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Does Vainshtein mechanism work 
in the most general second-order 

scalar-tensor theory 
in a cosmological background???
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the matter Lagrangian. We assume that matter is minimally coupled to gravity. Note that
for the case, G4 = M2

Pl/2, the Lagrangian L4 reproduces the Einstein-Hilbert term.
We briefly review the tensor perturbations in the most general second-order scalar-tensor

theory, derived in [36]. The quadratic action for the tensor perturbations can be written as

S(2)
T =

1

8

∫
dtd3xa3

[
GT ḣ

2
ij −

FT

a2
(!∇hij)

2

]
, (2.3)

where

FT ≡ 2
[
G4 −X

(
φ̈G5X +G5φ

)]
, (2.4)

GT ≡ 2
[
G4 − 2XG4X −X

(
Hφ̇G5X −G5φ

)]
. (2.5)

Here an overdot denotes differentiation with respect to t, and H = ȧ/a is the hubble param-
eter. We find the propagation speed of the tensor perturbations,

c2T ≡ FT

GT
. (2.6)

When G4 = G4(φ) and G5 = 0, the propagation speed of gravitational waves is equal to the
speed of light. On the other hand, the propagation speed of gravitational waves depends
on the cosmological background in the presence of G5 or G4 being dependent on X. If
the propagation speed of gravitational waves is less than the speed of light, it is tightly
constrained from gravitational Cherenkov radiation.

3 Purely kinetic coupled gravity

We first consider the modified gravity model, whose action contains a nonminimal derivative
coupling to gravity. The action proposed by Gubitosi and Linder [43] is given by

S =

∫
d4x

√
−g

[
M2

Pl

2
R+X +

λ

M2
Pl

Gµν∇µφ∇νφ

]
, (3.1)

where λ is a dimensionless constant. In this model, the arbitrary functions in eq. (2.2)
correspond to K = X, G3 = 0, G4 = M2

Pl/2, and G5 = −λφ/M2
Pl. Using the matter

density parameter Ωm = ρm/3M2
PlH

2, the modified Friedmann equation can be written as
1 = Ωm + Ωφ, where

Ωφ =
X

3M2
PlH

2
(1 + 18C) . (3.2)

Here we defined the key parameter,

C ≡ λH2

M2
Pl

> C∗, (3.3)

where C∗ = −1/18. The second inequality is the condition which ensures the positivity of the
energy density of the scalar field, Ωφ > 0. Using the gravity equations and the energy density

– 3 –

Coefficients
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(time-dependent)
effective gravitational coupling G(Linear)

e↵ ( 6= GN )
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Case 1 : G4X = 0, G5 = 0

Non-linear Solution

Case 2 : 

Case 3 : 

5

Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM
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− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

G5X 6= 0



Case 1 : G4X = 0, G5 = 0
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Case 2 : 

Case 3 : 

5

Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

G5X 6= 0

Quadratic equation for Q’

aQ02 + bQ0 + c = 0
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5

Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Quadratic equation for Q’

aQ02 + bQ0 + c = 0

Cubic equation for Q’ 

aQ03 + bQ02 + cQ0 + d = 0
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5

Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

G5X 6= 0

Quadratic equation for Q’

aQ02 + bQ0 + c = 0

Cubic equation for Q’ 

aQ03 + bQ02 + cQ0 + d = 0

Very complicated ... (sextic equation for Q’)

aQ06 + bQ05 + cQ04 + dQ03 + eQ02 + f Q0 + g = 0



Case 1 : G4X = 0, G5 = 0

✓  Kinetic gravity braiding (with non-minimal coupling)

4

IV. SPHERICALLY SYMMETRIC
CONFIGURATIONS

We now want to consider a spherically symmetric over-
density on a cosmological background. For this purpose
it is convenient to use the coordinate r = a(t)

√
δijxixj .

We are primarily interested in scales much smaller than
the horizon radius, rH ! 1. Under this circumstance
the background metric may be written as ds2 " −dt2 +
dr2 + r2dΩ2, where dΩ2 is the line element of the unit
2-sphere.

The spherical symmetry allows us to write

a−2∇2Q = r−2(r2Q′)′,

a−4
(
∇2Φ∇2Q− ∂i∂jΦ∂

i∂jQ
)

= 2r−2(rΦ′Q′)′,

a−6U (3) = 2r−2
[
Φ′(Q′)2

]′
,

where a prime denotes differentiation with respect to r.
The gravitational field equations and scalar-field equa-
tion of motion can then be integrated once, leading to

c2h
Ψ′

r
− Φ′

r
− α1

Q′

r
=

β1

H2

(
Q′

r

)2

+ 2
β3

H2

Φ′

r

Q′

r
, (28)

Ψ′

r
+ α2

Q′

r
=

1

8πGT

δM(t, r)

r3
− β2

H2

(
Q′

r

)2

− 2
β3

H2

Ψ′

r

Q′

r
− 2

3

γ1
H4

(
Q′

r

)3

, (29)

α0
Q′

r
− α1

Ψ′

r
− α2

Φ′

r
= 2

[
− β0

H2

(
Q′

r

)2

+
β1

H2

Ψ′

r

Q′

r
+

β2

H2

Φ′

r

Q′

r
+

β3

H2

Φ′

r

Ψ′

r
+

γ0
H4

(
Q′

r

)3

+
γ1
H4

Φ′

r

(
Q′

r

)2
]
,

(30)

where we defined

δM(t, r) = 4πρm(t)

∫ r

δ(t, r) r′
2
dr′, (31)

c2h := FT /GT , and dimensionless coefficients

αi(t) :=
Ai

GT
, βi(t) :=

Bi

GT
, γi(t) :=

Ci

GT
. (32)

Note that ch is the propagation speed of gravitational
waves which may be different from 1 in general [13]. Note
also that in deriving Eqs. (28)–(30) we have set the in-
tegration constants to be zero, requiring that Φ′ = Ψ′ =
Q′ = 0 is a solution if δM = 0.
For sufficiently large r, we may neglect all the nonlinear

terms in the above equations. The solution to the linear
equations is given by

Φ′ =
c2hα0 − α2

1

α0 + (2α1 + c2hα2)α2

µ

r2
, (33)

Ψ′ =
α0 + α1α2

α0 + (2α1 + c2hα2)α2

µ

r2
, (34)

Q′ =
α1 + c2hα2

α0 + (2α1 + c2hα2)α2

µ

r2
. (35)

where we defined µ := δM/8πGT . In this regime, the
parameterized post-Newtonian parameter γ is given by

γ =
α0 + α1α2

c2hα0 − α2
1

, (36)

which in general differs from unity.

A. G4X = 0, G5 = 0

A simple example for which nonlinear terms can op-
erate is the model with G4X = 0 = G5 and G3X %= 0,
i.e.,

L = G4(φ)R+K(φ, X)−G3(φ, X)!φ. (37)

In this case, we have β1 = β2 = β3 = γ0 = γ1 = 0 and
c2h = 1. We also have the relation

β0 =
α1

2
+ α2 ( %= 0). (38)

The Lagrangian (37) corresponds to a nonminimally
coupled version of kinetic gravity braiding [15], and has
been studied extensively in the context of inflation [16]
and dark energy/modified gravity [17–19]. Of course the
nonminimal coupling can be undone by performing a con-
formal transformation, but in the present analysis we
have no particular reason to do so. Note that even in
the case of G4 =const the scalar φ is coupled to the cur-
vature at the level of the field equation, which signals
“braiding.”

Using Eqs. (28) and (29), Eq. (30) reduces to a
quadratic equation

B
H2

(
Q′

r

)2

+
2Q′

r
= 2C µ

r3
, (39)

where

B :=
4β0

α0 + 2α1α2 + α2
2

, C :=
α1 + α2

α0 + 2α1α2 + α2
2

. (40)

✓ In this case, the propagation speed of the gravitational waves is

(Deffayet et al. 2010)

Generalization of the cubic galileon theory
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IV. SPHERICALLY SYMMETRIC
CONFIGURATIONS

We now want to consider a spherically symmetric over-
density on a cosmological background. For this purpose
it is convenient to use the coordinate r = a(t)

√
δijxixj .

We are primarily interested in scales much smaller than
the horizon radius, rH ! 1. Under this circumstance
the background metric may be written as ds2 " −dt2 +
dr2 + r2dΩ2, where dΩ2 is the line element of the unit
2-sphere.

The spherical symmetry allows us to write

a−2∇2Q = r−2(r2Q′)′,

a−4
(
∇2Φ∇2Q− ∂i∂jΦ∂

i∂jQ
)

= 2r−2(rΦ′Q′)′,

a−6U (3) = 2r−2
[
Φ′(Q′)2

]′
,

where a prime denotes differentiation with respect to r.
The gravitational field equations and scalar-field equa-
tion of motion can then be integrated once, leading to

c2h
Ψ′

r
− Φ′

r
− α1

Q′

r
=

β1

H2

(
Q′

r

)2

+ 2
β3

H2

Φ′

r

Q′

r
, (28)

Ψ′

r
+ α2

Q′

r
=

1

8πGT

δM(t, r)

r3
− β2

H2

(
Q′

r

)2

− 2
β3

H2

Ψ′

r

Q′

r
− 2

3

γ1
H4

(
Q′

r

)3

, (29)

α0
Q′

r
− α1

Ψ′

r
− α2

Φ′

r
= 2

[
− β0

H2

(
Q′

r

)2

+
β1

H2

Ψ′

r

Q′

r
+

β2

H2

Φ′

r

Q′

r
+

β3

H2

Φ′

r

Ψ′

r
+

γ0
H4

(
Q′

r

)3

+
γ1
H4

Φ′

r

(
Q′

r

)2
]
,

(30)

where we defined

δM(t, r) = 4πρm(t)

∫ r

δ(t, r) r′
2
dr′, (31)

c2h := FT /GT , and dimensionless coefficients

αi(t) :=
Ai

GT
, βi(t) :=

Bi

GT
, γi(t) :=

Ci

GT
. (32)

Note that ch is the propagation speed of gravitational
waves which may be different from 1 in general [13]. Note
also that in deriving Eqs. (28)–(30) we have set the in-
tegration constants to be zero, requiring that Φ′ = Ψ′ =
Q′ = 0 is a solution if δM = 0.
For sufficiently large r, we may neglect all the nonlinear

terms in the above equations. The solution to the linear
equations is given by

Φ′ =
c2hα0 − α2

1

α0 + (2α1 + c2hα2)α2

µ

r2
, (33)

Ψ′ =
α0 + α1α2

α0 + (2α1 + c2hα2)α2

µ

r2
, (34)

Q′ =
α1 + c2hα2

α0 + (2α1 + c2hα2)α2

µ

r2
. (35)

where we defined µ := δM/8πGT . In this regime, the
parameterized post-Newtonian parameter γ is given by

γ =
α0 + α1α2

c2hα0 − α2
1

, (36)

which in general differs from unity.

A. G4X = 0, G5 = 0

A simple example for which nonlinear terms can op-
erate is the model with G4X = 0 = G5 and G3X %= 0,
i.e.,

L = G4(φ)R+K(φ, X)−G3(φ, X)!φ. (37)

In this case, we have β1 = β2 = β3 = γ0 = γ1 = 0 and
c2h = 1. We also have the relation

β0 =
α1

2
+ α2 ( %= 0). (38)

The Lagrangian (37) corresponds to a nonminimally
coupled version of kinetic gravity braiding [15], and has
been studied extensively in the context of inflation [16]
and dark energy/modified gravity [17–19]. Of course the
nonminimal coupling can be undone by performing a con-
formal transformation, but in the present analysis we
have no particular reason to do so. Note that even in
the case of G4 =const the scalar φ is coupled to the cur-
vature at the level of the field equation, which signals
“braiding.”

Using Eqs. (28) and (29), Eq. (30) reduces to a
quadratic equation

B
H2

(
Q′

r

)2

+
2Q′

r
= 2C µ

r3
, (39)

where

B :=
4β0

α0 + 2α1α2 + α2
2

, C :=
α1 + α2

α0 + 2α1α2 + α2
2

. (40)
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1
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Equation (39) can easily be solved to give
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=

H2

B

(√
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− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
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. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM
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− H(α1 + α2)
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√
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, (44)

Ψ′ # GNδM
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− Hα2
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2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as
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pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2
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2
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,

Cβ :=
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2
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,

C1 :=
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,

C2 :=
2β0 + 3
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We note the expressions for Ψ′ and Φ′ in terms of Q′:
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,

Ψ′ =
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Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:
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, −H
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, −Cα
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. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=
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If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H
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Cβµ/r or to Q′ # −H
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Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time-
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In this
case, we see that β3 = γ1 = 0. For the other non-zero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
either of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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As in the case of the previous subsection, GN is in gen-
eral time-dependent, as it is a function of time-dependent
φ(t) and X = φ̇2(t)/2. We thus illustrate how the Vain-
shtein mechanism fails to suppress the time-variation of
GN in a cosmological background within the context of
some generic scalar-tensor theories minimally coupled to
matter. The claim was originally suggested using the
Einstein frame action in Ref. [20]. Here we explicitly
give the concrete formula with which one can evaluate
the time-variation of GN for a given model.
If GN happens to vary very slowly, we can say that

usual Newtonian gravity is reproduced in the vicinity of
the source. However, in general, one expects that GN

varies on cosmological time scales. The time-variation
|Ġ/G| is constrained from Lunar Laser Ranging experi-
ments to be |ĠN/GN | < 0.02H0 [21].
At this stage it is interesting to look at the background

evolution for the models with G5X = 0. The (modified)
Friedmann equation (3) can be written as

3H2 = 8πGcos (ρm + ρφ) , (61)

where the gravitational coupling in the Friedmann equa-
tion read off from the above exactly coincides with the
expression for GN ,

Gcos = GN , (62)

and

ρφ := 2XKX −K − 2XG3φ

+6H
(
Xφ̇G3X − 2Xφ̇G4φX − φ̇G4φ

)
.

The situation here is the same as what we have seen
in the previous subsection. We refer a constraint in
Ref. [22], obtained by translating the Big Bang nucle-
osynthesis (BBN) bound on extra relativistic degrees of
freedom,

∣∣∣∣1−
GN |BBN

GN |now

∣∣∣∣ ! 0.1, (63)

where GN |BBN (respectively, GN |now) is evaluated at the
time of BBN (respectively, today).
Having thus seen that the Newtonian behavior is re-

produced with time-dependent GN , let us then evaluate
leading order corrections to the potentials. In this case
we need to keep the subleading term in Q′:

Q′ " ±H

√
Cβ

µ

r
+

H2(Cα − 2CβC2)r
4Cβ

. (64)

From this we obtain the corrections ∆Φ′ = Φ′ −
GNδM/r2 and ∆Ψ′ = Ψ′ −GNδM/r2 as

∆Φ′ = ∓H

[
α2 +

β2

2Cβ
(Cα − 2CβC2)

]√
2GNδM

r
, (65)

∆Ψ′ = ∓H

[
α1 + c2hα2 +

β1 + c2hβ2

2Cβ
(Cα − 2CβC2)

]

×
√

2GNδM

r
.(66)

For the solution Q′ " −(Cα/Cβ)H2r/2, we find

Φ′ " c2h
8πGT

δM

r2
+O(r), Ψ′ " 1

8πGT

δM

r2
+O(r), (67)

implying that the parameterized post-Newtonian param-
eter γ is given by γ = 1/c2h. Therefore, c

2
h is tightly con-

strained from solar-system tests in this case: |1 − γ| <
2.3× 10−5 [23].

When the coefficients Cα, Cβ , C1, and C2 have hi-
erarchies in their values, we find a variety of solutions
to Eq. (50) on an intermediate scale between the linear
regime at large r and the small r limit of Case I or Case
II. The details are summarized in Appendix B, which
could be potentially confronted with observations.

C. G5X != 0

Let us finally discuss the most general case where all
the coefficients in Eqs. (28)–(30) are nonzero. Although
one can still eliminate Φ′ and Ψ′ to get an equation
solely in terms of Q′, the resulting equation will be a
sextic equation. This hinders us to analyze a variety of
possible solutions in detail. However, for β3 %= 0 and
γ1 %= 0 one can show that there is no solution such that
Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales. To show
this, one substitutes Φ′ " Ψ′ ∼ 1/r2 to Eq. (28). The
second term in the right hand side can be compensated
by the other provided that Q′ ∼ r or Q′ ∼ 1/r2. If
Q′ ∼ r, one cannot find a term that compensates the
forth term in the right hand side of Eq. (30) which be-
haves as Φ′Ψ′/r2 ∼ 1/r6. If Q′ ∼ 1/r2, then one cannot
find a term that compensates the last term in the right
hand side of Eq. (29). Thus, there is no consistent so-
lution with Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales.
This implies that the typical length scale associated with
B3 and C1 must be as small as O(100 µm) [24], though it
is uncertain whether or not we can have the Newtonian
behavior of the potentials on intermediate scales.

V. APPLICATIONS

A. Evolution of density perturbations

Since it is assumed that matter is minimally coupled
to φ, no modification is made for the energy conservation
equation and the Euler equation for matter. Therefore,
the nonlinear evolution equation for δ is given by

δ̈ + 2H δ̇ − 4

3

δ̇2

1 + δ
= (1 + δ)

∇2

a2
Φ. (68)

However, as we have seen in the previous section, the
relation between Φ and δ is modified. One may tackle
the nonlinear equations using the perturbative approach
(e.g., [25]). We derive the Fourier transform of the non-
linear equations in Appendix C.
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time-
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In this
case, we see that β3 = γ1 = 0. For the other non-zero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
either of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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As in the case of the previous subsection, GN is in gen-
eral time-dependent, as it is a function of time-dependent
φ(t) and X = φ̇2(t)/2. We thus illustrate how the Vain-
shtein mechanism fails to suppress the time-variation of
GN in a cosmological background within the context of
some generic scalar-tensor theories minimally coupled to
matter. The claim was originally suggested using the
Einstein frame action in Ref. [20]. Here we explicitly
give the concrete formula with which one can evaluate
the time-variation of GN for a given model.
If GN happens to vary very slowly, we can say that

usual Newtonian gravity is reproduced in the vicinity of
the source. However, in general, one expects that GN

varies on cosmological time scales. The time-variation
|Ġ/G| is constrained from Lunar Laser Ranging experi-
ments to be |ĠN/GN | < 0.02H0 [21].
At this stage it is interesting to look at the background

evolution for the models with G5X = 0. The (modified)
Friedmann equation (3) can be written as

3H2 = 8πGcos (ρm + ρφ) , (61)

where the gravitational coupling in the Friedmann equa-
tion read off from the above exactly coincides with the
expression for GN ,

Gcos = GN , (62)

and

ρφ := 2XKX −K − 2XG3φ

+6H
(
Xφ̇G3X − 2Xφ̇G4φX − φ̇G4φ

)
.

The situation here is the same as what we have seen
in the previous subsection. We refer a constraint in
Ref. [22], obtained by translating the Big Bang nucle-
osynthesis (BBN) bound on extra relativistic degrees of
freedom,

∣∣∣∣1−
GN |BBN

GN |now

∣∣∣∣ ! 0.1, (63)

where GN |BBN (respectively, GN |now) is evaluated at the
time of BBN (respectively, today).
Having thus seen that the Newtonian behavior is re-

produced with time-dependent GN , let us then evaluate
leading order corrections to the potentials. In this case
we need to keep the subleading term in Q′:

Q′ " ±H

√
Cβ

µ

r
+

H2(Cα − 2CβC2)r
4Cβ

. (64)

From this we obtain the corrections ∆Φ′ = Φ′ −
GNδM/r2 and ∆Ψ′ = Ψ′ −GNδM/r2 as

∆Φ′ = ∓H

[
α2 +

β2

2Cβ
(Cα − 2CβC2)

]√
2GNδM

r
, (65)

∆Ψ′ = ∓H

[
α1 + c2hα2 +

β1 + c2hβ2

2Cβ
(Cα − 2CβC2)

]

×
√

2GNδM

r
.(66)

For the solution Q′ " −(Cα/Cβ)H2r/2, we find

Φ′ " c2h
8πGT

δM

r2
+O(r), Ψ′ " 1

8πGT

δM

r2
+O(r), (67)

implying that the parameterized post-Newtonian param-
eter γ is given by γ = 1/c2h. Therefore, c

2
h is tightly con-

strained from solar-system tests in this case: |1 − γ| <
2.3× 10−5 [23].

When the coefficients Cα, Cβ , C1, and C2 have hi-
erarchies in their values, we find a variety of solutions
to Eq. (50) on an intermediate scale between the linear
regime at large r and the small r limit of Case I or Case
II. The details are summarized in Appendix B, which
could be potentially confronted with observations.

C. G5X != 0

Let us finally discuss the most general case where all
the coefficients in Eqs. (28)–(30) are nonzero. Although
one can still eliminate Φ′ and Ψ′ to get an equation
solely in terms of Q′, the resulting equation will be a
sextic equation. This hinders us to analyze a variety of
possible solutions in detail. However, for β3 %= 0 and
γ1 %= 0 one can show that there is no solution such that
Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales. To show
this, one substitutes Φ′ " Ψ′ ∼ 1/r2 to Eq. (28). The
second term in the right hand side can be compensated
by the other provided that Q′ ∼ r or Q′ ∼ 1/r2. If
Q′ ∼ r, one cannot find a term that compensates the
forth term in the right hand side of Eq. (30) which be-
haves as Φ′Ψ′/r2 ∼ 1/r6. If Q′ ∼ 1/r2, then one cannot
find a term that compensates the last term in the right
hand side of Eq. (29). Thus, there is no consistent so-
lution with Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales.
This implies that the typical length scale associated with
B3 and C1 must be as small as O(100 µm) [24], though it
is uncertain whether or not we can have the Newtonian
behavior of the potentials on intermediate scales.

V. APPLICATIONS

A. Evolution of density perturbations

Since it is assumed that matter is minimally coupled
to φ, no modification is made for the energy conservation
equation and the Euler equation for matter. Therefore,
the nonlinear evolution equation for δ is given by

δ̈ + 2H δ̇ − 4

3

δ̇2

1 + δ
= (1 + δ)

∇2

a2
Φ. (68)

However, as we have seen in the previous section, the
relation between Φ and δ is modified. One may tackle
the nonlinear equations using the perturbative approach
(e.g., [25]). We derive the Fourier transform of the non-
linear equations in Appendix C.
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

L =K(�, X)�G3(�, X)⇤�

+G4(�, X)R+G4X

⇥
(⇤�)2 � (rµr⌫�)

2
⇤

+G5(�)Gµ⌫rµr⌫�

Case 2 : 

c2h = 1 + 2�1 6= 1

✓ In this case, the propagation speed of the gravitational waves is

does not depend on the kinetic term X



✓  Lagrangian

5

Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

L =K(�, X)�G3(�, X)⇤�

+G4(�, X)R+G4X

⇥
(⇤�)2 � (rµr⌫�)

2
⇤

+G5(�)Gµ⌫rµr⌫�

Case 2 : 

c2h = 1 + 2�1 6= 1

✓ In this case, the propagation speed of the gravitational waves is

does not depend on the kinetic term X
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

Case 2 : 
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

Case 2 : 

Functions of K, G3, G4, G5
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

Case 2 : 

Q0 ' ±H

r
C�

µ

r
, �C↵

C�
H2r

2
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

Case 2 : 

Q0 ' ±H

r
C�

µ

r
, �C↵

C�
H2r

2
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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As in the case of the previous subsection, GN is in gen-
eral time-dependent, as it is a function of time-dependent
φ(t) and X = φ̇2(t)/2. We thus illustrate how the Vain-
shtein mechanism fails to suppress the time-variation of
GN in a cosmological background within the context of
some generic scalar-tensor theories minimally coupled to
matter. The claim was originally suggested using the
Einstein frame action in Ref. [20]. Here we explicitly
give the concrete formula with which one can evaluate
the time-variation of GN for a given model.
If GN happens to vary very slowly, we can say that

usual Newtonian gravity is reproduced in the vicinity of
the source. However, in general, one expects that GN

varies on cosmological time scales. The time-variation
|Ġ/G| is constrained from Lunar Laser Ranging experi-
ments to be |ĠN/GN | < 0.02H0 [21].
At this stage it is interesting to look at the background

evolution for the models with G5X = 0. The (modified)
Friedmann equation (3) can be written as

3H2 = 8πGcos (ρm + ρφ) , (61)

where the gravitational coupling in the Friedmann equa-
tion read off from the above exactly coincides with the
expression for GN ,

Gcos = GN , (62)

and

ρφ := 2XKX −K − 2XG3φ

+6H
(
Xφ̇G3X − 2Xφ̇G4φX − φ̇G4φ

)
.

The situation here is the same as what we have seen
in the previous subsection. We refer a constraint in
Ref. [22], obtained by translating the Big Bang nucle-
osynthesis (BBN) bound on extra relativistic degrees of
freedom,

∣∣∣∣1−
GN |BBN

GN |now

∣∣∣∣ ! 0.1, (63)

where GN |BBN (respectively, GN |now) is evaluated at the
time of BBN (respectively, today).
Having thus seen that the Newtonian behavior is re-

produced with time-dependent GN , let us then evaluate
leading order corrections to the potentials. In this case
we need to keep the subleading term in Q′:

Q′ " ±H

√
Cβ

µ

r
+

H2(Cα − 2CβC2)r
4Cβ

. (64)

From this we obtain the corrections ∆Φ′ = Φ′ −
GNδM/r2 and ∆Ψ′ = Ψ′ −GNδM/r2 as

∆Φ′ = ∓H

[
α2 +

β2

2Cβ
(Cα − 2CβC2)

]√
2GNδM

r
, (65)

∆Ψ′ = ∓H

[
α1 + c2hα2 +

β1 + c2hβ2

2Cβ
(Cα − 2CβC2)

]

×
√

2GNδM

r
.(66)

For the solution Q′ " −(Cα/Cβ)H2r/2, we find

Φ′ " c2h
8πGT

δM

r2
+O(r), Ψ′ " 1

8πGT

δM

r2
+O(r), (67)

implying that the parameterized post-Newtonian param-
eter γ is given by γ = 1/c2h. Therefore, c

2
h is tightly con-

strained from solar-system tests in this case: |1 − γ| <
2.3× 10−5 [23].

When the coefficients Cα, Cβ , C1, and C2 have hi-
erarchies in their values, we find a variety of solutions
to Eq. (50) on an intermediate scale between the linear
regime at large r and the small r limit of Case I or Case
II. The details are summarized in Appendix B, which
could be potentially confronted with observations.

C. G5X != 0

Let us finally discuss the most general case where all
the coefficients in Eqs. (28)–(30) are nonzero. Although
one can still eliminate Φ′ and Ψ′ to get an equation
solely in terms of Q′, the resulting equation will be a
sextic equation. This hinders us to analyze a variety of
possible solutions in detail. However, for β3 %= 0 and
γ1 %= 0 one can show that there is no solution such that
Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales. To show
this, one substitutes Φ′ " Ψ′ ∼ 1/r2 to Eq. (28). The
second term in the right hand side can be compensated
by the other provided that Q′ ∼ r or Q′ ∼ 1/r2. If
Q′ ∼ r, one cannot find a term that compensates the
forth term in the right hand side of Eq. (30) which be-
haves as Φ′Ψ′/r2 ∼ 1/r6. If Q′ ∼ 1/r2, then one cannot
find a term that compensates the last term in the right
hand side of Eq. (29). Thus, there is no consistent so-
lution with Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales.
This implies that the typical length scale associated with
B3 and C1 must be as small as O(100 µm) [24], though it
is uncertain whether or not we can have the Newtonian
behavior of the potentials on intermediate scales.

V. APPLICATIONS

A. Evolution of density perturbations

Since it is assumed that matter is minimally coupled
to φ, no modification is made for the energy conservation
equation and the Euler equation for matter. Therefore,
the nonlinear evolution equation for δ is given by

δ̈ + 2H δ̇ − 4

3

δ̇2

1 + δ
= (1 + δ)

∇2

a2
Φ. (68)

However, as we have seen in the previous section, the
relation between Φ and δ is modified. One may tackle
the nonlinear equations using the perturbative approach
(e.g., [25]). We derive the Fourier transform of the non-
linear equations in Appendix C.
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shtein mechanism fails to suppress the time-variation of
GN in a cosmological background within the context of
some generic scalar-tensor theories minimally coupled to
matter. The claim was originally suggested using the
Einstein frame action in Ref. [20]. Here we explicitly
give the concrete formula with which one can evaluate
the time-variation of GN for a given model.
If GN happens to vary very slowly, we can say that

usual Newtonian gravity is reproduced in the vicinity of
the source. However, in general, one expects that GN

varies on cosmological time scales. The time-variation
|Ġ/G| is constrained from Lunar Laser Ranging experi-
ments to be |ĠN/GN | < 0.02H0 [21].
At this stage it is interesting to look at the background

evolution for the models with G5X = 0. The (modified)
Friedmann equation (3) can be written as

3H2 = 8πGcos (ρm + ρφ) , (61)

where the gravitational coupling in the Friedmann equa-
tion read off from the above exactly coincides with the
expression for GN ,

Gcos = GN , (62)

and

ρφ := 2XKX −K − 2XG3φ

+6H
(
Xφ̇G3X − 2Xφ̇G4φX − φ̇G4φ

)
.

The situation here is the same as what we have seen
in the previous subsection. We refer a constraint in
Ref. [22], obtained by translating the Big Bang nucle-
osynthesis (BBN) bound on extra relativistic degrees of
freedom,

∣∣∣∣1−
GN |BBN

GN |now

∣∣∣∣ ! 0.1, (63)

where GN |BBN (respectively, GN |now) is evaluated at the
time of BBN (respectively, today).
Having thus seen that the Newtonian behavior is re-

produced with time-dependent GN , let us then evaluate
leading order corrections to the potentials. In this case
we need to keep the subleading term in Q′:

Q′ " ±H

√
Cβ

µ
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+

H2(Cα − 2CβC2)r
4Cβ

. (64)

From this we obtain the corrections ∆Φ′ = Φ′ −
GNδM/r2 and ∆Ψ′ = Ψ′ −GNδM/r2 as
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For the solution Q′ " −(Cα/Cβ)H2r/2, we find
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+O(r), Ψ′ " 1

8πGT
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+O(r), (67)

implying that the parameterized post-Newtonian param-
eter γ is given by γ = 1/c2h. Therefore, c

2
h is tightly con-

strained from solar-system tests in this case: |1 − γ| <
2.3× 10−5 [23].

When the coefficients Cα, Cβ , C1, and C2 have hi-
erarchies in their values, we find a variety of solutions
to Eq. (50) on an intermediate scale between the linear
regime at large r and the small r limit of Case I or Case
II. The details are summarized in Appendix B, which
could be potentially confronted with observations.

C. G5X != 0

Let us finally discuss the most general case where all
the coefficients in Eqs. (28)–(30) are nonzero. Although
one can still eliminate Φ′ and Ψ′ to get an equation
solely in terms of Q′, the resulting equation will be a
sextic equation. This hinders us to analyze a variety of
possible solutions in detail. However, for β3 %= 0 and
γ1 %= 0 one can show that there is no solution such that
Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales. To show
this, one substitutes Φ′ " Ψ′ ∼ 1/r2 to Eq. (28). The
second term in the right hand side can be compensated
by the other provided that Q′ ∼ r or Q′ ∼ 1/r2. If
Q′ ∼ r, one cannot find a term that compensates the
forth term in the right hand side of Eq. (30) which be-
haves as Φ′Ψ′/r2 ∼ 1/r6. If Q′ ∼ 1/r2, then one cannot
find a term that compensates the last term in the right
hand side of Eq. (29). Thus, there is no consistent so-
lution with Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales.
This implies that the typical length scale associated with
B3 and C1 must be as small as O(100 µm) [24], though it
is uncertain whether or not we can have the Newtonian
behavior of the potentials on intermediate scales.

V. APPLICATIONS

A. Evolution of density perturbations

Since it is assumed that matter is minimally coupled
to φ, no modification is made for the energy conservation
equation and the Euler equation for matter. Therefore,
the nonlinear evolution equation for δ is given by

δ̈ + 2H δ̇ − 4

3

δ̇2

1 + δ
= (1 + δ)
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However, as we have seen in the previous section, the
relation between Φ and δ is modified. One may tackle
the nonlinear equations using the perturbative approach
(e.g., [25]). We derive the Fourier transform of the non-
linear equations in Appendix C.
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .
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As in the case of the previous subsection, GN is in gen-
eral time-dependent, as it is a function of time-dependent
φ(t) and X = φ̇2(t)/2. We thus illustrate how the Vain-
shtein mechanism fails to suppress the time-variation of
GN in a cosmological background within the context of
some generic scalar-tensor theories minimally coupled to
matter. The claim was originally suggested using the
Einstein frame action in Ref. [20]. Here we explicitly
give the concrete formula with which one can evaluate
the time-variation of GN for a given model.
If GN happens to vary very slowly, we can say that

usual Newtonian gravity is reproduced in the vicinity of
the source. However, in general, one expects that GN

varies on cosmological time scales. The time-variation
|Ġ/G| is constrained from Lunar Laser Ranging experi-
ments to be |ĠN/GN | < 0.02H0 [21].
At this stage it is interesting to look at the background

evolution for the models with G5X = 0. The (modified)
Friedmann equation (3) can be written as

3H2 = 8πGcos (ρm + ρφ) , (61)

where the gravitational coupling in the Friedmann equa-
tion read off from the above exactly coincides with the
expression for GN ,

Gcos = GN , (62)

and

ρφ := 2XKX −K − 2XG3φ

+6H
(
Xφ̇G3X − 2Xφ̇G4φX − φ̇G4φ

)
.

The situation here is the same as what we have seen
in the previous subsection. We refer a constraint in
Ref. [22], obtained by translating the Big Bang nucle-
osynthesis (BBN) bound on extra relativistic degrees of
freedom,

∣∣∣∣1−
GN |BBN

GN |now

∣∣∣∣ ! 0.1, (63)

where GN |BBN (respectively, GN |now) is evaluated at the
time of BBN (respectively, today).
Having thus seen that the Newtonian behavior is re-

produced with time-dependent GN , let us then evaluate
leading order corrections to the potentials. In this case
we need to keep the subleading term in Q′:

Q′ " ±H

√
Cβ

µ

r
+

H2(Cα − 2CβC2)r
4Cβ

. (64)

From this we obtain the corrections ∆Φ′ = Φ′ −
GNδM/r2 and ∆Ψ′ = Ψ′ −GNδM/r2 as

∆Φ′ = ∓H

[
α2 +

β2

2Cβ
(Cα − 2CβC2)

]√
2GNδM

r
, (65)

∆Ψ′ = ∓H

[
α1 + c2hα2 +

β1 + c2hβ2

2Cβ
(Cα − 2CβC2)

]

×
√

2GNδM

r
.(66)

For the solution Q′ " −(Cα/Cβ)H2r/2, we find

Φ′ " c2h
8πGT

δM

r2
+O(r), Ψ′ " 1

8πGT

δM

r2
+O(r), (67)

implying that the parameterized post-Newtonian param-
eter γ is given by γ = 1/c2h. Therefore, c

2
h is tightly con-

strained from solar-system tests in this case: |1 − γ| <
2.3× 10−5 [23].

When the coefficients Cα, Cβ , C1, and C2 have hi-
erarchies in their values, we find a variety of solutions
to Eq. (50) on an intermediate scale between the linear
regime at large r and the small r limit of Case I or Case
II. The details are summarized in Appendix B, which
could be potentially confronted with observations.

C. G5X != 0

Let us finally discuss the most general case where all
the coefficients in Eqs. (28)–(30) are nonzero. Although
one can still eliminate Φ′ and Ψ′ to get an equation
solely in terms of Q′, the resulting equation will be a
sextic equation. This hinders us to analyze a variety of
possible solutions in detail. However, for β3 %= 0 and
γ1 %= 0 one can show that there is no solution such that
Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales. To show
this, one substitutes Φ′ " Ψ′ ∼ 1/r2 to Eq. (28). The
second term in the right hand side can be compensated
by the other provided that Q′ ∼ r or Q′ ∼ 1/r2. If
Q′ ∼ r, one cannot find a term that compensates the
forth term in the right hand side of Eq. (30) which be-
haves as Φ′Ψ′/r2 ∼ 1/r6. If Q′ ∼ 1/r2, then one cannot
find a term that compensates the last term in the right
hand side of Eq. (29). Thus, there is no consistent so-
lution with Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales.
This implies that the typical length scale associated with
B3 and C1 must be as small as O(100 µm) [24], though it
is uncertain whether or not we can have the Newtonian
behavior of the potentials on intermediate scales.

V. APPLICATIONS

A. Evolution of density perturbations

Since it is assumed that matter is minimally coupled
to φ, no modification is made for the energy conservation
equation and the Euler equation for matter. Therefore,
the nonlinear evolution equation for δ is given by

δ̈ + 2H δ̇ − 4

3

δ̇2

1 + δ
= (1 + δ)

∇2

a2
Φ. (68)

However, as we have seen in the previous section, the
relation between Φ and δ is modified. One may tackle
the nonlinear equations using the perturbative approach
(e.g., [25]). We derive the Fourier transform of the non-
linear equations in Appendix C.
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GN in a cosmological background within the context of
some generic scalar-tensor theories minimally coupled to
matter. The claim was originally suggested using the
Einstein frame action in Ref. [20]. Here we explicitly
give the concrete formula with which one can evaluate
the time-variation of GN for a given model.
If GN happens to vary very slowly, we can say that

usual Newtonian gravity is reproduced in the vicinity of
the source. However, in general, one expects that GN

varies on cosmological time scales. The time-variation
|Ġ/G| is constrained from Lunar Laser Ranging experi-
ments to be |ĠN/GN | < 0.02H0 [21].
At this stage it is interesting to look at the background

evolution for the models with G5X = 0. The (modified)
Friedmann equation (3) can be written as

3H2 = 8πGcos (ρm + ρφ) , (61)

where the gravitational coupling in the Friedmann equa-
tion read off from the above exactly coincides with the
expression for GN ,

Gcos = GN , (62)

and

ρφ := 2XKX −K − 2XG3φ

+6H
(
Xφ̇G3X − 2Xφ̇G4φX − φ̇G4φ

)
.

The situation here is the same as what we have seen
in the previous subsection. We refer a constraint in
Ref. [22], obtained by translating the Big Bang nucle-
osynthesis (BBN) bound on extra relativistic degrees of
freedom,

∣∣∣∣1−
GN |BBN

GN |now

∣∣∣∣ ! 0.1, (63)

where GN |BBN (respectively, GN |now) is evaluated at the
time of BBN (respectively, today).
Having thus seen that the Newtonian behavior is re-

produced with time-dependent GN , let us then evaluate
leading order corrections to the potentials. In this case
we need to keep the subleading term in Q′:

Q′ " ±H

√
Cβ

µ

r
+

H2(Cα − 2CβC2)r
4Cβ

. (64)

From this we obtain the corrections ∆Φ′ = Φ′ −
GNδM/r2 and ∆Ψ′ = Ψ′ −GNδM/r2 as

∆Φ′ = ∓H

[
α2 +

β2

2Cβ
(Cα − 2CβC2)

]√
2GNδM

r
, (65)

∆Ψ′ = ∓H

[
α1 + c2hα2 +

β1 + c2hβ2

2Cβ
(Cα − 2CβC2)

]

×
√

2GNδM

r
.(66)

For the solution Q′ " −(Cα/Cβ)H2r/2, we find

Φ′ " c2h
8πGT

δM

r2
+O(r), Ψ′ " 1

8πGT

δM

r2
+O(r), (67)

implying that the parameterized post-Newtonian param-
eter γ is given by γ = 1/c2h. Therefore, c

2
h is tightly con-

strained from solar-system tests in this case: |1 − γ| <
2.3× 10−5 [23].

When the coefficients Cα, Cβ , C1, and C2 have hi-
erarchies in their values, we find a variety of solutions
to Eq. (50) on an intermediate scale between the linear
regime at large r and the small r limit of Case I or Case
II. The details are summarized in Appendix B, which
could be potentially confronted with observations.

C. G5X != 0

Let us finally discuss the most general case where all
the coefficients in Eqs. (28)–(30) are nonzero. Although
one can still eliminate Φ′ and Ψ′ to get an equation
solely in terms of Q′, the resulting equation will be a
sextic equation. This hinders us to analyze a variety of
possible solutions in detail. However, for β3 %= 0 and
γ1 %= 0 one can show that there is no solution such that
Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales. To show
this, one substitutes Φ′ " Ψ′ ∼ 1/r2 to Eq. (28). The
second term in the right hand side can be compensated
by the other provided that Q′ ∼ r or Q′ ∼ 1/r2. If
Q′ ∼ r, one cannot find a term that compensates the
forth term in the right hand side of Eq. (30) which be-
haves as Φ′Ψ′/r2 ∼ 1/r6. If Q′ ∼ 1/r2, then one cannot
find a term that compensates the last term in the right
hand side of Eq. (29). Thus, there is no consistent so-
lution with Φ′ " Ψ′ ∼ 1/r2 on sufficiently small scales.
This implies that the typical length scale associated with
B3 and C1 must be as small as O(100 µm) [24], though it
is uncertain whether or not we can have the Newtonian
behavior of the potentials on intermediate scales.

V. APPLICATIONS

A. Evolution of density perturbations

Since it is assumed that matter is minimally coupled
to φ, no modification is made for the energy conservation
equation and the Euler equation for matter. Therefore,
the nonlinear evolution equation for δ is given by

δ̈ + 2H δ̇ − 4

3

δ̇2

1 + δ
= (1 + δ)

∇2

a2
Φ. (68)

However, as we have seen in the previous section, the
relation between Φ and δ is modified. One may tackle
the nonlinear equations using the perturbative approach
(e.g., [25]). We derive the Fourier transform of the non-
linear equations in Appendix C.
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

Case 2 : 

Q0 ' ±H

r
C�

µ

r
, �C↵

C�
H2r

2

✓  3 solutions at short distance
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

Case 2 : 

Q0 ' ±H

r
C�

µ

r
, �C↵

C�
H2r

2

✓  3 solutions at short distance

✓  Metric perturbations

�0 ' c2h 
0 ' c2h

8⇡GT

�M

r2
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

Case 2 : 

Q0 ' ±H

r
C�

µ

r
, �C↵

C�
H2r

2

✓  3 solutions at short distance

✓  Metric perturbations

�0 ' c2h 
0 ' c2h

8⇡GT

�M

r2

Newton’s constant GN(t)
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1

0 .

Case 2 : 

✓  PPN parameter 

� ⌘  0

�0 =
1

c2h
( 6= 1)

propagation speed of 
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Equation (39) can easily be solved to give

Q′

r
=

H2

B

(√
1 +

2BCµ
H2r3

− 1

)
. (41)

At short distances, r3 " r3∗ := BCµ/H2, one finds

Q′ # H

B

√
2BCµ
r

. (42)

In order for this solution to be real, we require

BC > 0 ⇔ G3X (XG3X +G4φ) > 0. (43)

In this regime, the metric potentials are given by

Φ′ # GNδM

r2
− H(α1 + α2)

B

√
2BCGNδM

r
, (44)

Ψ′ # GNδM

r2
− Hα2

B

√
2BCGNδM

r
, (45)

where

8πGN :=
1

2G4
. (46)

If BC ∼ O(1), the typical length scale r∗ ∼ (µ/H2)1/3

can be estimated using Eq.(46) as

( µ

H2

)1/3
# 120

(
H0

H

)2/3( δM

M#

)1/3

pc, (47)

where H0 = 70km/s/Mpc.
Note that in this case the Friedmann equation can be

written as

3H2 = 8πGcos (ρm + ρφ) , (48)

where Gcos = 1/16πG4 = GN and ρφ = 2XKX − K +
6Xφ̇HG3X−2XG3φ−6Hφ̇G4φ. Thus, the effective grav-
itational coupling governing short-distance gravity is the
same as the one in the Friedmann equation.
The Vainshtein mechanism successfully screens the ef-

fect of the fluctuation δφ, so that the two metric po-
tentials coincide and exhibit the Newtonian behavior at
leading order. However, GN is time-dependent since it is
a function of the time-dependent field φ(t), which means
that the Vainshtein mechanism cannot suppress the time
variation of GN in a cosmological background. This fact
was first noticed in Ref. [20]. We will discuss this point
further in the next subsection.

B. G5X = 0

Let us consider a class of models with G5X = 0. In
this case, we see that β3 = γ1 = 0. For the other nonzero
coefficients we have the following relations:

c2h = 1 + 2β1 ( &= 1), β1 + β2 + 2γ0 = 0. (49)

With G5X = 0, the problem reduces to solving a cu-
bic equation one can handle. Indeed, using Eqs. (28)
and (29) to remove Φ′ and Ψ′ from Eq. (30), we obtain
the cubic equation for Q′:

(Q′)3 + C2H2r(Q′)2 +

(
C1
2
H4r2 −H2Cβ

µ

r

)
Q′

−H4Cαµ
2

= 0, (50)

where r-independent coefficients are defined as

Cα :=
α1 + c2hα2

2β1β2 + c2hβ
2
2 − γ0

,

Cβ :=
β1 + c2hβ2

2β1β2 + c2hβ
2
2 − γ0

,

C1 :=
α0 + (2α1 + c2hα2)α2

2β1β2 + c2hβ
2
2 − γ0

,

C2 :=
2β0 + 3

(
α1β2 + α2β1 + c2hα2β2

)

2 (2β1β2 + c2hβ
2
2 − γ0)

. (51)

We note the expressions for Ψ′ and Φ′ in terms of Q′:

Φ′ = c2h
µ

r2
− (α1 + c2hα2)Q

′ − (β1 + c2hβ2)
Q′2

H2r
,

Ψ′ =
µ

r2
− α2Q

′ − β2
Q′2

H2r
. (52)

Linearizing Eq. (50) at r3 ' (Cβ/C1)µ/H2, one obtains
the solution (35) as expected. This will be matched to
one of the following three solutions at short distances:

Q′ # +H

√
Cβ

µ

r
, −H

√
Cβ

µ

r
, −Cα

Cβ
H2r

2
. (53)

If simply Cα ∼ Cβ ∼ C1 ∼ C2 = O(1),2 the two regimes
are connected at around r ∼ r∗, where

r∗ :=

(
C2
α

C2
1Cβ

µ

H2

)1/3

for Q′ # ±H

√
Cβ

µ

r
,

r∗ :=

(
−Cβ
C1

µ

H2

)1/3

for Q′ # −Cα
Cβ

H2r

2
. (54)

If Cβ > 0 and C1 > 0, the solution with the bound-
ary condition (35) at large r can be matched either to
Q′ # +H

√
Cβµ/r or to Q′ # −H

√
Cβµ/r. We call

this situation Case I. This is possible for (C2, Cα) in the
shaded region in Fig. 1. For Cα > 0 (respectively Cα < 0),
the short-distance solution is given by +H

√
Cβµ/r (re-

spectively −H
√

Cβµ/r). Outside this region one cannot

2 This is probably the most natural case if one considers a model
that accounts for the present cosmic acceleration and the coeffi-
cients are evaluated at present time, because in that case there
is only one typical length scale L = H−1
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Solar-system tests

explicitly give the concrete formula with which one can
evaluate the time variation of GN for a given model.

If GN happens to vary very slowly, we can say that the
usual Newtonian gravity is reproduced in the vicinity of the
source. However, in general, one expects that GN varies on
cosmological time scales. The time variation j _G=Gj is
constrained from lunar laser ranging experiments to be
j _GN=GNj< 0:02H0 [21].

At this stage it is interesting to look at the background
evolution for the models with G5X ¼ 0. The (modified)
Friedmann equation (3) can be written as

3H2 ¼ 8!Gcosð"m þ "#Þ; (61)

where the gravitational coupling in the Friedmann equation
read off from the above exactly coincides with the expres-
sion for GN ,

Gcos ¼ GN; (62)

and

"# :¼ 2XKX % K % 2XG3#

þ 6HðX _#G3X % 2X _#G4#X % _#G4#Þ:

The situation here is the same as what we have seen in the
previous subsection. We refer to a constraint in Ref. [22],
obtained by translating the big bang nucleosynthesis
(BBN) bound on extra relativistic degrees of freedom, as

!!!!!!!!1%
GNjBBN
GNjnow

!!!!!!!!& 0:1; (63)

where GNjBBN (respectively, GNjnow) is evaluated at the
time of BBN (respectively, today).

Having thus seen that the Newtonian behavior is repro-
duced with time-dependent GN , let us then evaluate lead-
ing order corrections to the potentials. In this case we need
to keep the subleading term in Q0:

Q0 ’ &H

ffiffiffiffiffiffiffiffiffiffiffi
C$

%

r

r
þH2ðC& % 2C$C2Þr

4C$
: (64)

From this we obtain the corrections !"0 ¼ "0 %
GN'M=r2 and !#0 ¼ #0 %GN'M=r2 as

!"0 ¼ 'H
#
&2 þ

$2

2C$
ðC& % 2C$C2Þ

$ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2GN'M

r

s
; (65)

!#0 ¼ 'H
#
&1 þ c2h&2

þ $1 þ c2h$2

2C$
ðC& % 2C$C2Þ

$ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2GN'M

r

s
: (66)

For the solution Q0 ’ %ðC&=C$ÞH2r=2, we find

"0 ’ c2h
8!GT

'M

r2
þOðrÞ; #0 ’ 1

8!GT

'M

r2
þOðrÞ; (67)

implying that the parametrized post-Newtonian parame-
ter ( is given by ( ¼ 1=c2h. Therefore, c2h is tightly
constrained from solar-system tests in this case:
j1% (j< 2:3( 10%5 [23].
When the coefficients C&, C$, C1, and C2 have hierar-

chies in their values, we find a variety of solutions to
Eq. (50) on an intermediate scale between the linear regime
at large r and the small r limit of Case I or Case II. The
details are summarized in Appendix B, which could be
potentially confronted with observations.

C. G5X ! 0

Let us finally discuss the most general case where all the
coefficients in Eqs. (28)–(30) are nonzero. Although one
can still eliminate "0 and #0 to get an equation solely in
terms of Q0, the resulting equation will be a sextic equa-
tion. This hinders us from analyzing a variety of possible
solutions in detail. However, for $3 ! 0 and (1 ! 0 one
can show that there is no solution such that "0 ’ #0 )
1=r2 on sufficiently small scales. To show this, one sub-
stitutes"0 ’ #0 ) 1=r2 to Eq. (28). The second term in the
right-hand side can be compensated by the other provided
that Q0 ) r or Q0 ) 1=r2. If Q0 ) r, one cannot find a term
that compensates the forth term in the right-hand side of
Eq. (30) which behaves as "0#0=r2 ) 1=r6. If Q0 ) 1=r2,
then one cannot find a term that compensates the last term
in the right-hand side of Eq. (29). Thus, there is no con-
sistent solution with "0 ’ #0 ) 1=r2 on sufficiently small
scales. This implies that the typical length scale associated
with B3 and C1 must be as small as Oð100 %mÞ [24],
though it is uncertain whether or not we can have the
Newtonian behavior of the potentials on intermediate
scales.

V. APPLICATIONS

A. Evolution of density perturbations

Since it is assumed that matter is minimally coupled to
#, no modification is made for the energy conservation
equation and the Euler equation for matter. Therefore, the
nonlinear evolution equation for ' is given by

€'þ 2H _'% 4

3

_'2

1þ '
¼ ð1þ 'Þr

2

a2
": (68)

However, as we have seen in the previous section, the
relation between " and ' is modified. One may tackle
the nonlinear equations using the perturbative approach
(e.g., [25]). We derive the Fourier transform of the non-
linear equations in Appendix C.
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✓  At sufficiently small scales, 

Case 3 : G5X 6= 0

 0(r), �0(r) / 1
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✓  At sufficiently small scales, 

Case 3 : G5X 6= 0

The Vainshtein mechanism no longer works 
in the presence of G5X !!

 0(r), �0(r) / 1

r2



Summary

Vainshtein screening successfully operates in the most 
general second-order scalar-tensor theory, but

‣ Newton’s constant G=G(t)

‣ constrained from PPN and BBN

‣ inverse-square law can not be reproduced at small 
scales if G5X≠0


