 27, 2012 24 / 47



@ With this the full connection of Lorentz group is given by
r,=T,+2, 1.2,=1-7Z,=0,

where Z,, is the valence connection.

@ The corresponding field strength R, (the curvature tensor) is
written as

R;w - au]-_‘u - al/]-‘/.b + ]-‘;L xI'y = Ruu =+ Z;u/»
Z,,=D,Z,—-D,Z,+7Z, X7y,
W)y =Gy, - By %
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B) B; isometry
@ Express the By isometry by

e \f< ).

6’ n2
=55
\[

DNJ:O D,j=0,

@
> P
=

i=

S\

>

[y
9]
>

where X is an arbitrary function. Find (o, 3) = (0,0).
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o Let

@ With this find the restricted connection I' of By
D,=T,j—T,j—kxd,j

. = 37 1 . T Bl
:FHJ—FHJ—§(kX(9H_]—kX8H_])
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@ The restricted curvature tensor fi,w of By is given by

R,, =90,I, —9,T,+T,xT,
- (FIW + HW)j - (f;w + ﬁw)j»
T =8,y — 8,0, T =0T, —9,T,,
Bl = =0 (@] X Bl = G 3% Bl = G, = GhlEly,
Hy = —k- (8, x 8,k — 8,j x 8,k) = 9,H, — d,H,.

@ Adding the valence part Z,, to fu we obtain the full connection and
the full curvature tensor

r,=0,+2, k- Z,=k-Z,=0.

R, =Ru+2,, Z,=D,2,—D,2,+7,x7Z,.
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Restricted Gravity

@ Introduce the Lorentz covariant 4-index metric gm,“b

— b _ b
g,LLI/ - glj,ya : Iab - e'u,ae Iab7

g,m/ab _ (euaeyb . eyaeub) —_ 6 Co dI ab

and find
Vaguww =0 +—= g =0,

where 9, = V,, + T, x is the generally and gauge covariant
derivative.

o Construct the restricted gravity with Z,, = 0. Use the first order
formalism.
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A) A, gravity

@ Impose the A isometry and put Z, = 0. Let

Sled", T, r ul = /e {gu,, ‘RM + )\u_@,,g“”}dzlm
= /e {GW(F‘“’ + H*) — é,u,f“” + )\M@,,g“”}d4x,

@ = DI (Ey0) @“—V —I—I‘ X

EE euaeyb Lab, GW =e,'e, by

T+ Hy = 8,4, —8,4,, A,=T,+C,.
T, =08,B,—8,B,, (B,=T,).

abs
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@ Find the Maxwell-type equation of motion of As gravity

V.G* =0, V,G* =0,

Gl (VAP — 9P AV) — G, (9" B — P BY) = 0,
g = 0.

Notice that G, admit “gravitational potential” G/,

Compare this with Einstein's equation

1
RNV — §R uv = 0.
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B) B, gravity
@ Impose the By isometry and put Z, = 0. Let
Sled, T, T, = /e {gu,, RA 4 )\ﬂ.@l,g’“’}d%

= /6 {jﬂy(F#V o H'LLV) - jp,y(f'uy <F ﬁy,z/) + )\u@,/gﬂy}déLfE,

j,uz/ =€, @y ]aba j/w = a b jaba
FMV+HMV_8MK,, B! i KM—F + H,,
U, +H,=0K,-9,K, K,=T,+H,
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o Find the Maxwell-type equation of motion of By gravity

v’“/j#l/ - 07 v/ijﬂy — 0,
T (6"KP — 3°K") — 3, (VK — 9°K") = 0,
‘@/Lgﬂu - 07

where 7, admit “gravitational potential” 7,

Again compare this with Einstein’s equation.
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@ Notice that

© Restricted gravity is generally invariant, but simpler than Einstein’s
gravity.

@ It describes a Maxwell-type Abelian (dual) core dynamics of Einstein's
gravity, with massless spin-one graviton.

© It inherits all topological properties of Einstein's gravity.

© Restricted gravity and Einstein's gravity have identical vacuum.

Abelian Dominance
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Topology of Vacuum Space-time

@ How can one obtain the most general vacuum space-time?
Solving "the vacuum Einstein's equation”
1
R, — iR Juv =0

will not help, because we need the vacuum of quantum gravity (the
flat space-time)

@ Impose the vacuum isometry and construct the most general vacuum
connection. Classify the classical vacua using the isometry.
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o Let

and impose the vacuum isometry (the maximal isometry)
Vs . Vs _
D,l; =0, D k; = 0.

Notice that
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o Let

m
= - F = _,M
p ( é )7 12 . )

and find in 3-d notation D, p = 0 is written as
Dy =B, x& D,é=—B, xm.
e So the vacuum isometry ¥ D,1; = 0 (and ¥i D, k; = 0) is written as
Yi Dy = By X 7, Dy = —B,, X iy,
or equivalently

Vi Dy =0, B,=0!
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@ Obtain the most general vacuum connection

e ()

A 1 N o
QM = —ieijk(ni . 6,mj)nk.

This tells that the flat space-time has I13(S?) topology of the SU(2)
QCD vacuum.

@ This is nothing but the topology of II3(SO(3,1)) ~ II3(SO(3)).

Knot Topology of Vacuum Space-time
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Physical Interpretation

o Consider a flat R* and introduce a global Cartesian coordinate basis
Oy (1 =0,1,2,3). Choose the Minkowski metric g, = 7)., and let
0, are parallel to each other (i.e., let I' * = 0),

Vudy =T, 8o = 0.

o Find the trivial connection I, ;* = 0 is metric compatible and

torsionless,
Vo =0,
C,2=T,% T =0,

where C',,* and FES,)O‘ are the contortion and the Levi-Civita
connection.
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@ Introduce a local orthonormal frame (i.e., tetrad) e, (a =0,1,2,3)

),

60:€0a 8a:80 ( (5
1 0=0), (i=1,2,3).

e; =€, 0 =1,* 0y (e,* =n,* with

3>

Express the trivial connection I',/* = 0 in the orthonormal basis. Find
the corresponding FH‘”’ becomes the vacuum connection,

.. 1 . ) )
! =gt 9ud, T =0,
=T,=Q,
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@ So the flat connection I',* = 0, in the orthonormal basis, becomes
identical to the SU(2) vaccum potential. This confirms that the
torsionless Minkowski space-time with flat connection has a
non-trivial TI3(5?) topology.

@ It is the tetrad (i.e., the spin structure), not the metric, which
describes the knot topology of the vacuum space-time.
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Knot is everywhere!

Non-linear sigma model (Faddeev and Niemi, Nature 1998)
Plasma (Faddeev and Niemi, PRL 1999)

Skyrme theory (Cho, PRL 2002)

Condensed matter

Two-component BEC (Cho, PRA 2003)

Two-gap SC (Babaev, PRL 2003; Cho, PRB 2004)

QCD

Knot glueball (Cho, PLB 2005)

QCD vacuum (Cho, PLB 2006)

@ Einstein’s theory
Vacuum space-time
Knot in gravity?

©00O0

©
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@ Space-time tunneling: Gravito-instantons are proposed, but never
confirmed. With the tunneling, we can define in
Einstein’s theory.

@ The restricted gravity could be very useful in describing the
space-time of gravito-magnetic monopole.
1. TI5(S?) topology
2. Energy quantization (cf. charge quantization)
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Einstein's Gravity

@ Reactivate the valence connection Z,, in the restricted gravity to
recover the full Einstein's theory.

@ Find that Einstein's gravity is nothing but the restricted gravity which
has the valence connection as a gauge covariant gravitational source.

@ Conclude that the restricted gravity describes the skeleton structure
and the core dynamics of Einstein's theory. Establish the Abelian
dominance in Einstein’s theory.
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Discussion

@ Anatomy of Einstein’s theory: Dissect and decompose it to the
skeleton and the flesh. Find that the flesh (the valence connection)
can not move (has no dynamical role).

@ The skeleton can dance, and describes a restricted gravity which is
much simpler than Einstein's gravity but has the full general
invariance. Moreover it becomes Abelian.

Juv — Gy
1 V.G =0
"R w=0= ( G = 0,Gyy — 8,G,, )

Massless spin-one graviton!
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@ This establishes the Abelian dominance (of a different type) in
Einstein’s theory.

@ As gravity describes Bonner and C metric, and By gravity describes
Einstein-Rosen-Bondi’s plane wave solution.

@ Knot topology of vacuum space-time and quantum tunneling: TI3(S5?)
topology of the tetrad (spin structure)! Gravito-instantons and
f-vacuum in quantum gravity?

@ Challenge: Quantize the massless spin-one graviton.
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