From Gravity to Fluid

Yu Tian (HIF)?

1College of Physical Sciences, Graduate University of
Chinese Academy of Sciences (T[R4 R[5/ |- SR FRRL -2 K7)

YITP 2012

Yu Tian (HIF) From Gravity to Fluid



Outline

@ Motivation and overview
@ Holography (bulk/boundary correspondence)
@ In equilibrium: thermodynamics and phase transition
@ In non-equilibrium: transportation and entropy production

@ From gravity to fluid
@ The gravity/fluid case
@ Non-relativistic long-wavelength expansion on an arbitrary
cutoff surface
@ Incompressible Navier-Stokes equations from Petrov-like
condition

Yu Tian (HIF) From Gravity to Fluid



Motivation and overview Holography (bulk/boundary correspondence)
In equilibrium: thermodynamics and phase transition
In non-equilibrium: transportation and entropy production

Outline

@ Motivation and overview
@ Holography (bulk/boundary correspondence)

Yu Tian (1 From Gravity to Fluid



Motivation and overview Holography (bulk/boundary correspondence)
In equilibrium: thermodynamics and phase transition
In non-equilibrium: transportation and entropy production

Holography: a brief introduction

e Early (rough) ideas of holography
G. 't Hooft, [gr-qc/9310026].
L. Susskind, J. Math. Phys. 36, 6377 (1995).

Yu Tian (HIF) From Gravity to Fluid



Motivation and overview Holography (bulk/boundary correspondence)
In equilibrium: thermodynamics and phase transition
In non-equilibrium: transportation and entropy production

Holography: a brief introduction

e Early (rough) ideas of holography
G. 't Hooft, [gr-qc/9310026].
L. Susskind, J. Math. Phys. 36, 6377 (1995).

@ A more precise prescription: AdS/CFT
J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).
E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998).
Basic principle (Euclidean):

Zgeal6) = [ Dwexp(~lerld. v))

Zgo[§+80] = Zganl8) (o [ 6304 )

FT
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Holography: a brief introduction

@ More info from superstring theory
Classical limit < Large N. limit
Weak coupling < Strong coupling
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Holography: a brief introduction

@ More info from superstring theory
Classical limit < Large N. limit
Weak coupling < Strong coupling

e Generalization: bulk/boundary correspondence

AdS/QCD( R &%), AdS/CMT, HEE, gravity/fluid, .
Zoui[§ / Dyexp(—Irr[9, y])

5¢3@,>

Basic dictionary: @ |pary <> Non-dynamical field ¢

Zouk[9 + 60] = Zoui[9] <exp

bdry FT
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The bulk/boundary correspondence

@ Under the classical approximation of the bulk gravity,

Zouik[9] — exp(—huk[9]) =

exp(—huk[@]) = [ Dyexp(—/er[9, w])

with fyk[@] the on-shell action (Hamilton's principal function).
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The bulk/boundary correspondence

@ Under the classical approximation of the bulk gravity,

Zouik[9] — exp(—huk[9]) =

exp( Ibulk /DllleXp IFT[¢ W])

with fyk[@] the on-shell action (Hamilton's principal function).

@ Variation with respect to ¢ gives

_ Sler(o,v]

5/bu1k[<§ B
) <ﬁ¢ > ﬁ‘? - 5¢( )

5¢(x
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The bulk/boundary correspondence

@ Under the classical approximation of the bulk gravity,

Zouik[9] — exp(—huk[9]) =

exp( Ibulk /DllleXp IFT[¢ W])
with huk[@] the on-shell action (Hamilton's principal function).
@ Variation with respect to ¢ gives

_ Sler(o,v]

5/bu1k[<§ B
) <ﬁ¢ > ﬁ‘? - 5¢( )

5¢(x

o Further variations give the correlations of & on the boundary.
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The bulk/boundary correspondence

e Important examples (with n* the unit normal of the boundary)

’ Fields ‘ Bulk ‘ Boundary ‘
Electromagnetic — Ny FH2 pary Current (J?)
Gravitational Brown-York t"’b|bdry Stress tensor <Tab>
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The bulk/boundary correspondence

e Important examples (with n* the unit normal of the boundary)

’ Fields ‘ Bulk ‘ Boundary ‘
Electromagnetic — Ny FH2 pary Current (J?)
Gravitational Brown-York t"’b|bdry Stress tensor <Tab>

o Additional dictionary
Black holes < Thermal field theory
Local Hawking temperature < Temperature
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The bulk/boundary correspondence

e Important examples (with n* the unit normal of the boundary)

’ Fields ‘ Bulk ‘ Boundary ‘
Electromagnetic — Ny FH2 pary Current (J?)
Gravitational Brown-York t"’b|bdry Stress tensor <Tab>

o Additional dictionary

Black holes < Thermal field theory

Local Hawking temperature < Temperature
@ Holographic renormalization group (RG) flow

Position of the boundary < Energy scale
Black hole horizon < IR limit
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@ In equilibrium: thermodynamics and phase transition
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A simple example

@ On an arbitrary cutoff for the Schwarzschild-AdS black brane

2 r? 2m

2 pd-2

dsi., = —f(r)dt*+ ;l(rr) +r2dx®, f(r)=
dsf, = —f.dt* + rczdx2, fe:=1(rc)

dE + pdV = TdS (the 1st law of thermodynamics)
E+pV =TS (the Gibbs-Duhem relation)

dp=sdT
=4 e+p=1Ts
de = Tds
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Thermodynamics

@ The Brown-York tensor

b ab
¢ab 87rG(KYa —K?)

has a form of the (relativistic) ideal fluid:

ab — guaub —I—phab, hab — ,)/ab+ uaub

t
s: Bekenstein-Hawking entropy density
T: local Hawking temperature
The thermodynamic relations hold.
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Generalization

@ The Gauss-Bonnet case
1
| = —— [d9"'%/=g(R—2A+ a.%,
167rG/ xv =8l +aZes),
Zeg = R?*—4R;yR* 4+ Ryye:R*VOT

with much more complicated Brown-York-like boundary tensor
but the same thermodynamic relations.
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Generalization

@ The Gauss-Bonnet case
1
| = —— [d9"'%/=g(R—2A+ a.%,
167rG/ xv =8l +aZes),
Zeg = R?*—4R;yR* 4+ Ryye:R*VOT

with much more complicated Brown-York-like boundary tensor
but the same thermodynamic relations.

@ The charged case and chemical potential

E+pV=TS+uQ, q=

d—1Q , 1 1

de = Tds+ udgq, H=—g = ﬁ(rg—2 - —=)
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Motivation and overview

Holography (bulk/boundary correspondence)
In equilibrium: thermodynamics and phase transition
In non-equilibrium: transportation and entropy production

The physical picture

@ The physical picture
Bulk: black holes that eat
everything
Boundary: transportation
that smoothes everything

sinqularity horizon cutoff

Figure: A sketch map

From Gravity to Fluid



Motivation and overview Holography (bulk/boundary correspondence)
In equilibrium: thermodynamics and phase transition
In non-equilibrium: transportation and entropy production

Transportation

@ Linear response theory
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Transportation

@ Linear response theory

@ Example 1: Ohm's law

Ji=cFE'
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Motivation and overview Holography (bulk/boundary correspondence)
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Transportation

@ Linear response theory

@ Example 1: Ohm's law
Ji =cE
@ Example 2: Newton's law of viscosity

T =-2noc”¥
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Entropy production

Y. Tian, X.-N. Wu and H.-B. Zhang, in preparation.

@ Macroscopic verification of the bulk/boundary correspondence
(poor man's way to holography)

] Type \ Driving force \ Entropy production ‘
Heat conduction | Temperature gradient -
Viscosity Velocity gradient Friction heat
Electric condution Electric field Joule heat

Table: Transport processes
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Entropy production

@ The boundary side
The entropy production rate

1 1 1,
£=jgViz— o+ =j'E;
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Entropy production

@ The boundary side
The entropy production rate

1 1 1,
£=jgViz— o+ =j'E;

@ The bulk side
The entropy variation
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© From gravity to fluid
@ The gravity/fluid case
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary ct
Incompressible Navier-Stokes equations from Petrov-like con

The gravity/fluid case: basics

@ Einstein equations:
G®=0=V,t?* =0 (momentum constraint)

G =0=>dtitb =2 (Hamiltonian constraint)
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The gravity/fluid case
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The gravity/fluid case: basics

@ Einstein equations:
G®=0=V,t?* =0 (momentum constraint)

G =0=>dtitb =2 (Hamiltonian constraint)

@ Stress-energy tensor of a relativistic fluid:

tab = EUalp + phap — 2N Cap +- -+
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The gravity/fluid case
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The gravity/fluid case: basics

@ Einstein equations:
G®=0=V,t?* =0 (momentum constraint)

G =0=>dtitb =2 (Hamiltonian constraint)

@ Stress-energy tensor of a relativistic fluid:
tab = EUaUp + phap — 2N 0o + -+
@ Under the non-relativistic limit for € = const (incompressible),

ovi=0 (
dvi4v-VV +9,P—vVAi=0 (b=1i)

o=
Il
~
~—

V.t =0—

(incompressible Navier-Stokes equations)
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@ From gravity to fluid

@ Non-relativistic long-wavelength expansion on an arbitrary
cutoff surface
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary c
Incompressible Navier-Stokes equations from Petrov-like con

Gravitational perturbation for flat cutoff surface

e Long-wavelength expansion for the gravitational perturbation
— Derivative expansion for the dual fluid
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary c
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Gravitational perturbation for flat cutoff surface

e Long-wavelength expansion for the gravitational perturbation
— Derivative expansion for the dual fluid

@ The non-relativistic scaling:

O ~ €2, o ~ €, o ~ 1, P~ €2, Vi~
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary c
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Gravitational perturbation for flat cutoff surface

e Long-wavelength expansion for the gravitational perturbation
— Derivative expansion for the dual fluid

@ The non-relativistic scaling:

O ~ €2, di ~ &, o ~1, P ~ €, vi~e

How to reduce the gravitational DoF to the dual fluid DoF?

@ Dirichlet-type boundary condition on the cutoff surface (7ap
kept fixed)

@ Ingoing boundary condition on the future horizon (regularity
condition under the retarded Eddington coordinates)
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary c
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The Rindler case

I. Bredberg, C. Keeler, V. Lysov and A. Strominger,
[arXiv:1101.2451].

@ The ingoing Rindler metric:
ds3, 1 = —rdt? +2drdT + dx?

ds3 = —r.dt® 4 dx?
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The gravity/fluid case
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The Rindler case

I. Bredberg, C. Keeler, V. Lysov and A. Strominger,
[arXiv:1101.2451].

@ The ingoing Rindler metric:
ds3, 1 = —rdt? +2drdT + dx?
ds3 = —r.dt® 4 dx?

@ The bulk gravitational perturbation is introduced, involving the
(incompressible) fluid DoF v'(7,x') and P(7,x").
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The Rindler case

@ The perturbed metric solving the bulk Einstein equation up to
0(€2) provided d;v' = 0 (incompressibility).
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The gravity/fluid case
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The Rindler case

@ The perturbed metric solving the bulk Einstein equation up to
0(€2) provided d;v' = 0 (incompressibility).

@ The corresponding Brown-York tensor t,;, can be computed,
which takes a form as the stress-energy tensor of

incompressible fluid with viscosity 7. Moreover, the regularity

condition requires 1 = L (independent of r.).
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary c
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The Rindler case

@ The perturbed metric solving the bulk Einstein equation up to
0(€2) provided d;v' = 0 (incompressibility).

@ The corresponding Brown-York tensor t,;, can be computed,
which takes a form as the stress-energy tensor of
incompressible fluid with viscosity 7. Moreover, the regularity

1

condition requires 1 = ;= (independent of rc).

@ The incompressible Navier-Stokes equation follows.
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary c
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Other cases

@ The AdS black brane case
R-G. Cai, L. Li and Y.-L. Zhang, JHEP 1107 (2011) 027
[arXiv:1104.3281].
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Other cases

@ The AdS black brane case
R-G. Cai, L. Li and Y.-L. Zhang, JHEP 1107 (2011) 027
[arXiv:1104.3281].

@ The charged AdS black brane case
C. Niu, Y. Tian, X.-N. Wu and Y. Ling, [arXiv:1107.1430].
The discussion is also extended to the Gauss-Bonnet case with
1=2L{1-2(d-3)ald—(d—2)q2]} (independent of rc but

dependent on g, = rd%)
h

N and the momentum diffusion constant D = gﬂ—p are
consistent with linear response theory on arbitrary cutoff r. for
d =4 (X. Ge, Y. Ling, Y. Tian and X. Wu, JHEP 1201 (2012)
117 [arXiv:1112.0627]).
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@ From gravity to fluid

@ Incompressible Navier-Stokes equations from Petrov-like
condition
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The gravity/fluid case
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Lysov-Strominger’s basic ideas

V. Lysov and A. Strominger, [arXiv:1104.5502].

@ The Brown-York tensor (or extrinsic curvature) is directly
taken as fundamental variables.
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Lysov-Strominger’s basic ideas

V. Lysov and A. Strominger, [arXiv:1104.5502].
@ The Brown-York tensor (or extrinsic curvature) is directly
taken as fundamental variables.

@ The boundary condition for the conformal factor of the
intrinsic metric can be Dirichlet-type or Neumann-type.
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Lysov-Strominger’s basic ideas

V. Lysov and A. Strominger, [arXiv:1104.5502].

@ The Brown-York tensor (or extrinsic curvature) is directly
taken as fundamental variables.

@ The boundary condition for the conformal factor of the
intrinsic metric can be Dirichlet-type or Neumann-type.

@ Reduction of the DoF by the Petrov-like condition

80 —n
Cuyirj = 0" Cuivj =0, €= s

on the boundary with n its unit normal.
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The gravity/fluid case
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Lysov-Strominger’s basic ideas

@ The large mean curvature (or near horizon) expansion is taken
to obtain the non-relativistic fluid dynamics.

From Gravity to Fluid



The gravity/fluid case
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Lysov-Strominger’s basic ideas

@ The large mean curvature (or near horizon) expansion is taken
to obtain the non-relativistic fluid dynamics.

The Rindler case with Dirichlet-type boundary condition
o ds3. , = —rdt? +2drdt + dx? = ds? = —rcdt? + dx?

0 di=—92 1 dx? r=A2=—1=A%
° )L_>0:>K:ﬁﬁoo

o Express everything in terms of t7, tf and tj’

e Expand t7, tf and tj in powers of A, then the Petrov type |
condition gives the incompressible Navier-Stokes equations,
upon identifying tf(l) =1viand t1) = &=1p,
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary ct
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Our results

T. Huang, Y. Ling, W. Pan, Y. Tian and X. Wu, JHEP 1110
(2011) 079 [arXiv:1107.1464].
T. Huang, Y. Ling, W. Pan, Y. Tian and X. Wu, [arXiv:1111.1576].

@ Lysov-Strominger's framework is refined/extended.
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Our results
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Our results

T. Huang, Y. Ling, W. Pan, Y. Tian and X. Wu, JHEP 1110

(2011) 079 [arXiv:1107.1464].
T. Huang, Y. Ling, W. Pan, Y. Tian and X. Wu, [arXiv:1111.1576].

@ Lysov-Strominger's framework is refined/extended.

@ A case of (roughly) mixed boundary condition is illustrated.

@ Cases of intrinsically curved boundary are treated, with the
incompressible Navier-Stokes equations in curved space
obtained.
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary ct
Incompressible Navier-Stokes equations from Petrov-like con

Our results

T. Huang, Y. Ling, W. Pan, Y. Tian and X. Wu, JHEP 1110
(2011) 079 [arXiv:1107.1464].
T. Huang, Y. Ling, W. Pan, Y. Tian and X. Wu, [arXiv:1111.1576].

@ Lysov-Strominger's framework is refined/extended.

@ A case of (roughly) mixed boundary condition is illustrated.

@ Cases of intrinsically curved boundary are treated, with the
incompressible Navier-Stokes equations in curved space
obtained.

@ The interesting cases of dual fluid on the Schwarzschild(-AdS)
horizon and AdS black brane horizon are included.
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The gravity/fluid case
Non-relativistic long-wavelength expansion on an arbitrary ct
Incompressible Navier-Stokes equations from Petrov-like con

From gravity to fluid

Key points for all cases

@ The expressions of the Wely tensor components:

2A
Cabed = “Rabed + KadKbe — Kac Kbd + ———— (Yad Ybe — YacTbd)
p(p+1)
Cabnc = VbKac - VaKbc
2A
Cnanb = _dRab + KKab - Kach + ——=Yac
p+1
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The gravity/fluid case
Non-relativistic long-wavelength expansion on an arbitrary ct
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From gravity to fluid

Key points for all cases

@ The expressions of the Wely tensor components:

2A
Cabed = I Rabed + KadKbe — KacKbd + ———— (Yad Voe — YacYbd)
p(p+1)

Cabnc = VbKac - VaKbc
Cnanb = - ab + KKab - Kach +

p+1?’ac

o Vitj =0—=
D,'ViZO (b:T)
0:vi +vkDyvi+ DiP — D?v;i — Rfvi =0 (b=1)
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The gravity/fluid case
From gravity to fluid Non-relativistic long-wavelength expansion on an arbitrary ct
Incompressible Navier-Stokes equations from Petrov-like con

Key points for all cases

@ The expressions of the Wely tensor components:

Cobed = @ Rabed + KadKbe — KacKbd + —————(Yad Ybe — YacYbd)
p(p+1)
Cabnc = VbKac - VaKbc
2A
Cnanb = - ab + KKab - Kach + ﬁ’)’ac

o Vitj =0—=
D,'ViZO (b:T)
0:vi +vkDyvi+ DiP — D?v;i — Rfvi =0 (b=1)

=1 . 1_1
°T,_1671:G s 4m
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The end

The end

Thank youl
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