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1. What 1s bobbing? How is it observed in spinning binary systems?

<Excerpted from Gralla et. al [Phys. Rev. D 81, 104012 (2010)]|>

The lab frame centroid of a body (solid line) is confined to the z!-z? plane.
However, since the body has a (constant) spin vector lying in the plane, its
center of mass (solid dot) is displaced in the z° direction by a velocity dependent
factor, giving rise to bobbing;:
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dt
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Jo= Ly + S, + S,

Spinning binary inspiral system

In spinning binary systems, this kinematics can be represented by the inter-
actions between the orbital angular momentum (L) and spins of two bodies
(S1, Sy), i.e. spin-orbit interactions. The net bobbing can be observed from the

inclination angle (¢).
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2. Precessing binary inspirals and GWs
(Newtonian; circular orbits)

Binary inspiral system §x,(t) = — sin(Qprt) e, + Cos(Qprt) é>y

-

€, (t) = —costcos(Qprt) €y — costsin(Qpt) €y + sint €,

é,(t) = sintcos(Qprt) € + sintsin(Qp,t) €, + cost €,



Time-varying frame for precessing binary:

€, (t) — sin (1) cos (Qpt) 0 €y
€y(t) | = | —costcos (Qpt) —cosesin (t) sine | | €,
€ (t) sinccos (Qnt)  sinesin (Qut) cose| | €,
Thus,
er(t) costp 0 —siny || sinf 0 cosf cos¢ sing 0
et)l =1 0 1 0 cos) 0 —sinf || —sing cos¢ 0
6?@3(15) sinty 0 cosp 0 1 O 0 0 1
— sin (Qyt) c0s (Qpet) 0 17 [eu(t)
X | —costcos () —cosesin (Q,t) sine e, (t)
sinecos (Qt)  sinesin (Q2,,2)  cose e(t)

Now, from
[xl(t)x/(t) — ,uCL2 (3082 <Qt> , Iy’(t)y’(t) = ILLCL2 sin2 (Qt) ) ]x’(t)y’(t) = [y’(t)x’(t) — ,LLCL2 COS (Qt) Sin (Qt)
gravitational waves are computed (with polarization angle ¢ = 0):

h'!' = h,e"(t) + hoe*(t); (TT: Transverse and Trace-free)

et(t) = (G(t) @ G(t) — &;(t) ® €5(t)), e = (&(t) ® &;(t) + &,(t) ® (1))
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3. Spinning binary inspirals and GWs
(Post-Newtonian; circular orbits)

Jo = &, e, (t) =Ly
a(t) I~
L,

4
1
Ly
I
I

e _—

- . - -
ey (t) = —sinaée, +cosae,

]0= LN+Sl+SZ

-

e..r
Spinning binary inspiral system Y

é,(t) = sintcosaé, +sintsina €, + cost é,

(t) = —cositcosaé, —costsinaé, +sint é,



Formally, following Kidder |[Phys. Rev. D 52, 821 (1995)], Will et. al [Phys.
Rev. D 54, 4813 (1996)| and Arun et. al [Phys. Rev. D 79, 104023 (2009)], one
can perform the multipole expansion

2 d?

0 (13) = S Ny N T )
L

where N = x/D;, Iiil"": Epstein-Wagoner (EW) moments. Through quite
involved analysis, one can determine

2Mvv?
- 2R g0 4 BOPSO) 1 Y, + HOSO

FHD 1 /2800

)

where v = M0 and g, B B0 g B B HPPSO) are given

as follows (/-expanded polarizations Wlth the assumption S < L).

<Excerpted from Arun et. al |[Phys. Rev. D 79, 104023 (2009)]>
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HY = — (¢, + 1)cos2(a + W), (3.16a)

2
5 9
H{J:m = UE.TH[(%-I- E)ct}x{-:r + ) — E{fﬁ.z + 1)cos3(a + ‘Ll-']], (3.16b)
2
H_r,f] = Lr?[( Ef; + 2 SE” + I; (ﬁ'ﬁ.* + ”;H - l;) )Lm'?'l[af + W) +— {I — gt )3y — cosd(a + ‘P]] (3.16¢)
4 5c.2 19 4 49
1‘1‘”’"‘EJ =y [t}i‘g(:;j - IE; - a-l— (— ;iﬁ— E'Tj-l- ﬁ):e')cm{a + ¥) — Eﬂ'{fﬁ.z + 1) cos2(a + V)
8lc,?  45c,” 557) (ﬁlc,f 9¢c,* 225) ) 625
= + + + Tiiad R + W) + — e N2 -
+ S.i'g(( 138 T 138 e 2 e cosda + W) 3!'9384“ cg ) (2w —1)
® cosSla + ‘PJ], (3.16d)
H{_:ﬂ'mj = —2icysycos(a + 2W), (3.16e)
HY S = v{(co(xs + 8x5) — solis + xD)cos(e + W) = &g + 5x0) sin(ar + V)]
L Cat 9 '?Tf
b - -8 N — e
+ Ubﬁfg[q_.'!‘ﬂ cosW — ( g + R)L{}h{._ﬂ' + W) + ( g —+ 2 )Lm{._-:r + 3‘1’]]
3 1
+ b?[ - ;.i,f cos2W + ;{r:,j.2 + 1cos2{a + ‘P]I], (3.16f)

HP) = o spco(28xs + @~ v + @il F )G + 30+ ¢+ wll = Se i — spco@8x5+ 2+ x0)

5
¥ cos2(a + W) — 55cp(28 xh + (2 — )xY)sin2(a + V) ] + U?E-.TH[IE'H(_['H? + 4 + (BE‘H? -+ %)F)C{}H{ﬂ' + 2¥)

o
+ E,;(—%— 1+ {FH? + 3w )Lm{?n:r + 2W) + EH(I; IﬁF)CUH{?&ﬂ' + 4W) — (¥ + E:'ﬂ'llﬁin‘lf]

e, 23

1
+ LI'LE.'E‘H-S[( )uh{af Ay = ( > + Bﬁ)tth{ﬂ' + ) + —{rﬁ.? + 1)cos3(a + V) — ﬁ{ff + 1)
45 135¢,> 1 5
X cos(3a + W) + (_3_-;"' 3:9 )cm'.{af + 3‘1’]] + E_BE'H.TH[;C{}H{G - 2¥) + Ecuﬁ{af + E‘PJ] (3.16g)

11



HY = —2¢c,sin2(a + W), (3.17a)
9 3
H = ué'ﬁ',.,:.i,g[— 7 sin3(a + W) + 7 sinfa + W) ] (3.17b)
dc.2 17 13 8
HLEJ = UEE'H[(— Z” + = + (— T+ dc,” ) )uinﬁ{af + ¥) + .s'lf(— €+ E:-') sind{a + ‘l-'J], (3.17¢)
21 _ 5c,* Begt 03
32 .3 2 t s in?2
HL: L E‘g[ﬁ.‘i‘g(( el + 96 ) + ( a8 + 43) )HII‘I{ﬂ:‘ + W) — dmsin2(a + V)
135¢ 603 171 . 133 625
+ S.i'g((_ 1‘54? + 54) + (_E—I_ 3;"‘?) )uln"}«{ﬂf + ¥ + Sig(ﬁ(j}'_ 1)s )uinS{af + ‘l’]],
(3.17d)
HY230) = —2 .5, sin(a + 2V), (3.17¢)
Hi,!'mj = v (x2 + 8xY) cos(a + W) + calcalxs + 8x5) — sp(xE + 6x2)) sin(a + V)]
2 2
I 9 9
+ wﬁ[.\‘,f sin¥ — (EE + 4) sin(2a + W) + (— T + iﬁ )Hil‘l{zﬂ' + 3‘1"]] + ey sin2(a + W), (3.171)
b b 4
FS 250 Lr*[.w{ZSﬂ + (2 = )xz)(1 + cos2(a + W) + (3 cedxs + rH(B (3 25 4f-‘5)=’)ﬁ

—5p(26+ 2+ (3 + %-ﬁmxﬂ) sin2(a + w;] + Luz.f,;[{fg{f; + 8x%) = sp(¥2 + 8x2) sinW

+ ({—EE'HE + @) + (— g + QE'HE)I-') sin(fa + 2W) + (—(c'l,f + ;) + (3,2 + 1 )Hlnﬁaf + 2)

8 3 17
+ ((— = + Efl,f) + (- 241*& + 8)v )hln{"mf + 4‘1’]] + 2 u:ﬁ[',_;ﬁ,g[g sinlaa — W) — T3 sin(la + W)

27 1 45 1 5
+ T3 sin3(a + W) — T3 sin(3a + W) + & sin(a + 3‘1’]] + LH[E.TH sin(a — 2W) + =50 sin(a + 2‘1']],

(3.17g)
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To complete the waveforms, one should determine the following quantities,

. Invariant velocity: v(t)

. Total phase: V(t)

. Precession phase: «f(t)

. Inclination angle: ()

. Spin vectors: y; = S;/M? (i = 1,2)

. Amplitude factors: F") = Mv"*?/2D; (n=0,1 5 1,3 5. ... PN-order),

by solving the following equations simultaneously,

. Spin-precession eqns: Sl = X Sy, SQ =y X Sy ;
Qo= MBS (348 F36) Ly, v =Mk 5 = MM Np— £y 4 M

orb M2
<81 + Sg) = (Mworb)l/?’

. Spin/angular momentum evolution eqn: Ly=— Ve

. Evolution eqn for orbital frequency:
Work 9% - { (743 11 ) 5
= —vvil — vi|v

+
w2y 5 336 4
19 113 . 113 .
( )Xs

) s Ly — 26y - L
37T 19 N g OXat N

1

~(x1 £ x2)

" 2

v+ 4o }; Xs/a =
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A. Equal-mass binaries

For binaries with M; = M, = ]\24, o = MAh — gy = M _ 15 we golve the

M
following equations simultaneously:

. Spin-precession eqns: with S=S,+S,and S=S, - Sy

S—QxS, S=QxS ; Q=IM2BLy

. Spin/angular momentum evolution eqn: L N = _WS s v=(M worb)l/ ’
. Evolution eqn for orbital frequency:
Worb 24 487 ( A7 A ) 2S
= 11— — dr — —xs - L s = s
G 50 168? t 4T~ X Ly X =2

In the basis {€,/(1), €, (t), €.(l) = Ly} we obtain trivial solutions: B
S=8S,=const, S=S,=const = Xs= Xso = 2S0/M?, Xa = Xao = 2S,/M?>

Then project the solutions into {€,, €,, €.} basis via:
€, (1) —sin « COoS (v 0 €

€,(t) | = | —costcosa —costsina sine | | €,

e.(t) sinccosa sinesina cost || €,
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The following are determined:

. ’U(t) == %@_1/8 []_ -+ ﬁ@_l/él + (_17T0 _|_p47X50C0560> @—3/8 s O (@—1/2)1 : @ — te—t

4032 240
(t.: coalescence time)

LU(t) = —405/8 [1 + (25 p3hyg iy (_31 +p59xsocosﬁo) 0381 O (@_1/2” :

4032 64
caft) = —p2O38[1 + 3y, cos B,OTVE+ O (0711

LR X, sin OV L4 BLOV 4 (— T 4 by Jcos B,) 0738 + O (071/2))
XY — X0 8in B, cos (a(t)) XY — X ao SiN. @0 cos (a(t))
XY | = | —xsosin Bosin (a(t)) |, X4 | = | —Xaosin By sin (a(t))
X5 Xso €08 o Xa Xao €08 B,
L F0) — 12\%2 _ S%L@—l/ﬁl, F(1/2) _ %}j _ 16f\l4)L@—3/8,
P 45— 071 (1 e,
F3/2) — %}j _ 64]\41%6_5/8 ll 4 3@@—1/4 i (_g +p47XSZ§osﬁo> @_3/8]

Il
DO
2
~
=
[\

|

@

o

-

0]
\Jf"

p = 0 for non-spinning case, p = 1 for spinning case, X,
Xao = 25,/M? = const ; S = S|+ Sy = S, = const, S = S; — Sy = S, = const,
B, = cos™ ! (IL‘f;ng) = const, B, = cos”! (%) — const = all determined by ini-
tial conditions
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B. Unequal-mass binaries
ML 128 e solve the following

My — My _
UV = 19

For binaries with M; # M, 6 = 172, SR
equations simultaneously:

. Spin-precession eqns: with S=S;,+S,and S=S;, — S,
S=(1-2)@xS-%axS, S=(1-2)QxS-%Qx8 ; Q=M )Ly

. . A Vo .
. Spin/angular momentum evolution eqn: Ly = _VMQS ;U= (Mworb)l/3

. Evolution eqn for orbital frequency:

Doy, 96 { (743 11 ) ,
5 = —vut il — + —v|v
Wi 5 336 4
19 113 - 113 . 2S 2S
v — "l xs-Ly — —0xa-Ly| v’ +4 3}- = e Xa = —
+(3V 12))( N Ty OXa LN U STUTS X =m0 Xa =
Solve the equations in the basis {€,/(t),€,(t), €. (t) = Ly} first and project the
solutions into {é€,,€,, €.} basis via:
€, (1) —sin « CoS (v 0 €
€y(t) | =| —costcosa —costsina sine | | €,
e (t) sinccosa sinesina cost | | €.
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In the basis {€,/(t),€,(t),e(t) = Ly} the equations reduce to

/

S =0, S =8-Ly=const=S,co883, S?=8-Ly=const=.S_,cosf,
gV = 008 g/'SY — const = 5YSY, § = —80 (Sy’Sy’)2 (sy’)‘?’ +908Y,
a=(1-2)Q-2(8V/sV); Q=IM*Pul = 7M 1y

Solving for S v

e 2 ! =/ I\ — 2 /
SY — 3]\; 3Gy _ (675@) (Sy y>2 (Sy> 3+ (675Q) SY = (0 = anharmonic oscillator

Ignoring the damping term, and splitting S¥ = Sg/ + AV, and then taking
(Sy’> - (Sg/>_3 {1 — 3 (Sg/>_1 A+ 0O (AQ)] (treating O (A?) as higher order pertur-
bation pieces),

4 2
0 1+3(So,) 0

2

AY - = (0 = harmonic oscillator

7 SY

O




Solutions:

/

S* =0,
SV = SV 4 Asin(f (v) + ) + C,
C— S, cos B,

S = \1+3(Sy/Sy) P Acos (f (v) + ),
Sy — _ (Sg//Sg/> Asin (f (v) + @) + Sgl - C (S§//5§/>7

S* = S, cos .,

~ N SE) )
o) = — 32<162>J1+3<0) C= (s A= 2+

So = /ST + 53 + 25155 (cos 0; cos B + sin 0 sin b cos (¢ — ¢2)),

(55’2)2( 3')22
(5¢) (st

So = /St + 53 — 25155 (cos By cos By + sin B sin Oy cos (o) — @),

_ S cos 01+S9 cos 09 Q S cos01—S9 cos 6
B, = arccos < T , [, = arccos T 2,

! : Qr’ 25159 csc B sin 07 sin 09 sin (¢ — o/ 51 S5 ) csc B = =
SV = S,sin B,, ST = 22l A (01=02)  Gv' — ( S()) > — S, cot B, cos B,
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Determine the following quantities accordingly:
. Invariant velocity: v

. Total phase: V¥

. Precession phase: o

. Inclination angle: ¢

. Amplitude factors: F") = Mv"2/2D; (n =0, 1 5 1,2 5, -..: PN-order),

In particular, the inclination angle + undergoes bobbing (oscillation) unlike the
equal-mass case:

(s
L = arcsin (]O)
y/ . Y 2
7 aresin ” +Alsm ! €v2> s /+20 —|; Ly = (1=5)M
L3 + 20357 + (57) + (SY)° + (S7) dv

_ 2 2
: /() (st ] (55')(st
0= st fg 0= (GG, 4= o G2
So ) +3(5¢ §) +3(5¢
characterize the bobbing patterns: mass-ratios and initial spin configurations
are main factors.
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<LEFT> Plots of inclination angle : vs. IV = 2M® ~ 2v° for 4:1 mass-ratio binary (§ = %), binary

(6 = 3) and equal-mass binary (6 = 0) constructed from analytic solutions (to 1st order perturbation).
<RIGHT> Numerical plots of . vs. VV = 2)M/® ~ 2° for 4:1 mass-ratio binary (§ = 2) and equal-mass binary
(6 =0) from Arun et. al, PRD79-104023 (2009). Initial spin orientations relative to orbital angular momentum
are chosen to be Spiny = {0, =7/2,¢1 = 0,0, = 7/2, ¢ = 7/2}, Sping = {01 = 7/6,¢01 = w/4,05 = w/6, py = 7}.
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Plots of /. (t) for 4:1 mass-ratio binary (6 = £), 2:1 mass-ratio binary (§ = 1) and equal-mass binary (6 = 0)
through 0.5 PN order: with initial spin orientation relative to orbital angular momentum,

{(91:7T/27¢1:0,92:7T/2,¢2:7T/2}.
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4. Conclusions and discussions

. h.(t) and hy(t) for spinning binaries with unequal masses can be determined an-
alytically via perturbation - through 1.5 PN order (spin-orbit interactions)

and the spins exhibit bobbing effects, which depend on the mass-ratios and
initial spin orientations relative to the orbital angular momentum.

. The bobbing is caused by a purely kinematical effect of spin, and in fact ubiq-
uitous in relativistic mechanics, occurring independently of the type of force
holding two spinning bodies in orbit: an electromagnetic analog studied by

Gralla et. al [Phys. Rev. D 81, 104012 (2010)].

. When spin-spin interactions (2 PNN) and radiation reaction (2.5 PN) are in-
volved, spinning binaries with general mass ratios assume much more com-
plicated dynamic evolutions. The spin evolutions can be described by non-

linear oscillators and damping (Racine [Phys. Rev. D 78, 044021 (2008)]),
which makes the analysis of higher-order PN effects much more difficult.

. Recently, some new techniques (e.g. effective field theory approach) have

provided more systematic computational schemes for higher-order PN terms
(beyond 2.5 PIN). Collaborations with Y. Chen (Caltech), B. L. Hu (Mary-

land) and C. Galley (JPL) are currently on-going.
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