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内容 content

• ３体力 :Three-body force
３体力を含むＦａｄｄｅｅｖ方程式 :Faddeev equation
カイラル有効場３体力: Chiral effective field 

theoritical 3-body force
（１）ＮＮＬＯ

（２）ＮＮＮＬＯ ( News 1 )
• 相対論的３体計算: Reltivity in 3-body system

（１）質量演算子: mass operator
（２）３体力を含めた計算 (News 2 )



３体力の重要性

Ｉｍｐｏｒｔａｎｃｅ ｏｆ ３－Ｂｏｄｙ Ｆｏｒｃｅ

• ２体力のみでの計算では、３核子系の束縛状

態（３Ｈｅ、３Ｈ）の結合エネルギーの欠如。

Under bound of 3He and 3H only by 2NF.

• どんな２体力や３体力を入力しても３Ｎ散乱状

態を解くプログラムが出来上がった。

Develop of computer codes for 3-body 
scattering including with 3NF.



３体力を含む非相対論的３体方程式

Nonrelativistic Faddeev 3body eq. 
with 3NF

• Phys.Rep. 274, 107 (1996), 
• Acta Phys. Pol. B28, 1677 (1997) 

２体力 ３体力



Ｎｄチャンネルが始状態の散乱解Ψ

Solution of scattering from the Nd
initial channel

は３体の自由グリーン関数

２体問題では意識しないが、３体問題以上ではＳｃｈｒｏｅｄｉｎｇｅｒ方程式

を満たすというだけの解は、ユニークにならない。境界条件が必要。



２体の散乱行列ｔを用いると、

を得る。

は、Ｎｄの始状態を意味する。:Nd initial state.



同一粒子:identical particle

置換演算子:permutation operator

代入する。

Ｔについての

方程式にする。

粒子チャンネルのラベルを取る。: drop the particle label.

substitution



Faddeev eq. with 3NF

３体分解反応の散乱振幅 Break up amplitute

弾性散乱の散乱振幅:scattering  amplitude for elastic process



部分波表現:Partial wave decomp.

ｐ、ｑは、それぞれ２体３体のヤコビ座標

p.q; Jacobian coordinates

完備性：Ｃｏｍｐｌｅｔｅｎｅｓｓ





特異点（１） ：Singularities

２重の特異点は、部分分数法で避けられる。

One can avoid from the double singularities  by the separation scheme.  



特異点（２）:Singularities

• Energy Complex Method
Ｐｒｏｇ．Ｔｈｅｏｒ．Ｐｈｙｓ．109 (2003) 869.

1. Sampling calculations with 
E=EReal+iεwhere εis tiny positive value.

2. Because of εthe calculaion can avoid 
from the singularities, but we need its 
stability.

3. Using these sampled data we get the 
solution of ε＝０ by analytic 
comtinuation.



インプット:Input 

• ２体力：Nucleon-Nucleon Force
ＡＶ１８，ＣＤＢｏｎｎ、ＮｉｊｍｅｇｅｎＩ，ＩＩ

カイラル摂動ポテンシャル：ΧＰＴ（ＮＮＮＬＯ）

Chiral effective field theoretical potential 
• ３体力： 3-body force
中間子交換型 ＦＭ、ＴＭ、ＵｒｂａｎａＩＸ

(meson exchange type)
カイラル摂動３体力（ＮＮＮＬＯ）

Chiral effective field theoretical 3NF



微分断面積：differential cross section



Physical Review C 83, 061001(R) (2011) K. Sekiguchi, et al.,



Polarization-transfer coefficients 



Total cross section of pd scattering

It is not enough to include the 3NF in the high energies.





カイラル有効場理論の３体力

3-body force in chiral effective field 
theory

• LO version→なし。 No existence
• NLO version→なし。 No exstence
• NNLO version→３つのタイプ。There are 3 

types; Fujita-Miyazawa type, E-, D-type 
• NNNLO→色々。;Many types

但し、新しいパラメータは導入しなくてもよい

One needs not to introduce new 
parameters (parameter free).



Q0

Q2

Q3

Q4

FewFewFewFew----nucleon forces in nucleon forces in nucleon forces in nucleon forces in chiralchiralchiralchiral EFTEFTEFTEFT

LO

NLO

N2LO

N3LO

FM D- E-

（２）

（７）

（１５）

（２）
（０）

（０） （０）

（＊）括弧内は、新しく増えたパラメーターの数

The number in the bracket means new increasing parameters.

2-body force 3-body force 4-body force

？
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Ci : Low Energy Coefficients



FM

D-

E-
稼動中

Available

a-term b-term d-term

２



２００６２００６２００６２００６．．．．１１１１１１１１．．．．１７１７１７１７

∋

Fujita-Miyazawa,
TM and Urbana

∋

Canton-Schadow

∋

Hueber

∋

Illinoi 3NF

｛
D-

稼動中

available

部分波展開終了

プログラム化中

In progress

T=3/2で重要といわれている。



FujitaFujitaFujitaFujita----Miyazawa 3NFMiyazawa 3NFMiyazawa 3NFMiyazawa 3NF

bbbb----term,term,term,term, dddd----termtermtermterm

Urbana 3NFUrbana 3NFUrbana 3NFUrbana 3NF
TucsonTucsonTucsonTucson----Melbourne 3NFMelbourne 3NFMelbourne 3NFMelbourne 3NF

Brazil 3NFBrazil 3NFBrazil 3NFBrazil 3NF

Scalar Short rangeScalar Short rangeScalar Short rangeScalar Short range

UUUU0000

aaaa----term,(cterm,(cterm,(cterm,(c----term)term)term)term)

πρπρπρπρ exchangeexchangeexchangeexchange：：：：

F(IF(IF(IF(IΔΔΔΔ＋）＋）＋）＋）, , , , KrollKrollKrollKroll----RudermanRudermanRudermanRuderman termtermtermterm

ChiralChiralChiralChiral perturbation Theoretical perturbation Theoretical perturbation Theoretical perturbation Theoretical ３３３３NF (NNNLO)NF (NNNLO)NF (NNNLO)NF (NNNLO)

・・・・２２２２ππππーーーー1111ππππ termtermtermterm

・・・・２２２２ππππ exchange between all threeexchange between all threeexchange between all threeexchange between all three nucleonsnucleonsnucleonsnucleons

・・・・contact 1contact 1contact 1contact 1ππππexchangeexchangeexchangeexchange

・・・・contact 2contact 2contact 2contact 2ππππexchngeexchngeexchngeexchnge

IllinoiIllinoiIllinoiIllinoi ModelModelModelModel

・・・・３３３３ππππ exchangeexchangeexchangeexchange ・・・・・・・・・・・・・・・・・・・・・・・・・・・・｛｛｛｛



カイラル有効場ポテンシャルの結果カイラル有効場ポテンシャルの結果

Some results from Some results from ChiralChiral FT pot.FT pot.

•• ＮＬＯＮＬＯ

•• ＮＮＬＯＮＮＬＯ

•• ＮＮＮＯＮＮＮＯ （Ｎｅｗｓ（Ｎｅｗｓ １）１）



E=3 MeV

E=10 MeV

E=65 MeV

Elastic nucleonElastic nucleonElastic nucleonElastic nucleon----deuteron scattering observablesdeuteron scattering observablesdeuteron scattering observablesdeuteron scattering observables

NLO

NNLO

nd + Coulomb-corrected pd data



Polarization transfer coefficients in Polarization transfer coefficients in Polarization transfer coefficients in Polarization transfer coefficients in d(p, p)d and and and and 
d(p, d)p at at at at Ep=22.7 MeVMeVMeVMeV

H. Witała et al., PRC 73 (2006) 044004

Coulomb-corrected pd data



Breakup cross section in the reaction Breakup cross section in the reaction Breakup cross section in the reaction Breakup cross section in the reaction d(p, pp)n at at at at Ep=16 MeVMeVMeVMeV

C. Düwecke et al., PRC 72 (2006) 044001

part.

part.

part.

θ1=θ2 = 71.2º,    φ1 = 0º,    φ2 = 180ºθ1=θ2 = 68.6º,    φ1 = 15º,    φ2 = 165º

θ1=θ2 = 
51.5º,      φ1 = 
0º,           φ2 = 

180º



Some open problemsSome open problemsSome open problemsSome open problems…

p dp
p

n

αDeuteron breakup in the Symmetric 

Constant  Relative  Energy  (SCRE) 

configuration at  E
d

=19 MeV

Ley et al., PRC 73 (2006) 064001

Differential cross sectionDifferential cross sectionDifferential cross sectionDifferential cross section Tensor analyzing power Tensor analyzing power Tensor analyzing power Tensor analyzing power Ayy

Notice: including Coulomb interaction reduces the discrepancy for the cross section by

about 30% and improves the description of A
yy



6666Li ground and excited statesLi ground and excited statesLi ground and excited statesLi ground and excited states

More nucleonsMore nucleonsMore nucleonsMore nucleons…………

-24

-26

-25

-27

-28

-29

αααα----particleparticleparticleparticle

Calculations based on chiral forces up to A=13 carried out by Navratil et al. ’06,‘07

ItItItIt isisisis veryveryveryvery importantimportantimportantimportant to to to to gogogogo to Nto Nto Nto N
3333

LO to LO to LO to LO to furtherfurtherfurtherfurther test test test test chiralchiralchiralchiral EFT in EFT in EFT in EFT in thethethethe fewfewfewfew----nucleonnucleonnucleonnucleon sectorsectorsectorsector

and  to and  to and  to and  to seeseeseesee whetherwhetherwhetherwhether thethethethe remainingremainingremainingremaining problemsproblemsproblemsproblems cancancancan bebebebe solvedsolvedsolvedsolved!!!!

calculated by Andreas Nogga



problems



展望:Hope

D-type, E-type of 3NF (NNLO) may solve 
the Sagara-discrepancy at high energy 

(>200MeV).



Ｎｅｗｓ 1

• Automitized Partial Wave Decomposition 
(aPWD) is developed using  Mathematica. The 
aPWD writes FORTRAN codes.     

Eur. Phys. J. A (2011) 47,48; arXiv:1101.2150 [nucl-th].

• Calibration of the code by comparing the former 
scheme with πρexchange 3NF.

• 3NFof ＮＮＮＬＯ version is prepared to calculate 
the binding energy of Triton.
arXiv:1107.5163







３体力の特有の新しいＬＥＣ：Ｄ，Ｅ







相対論的３体計算相対論的３体計算::
Relativistic 3body calculationRelativistic 3body calculation

�� ローレンツ不変ローレンツ不変 ; ; LorentzLorentz invarianceinvariance
相対論的量子力学相対論的量子力学

Relativistic quantum mechanicsRelativistic quantum mechanics
�� ((場の量子論への拡張場の量子論への拡張))

Field theoretical approachField theoretical approach
。。。。。。



・Relativity
The nonrelativistic theoretical 

prediction of the Nd scattering cross 
section beyond 200MeV/u is getting 
to be poor even including the 3 -body 

force (FM type).

What is missing?



Ｒｅｌａｔｉｖｉｓｔｉｃ Ｃａｌｃｕｌａｔｉｏｎ

There are essentially two different 
approaches to relativistic three-nucleon 
calculation:

① a manifestly covariant scheme linked 
to a field theoretical approach.

② a scheme based on relativistic 
quantum mechanics on spacelike
hypersurfaces (including the light front) 
in Minkowski space.



B. Bakamjian, L.H. Thomas, 
Phys. Rev. 92, 1300 (1952). 

• Within the second scheme the relativistic 
Hamiltonian for on-the-mass-shell particles 
consists of relativistic kinetic energies and 
two- and many-body interactions including 
their boost corrections, which are dictated 
by the Poincare algebra.



What is the boost correction?

A potential in an arbitrary moving  frame (q≠0)
is different, which enters a relativistic 
Lippmann-Schwinger equation. 

q≠

０

Ｖ
nr

Ｖ
nr

(q=0) (q=0)≠ (q≠0)



Two-body t-matrix 

E    - k’’2/m

)

nr
nr

nr
nr

^ ^

E)
E)

Nonrelativistic LS eq.

Relativistic LS eq.

Boosted relativisitic LS eq.



Two-body t-matrix 

E    - k’’2/m

)

nr
nr

nr
nr

^ ^

E)
E)

Nonrelativistic LS eq.

Relativistic LS eq.

Boosted relativisitic LS eq.



Two-body t-matrix 

E    - k’’2/m

)

nr
nr

nr
nr

^ ^

E)
E)

Nonrelativistic LS eq.

Relativistic LS eq.

Boosted relativisitic LS eq.



Two-body t-matrix 

E    - k’’2/m

)

nr
nr

nr
nr

^ ^

E)
E)

Nonrelativistic LS eq.

Relativistic LS eq.

Boosted relativisitic LS eq.



Mass Operator

Two-body Free Hamiltonian
(Two-body Free Mass 

operator) 



Boosted Potential

Two-body Free Mass operator 

Two-body Mass operator

: Relativistic potential 



Boosted Potential

Phys. Rev. C 66, 044010 (2002)



: (pseudo) Relativistic potential

Phys. Rev. Lett.  80, 2457(1998) 

“Scale-transform it from nonrelativity to relativity ”

Scale transformation



Coester-Pieper-Serduke (CPS)
(PRC11, 1 (1975))



nr

Sandwiching it between <k | and |k’>, we get 

( )
( )

3

3

3

1
( , ') 2 ( ) ( , ') 2 ( , ') ( ') ( , '') ( '', ') ''

4
1 1

( ) ( ') ( , ') ( , '') ( '', ') ''
2 4

namely,

1 1
( , ') 2 ( , ') ( , '') ( '', ') '' .

( ) ( ') 2

nr

nr

V k k k v k k v k k k v k k v k k d k
m

k k v k k v k k v k k d k
m m

v k k mV k k v k k v k k d k
k k

ω ω

ω ω

ω ω

= + +

= + +

 = − +  

∫

∫

∫



Physics Letters B655, 119-125 (2007), (nucl-th/0703010)

(0)

( 1) ( ) ( ) 3

1
( , ') 2 ( , '),

( ) ( ')

1 1
( , ') 2 ( , ') ( , '') ( '', ') ''

( ) ( ') 2

nr

n n n
nr

v k k mV k k
k k

v k k mV k k v k k v k k d k
k k

ω ω

ω ω
+

=
+

 = − +  
∫

31 1
( , ') 2 ( , ') ( , '') ( '', ') '' .

( ) ( ') 2nrv k k mV k k v k k v k k d k
k kω ω

 = − +  
∫

Iteration Method



Convergence to the iteration











{ }2 22 ( ) 2 ( )ω ω≡ +q k k q

31 1
( , ') 2 ( , ') ( , '') ( '', ') '' .

( ) ( ') 2ω ω
 = − +  

∫q nr q q
q q

v k k mV k k v k k v k k d k
k k

31 1
( , ') 2 ( , ') ( , '') ( '', ') '' .

( ) ( ') 2ω ω
 = − +  

∫nrv k k mV k k v k k v k k d k
k k

Non-boosted

Iteration method

Boosted



Calculation of triton binding 
energy

• No Wigner Rotation
• Wigner Rotation (Lorentz transform on 

Spin)



Triton binding energies 
(No Wigner Rotation)

Rel. Nonrel.

-6.97

-8.22

-7.58

-7.90

-7.68

-7.59

0.05

0.11

0.07

0.10

0.08

0.07

-7.02

-8.33

-7.65

-8.00

-7.76

-7.66

5ch calculation 





Wigner Rotation  
(Lorentz transformation on Spin) 



3
1

2

k

ｑ:Boost direction



Partial wave decomposition

1
| ( )

2
>Tt TM



－８．１４４３ＭｅＶ

Relativistic
(Wigner
Rotation)

－８．１４５９ＭｅＶ

Relativistic
(non-Wigner
Rotation)

－８．２４７

Nonrel.

Ｅｆｆｅｃｔ ｏｆ Ｗｉｇｎｅｒ Ｒｏｔａｔｉｏｎ

３４ｃｈ Ｃａｌｃｕｌａｔｉｏｎ ｗｉｔｈ ＣＤ－Ｂｏｎｎ （ｎｐ）

Ｄｉｆｆｅｒｅｎｃｅ ～２ｋｅＶ



• The iteration method makes the relativistic 
potential to boost directly. The calculation of 
triton binding energies shows differences 
between the nonrelativistic and relativistic 
about 100keV. (|Enr|>|Erel|)

• The Wigner rotation makes effects about only 
2.～４．keV.

Calculation of triton binding 
energy





E(lab)=200MeV.







Calculation of Nd scattering

• 低エネルギー（５０ＭｅＶまで）のオブザーバブルは

変わらない。Observables in low energy 
(~50MeV) are well described as nonrelativistic
calculation except for Ay.

• 例外：Ａｙ

• ２５０ＭｅＶの微分断面積の後方散乱角で実験に近

づく兆しがある。（３体力なし）The calculated 
differential cross section is approaching data a 
bit at the backwards scattering angles.

• しかし、３体力の効果を単に加算しても十分に実験

を再現しない見通し(!?)。 It seems to be difficult to 
describe data even including 3NF. 



Ｎｅｗｓ 2

• ３体力を含めた相対論的計算が可能になる。The 
recent progress is that we have the relativistic 
calculation of Faddeev equation including 3NF.: 
Phy. Rev. C 83, 044001 
(2011) ; arXiv:1101.4053 [nucl-th]. 

• ３体力を加えると、後方の微分断面積を相乗的に増

加させる効果があることが分かった。The relativity 
and 3NF makes the  differential cross section 
enlarge synergistically.



2NF ONLY-NONREL.
2NF ONLY-REL.

2NF+3NF NONREL.
2NF+3NF REL.



2NF ONLY-NONREL.
2NF ONLY-REL.

2NF+3NF NONREL.
2NF+3NF REL.

3NF=2π exchange only (TM’)











Outlook

• NNNLO calculations
• NNNLO+relativity calculations

→ Low energy:
(1) Ay puzzle
(2) Space star anomaly
(3) …

→ High energy:
(1) Differential cross section
(2) Spin Observables
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