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◆ Flavored-mass terms

・ MV     →  Wilson term

Figure 3.3: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field
case in momentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn −
(MP + 0.1MA). (c) Dn − (MP + MV + MT + MA).

terms of the original fermion field are given by

MS = 1, (3.25)

MV =
∑

µ

Cµ, (3.26)

MT =
∑

perm.

∑

sym.

CµCν , (3.27)

MA =
∑

perm.

∑

sym.

∏

ν

Cν , (3.28)

MP =
∑

sym.

4∏

µ=1

Cµ, (3.29)

where
∑

perm. means summation over permutations of the space-time indices. Note we
define

∑
perm. and

∑
sym. as containing factors, for example, 1/4! for MP .

Here again the non-trivial flavored-mass terms with a proper mass shift result in the
second-derivative terms proportional to a near the classical continuum limit as in the
usual Wilson fermion. For example,

∑

n

ψ̄n(MP − 1)ψn → −a

∫
d4xψ̄(x)D2

µψ(x) + O(a2), (3.30)

It is consistent with the criterion for the Wilson fermion. The deviation from the usual
Wilson fermion starts from O(a2) discretization errors. Thus, as long as we look at the
physical branch, the difference of discretization errors between the generalized Wilson
and the usual Wilson fermions is just O(a2). However the naive expansion about a = 0 is
not valid for the other species. In fact the difference between the generalized and usual
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FIG. 8: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field case in mo-

mentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn − (MP + 0.1MA). (c)

Dn − (MP +MV +MT +MA).

where
∑

perm. means summation over permutations of the space-time indices.

Now we derive the flavored mass terms required to detect the index from the spectral

flow of the Hermitean operator. As in the d = 2 case, it should be constructed so that the

associated Hermitean operator has a flavor-singlet mass part as γ5M ∼ γ5⊗ (1⊗1⊗1⊗1).

Such a mass term is just the P-type mass (A7). Thus the flavored mass term for the

Hermitean operator is given by

MP = mP

∑

sym.

4
∏

µ=1

Cµ. (A8)

With the Hermitean operator Hn = γ5(Dn − MP), we reveal the index theorem with the

naive fermion as in the d = 2 case. Here we only show the figure for eigenvalues of the free

Dirac operator Dn −MP in Fig. 8(a). The mass term splits the modes into two branches,

which are 8 fold degenerate. If we introduce other types of mass terms, the degeneracy is

lifted as seen in Fig. 8(b).

Next we show the flavored mass term to yield a single-flavor naive overlap fermion in 4d.

As in the case of 2d there are some possibilities to realize it. The simplest example of the

mass term to yield a single-flavor naive overlap fermion with hypercubic symmetry is given

by

MP +MV +MT +MA. (A9)

The eigenvalues of the Dirac operator with this mass term is depicted in Fig. 8(c). Here

Dirac spectra with flavored mass terms
(8,8) (4,8,4)

→ Multi-flavor Wilson & Overlap
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1 Introduction
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Dnf − MT (2)

Dnf − (MV + MA) (3)

Dnf − (MP + MT ) (4)

g2 = 0.6 (5)

Sst =
∑

n

ηµχ̄n[χn+µ − χn−µ]

=
∑

N,µ

Ψ̄N (γµ ⊗ 1)∇µΨN + O(a2) (6)

M (A)
f = ε

∑

sym

η1η2η3η4C1C2C3C4

= (1 ⊗ γ5) + O(a2) (7)

M (H)
f =

∑

µ>ν

i

2
√

3
εµνηµην(CµCν + CνCµ)

= (1 ⊗
∑

µ>ν

σµν) + O(a2) (8)

1

MP+MT : (4,12)

MP+MV : (5,1,10)

MT+MV : (10,5,1)

:
:

MV+MA : (1,14,1)
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1 Introduction
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(i)
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x → R(µν)R(ρσ)x (2)
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M (i)
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ψ̄xψx+1̂+2̂+3̂+4̂ = χ̄xγx4
4 γx3
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→ ±χ̄xiε12η1η2χx+1̂+2̂ ± χ̄xiε34η3η4χx+3̂+4̂ (11)
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MA+MV +MT+MP  : (1,15)

(γ5 diagonalized) (29)

ψ̄xψx+1̂+2̂ + ψ̄xψx+3̂+4̂ = (−1)x2 χ̄xγ1γ2χx+1̂+2̂ + (−1)x4 χ̄xγ3γ4χx+3̂+4̂
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[σ12,σ34] = 0 (31)
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sym.
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Dnf −
∑
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n
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N,µ
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M (A)
f = ε

∑

sym

η1η2η3η4C1C2C3C4

= (1 ⊗ γ5) + O(a2) (40)

M (H)
f =

∑

µ>ν

i

2
√
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εµνηµην(CµCν + CνCµ)
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∑

µ>ν

σµν) + O(a2) (41)
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Here again the non-trivial flavored-mass terms with a proper mass shift result in the
second-derivative terms proportional to a near the classical continuum limit as in the
usual Wilson fermion. For example,
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n
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µψ(x) + O(a2), (3.30)

It is consistent with the criterion for the Wilson fermion. The deviation from the usual
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with (Vµ)xy = Ux,µδy,x+µ. Here ε is represented as Γ55 = γ5 ⊗ γ5 in the spin-flavor
representation while ηµ followed by the transporter Cµ is represented as γµ ⊗ 1 up to
discretization errors, which we sometimes denote Γµ. Thus it is obvious that the MA

stands for (1⊗γ5)+O(a) while MH stands for (1⊗
∑

σµν)+O(a). We refer to MA as the
Adams-type [30] and MH the Hoelbling-type [32]. By diagonalizing γ5 or

∑
σµν , we find

that the Adams type splits 4 tastes into two branches with positive (m = +1) and the
other two with negative(m = −1) mass while the Hoelbling type splits them into three
branches with positive(m = +2), two with zero (m = 0) and the other one with negative
mass(m = −2). The divided Hoelbling flavored-mass terms (3.36)(3.37)(3.38) correspond
to divided types in the tensor-types mass for naive fermions (3.30)(3.31)(3.32) . They
have flavored structure as ∼ (1 ⊗ (σ12 + σ34)) + O(a). By diagonalizing it, we find the
flavor structure diag[0, 0,−2, 2]. They again split 4 taste into three branches with (1, 2, 1)
fermion modes. We will later discuss about whether these divided types have enough
discrete symmetries to restore euclidian Lorentz symmetry in the continuum limit.

We here check all these staggered flavored-mass terms (3.34)(3.35)(3.36)(3.37)(3.38)
lead to the second derivative terms proportional to a near the continuum. Near the
classical continuum limit, these staggered flavored-mass terms Mf are given by

Mf ∼ a

∫
d4xχ̄D2

µχ + O(a2) (3.43)

with proper mass shift. It is compatible with the criterion for the lattice fermion con-
struction. We now can construct the two types of staggered-WIlson fermions with these
flavored-mass terms which also lead to the staggered-overlap fermions.

Now let us compare these flavored-mass terms with the MP and M (i)
T for the naive

fermions in Fig. 3.6. It is obvious that the Adams-type flavored-mass term MA corresponds
to MP while the divided Hoelbling-type terms M (i)

H corresponds to M (i)
T . It is also possible

to see that MP and M (i)
T are decomposed into the Adams and the divided Hoelbling-

type terms through the spin diagonalization which we discussed in chapter 2 as χx =
γx4

4 γx3
3 γx2

2 γx1
1 ψx, χ̄x = ψ̄xγ

x1
1 γx2

2 γx3
3 γx4

4 . MP is decomposed into MA through this spin-
diagonalization as

ψ̄xC1C2C3C4ψx → ±χ̄x(εη1η2η3η4C1C2C3C4)χx.

Here the signs in front of χ̄x come from the residual γ5 which remain in the process of
the spin diagonalization of MP . By diaonalizing γ5, we find two Adams types terms with
positive sign and two with negative signs. Such signs are not relevant for the species-
splitting, and we can neglect them. M (i)

T is decomposed into M (i)
H through the spin-

diagonalization. For example, M (1)
H is derived from M (1)

T as

ψ̄x[(C1C2 + C2C1) + (C3C4 + C4C3)]ψx

→ ±χ̄x[iε12η1η2(C1C2 + C2C1) ± iε34η3η4(C3C4 + C4C3)]χx. (3.44)

The two types of signs come from σ12 = γ1γ2 and σ34 = γ3γ4, which remain after the
usual spin diagonalization process. The point is that they commute with each other as
[σ12,σ34] = 0, and they can be diagonalized simultaneously. If σ12 is diagonalized as
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Adams-type staggered flavored mass
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sym.
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[ε12η1η2(C1C2 + C2C1) + ε34η3η4(C3C4 + C4C3)], (13)

M (2)
H =

i

2
√

3
[ε13η1η3(C1C3 + C3C1) + ε42η4η2(C4C2 + C2C4)], (14)

M (3)
H =

i

2
√

3
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)]. (15)

MT "→ MH (16)

M (i)
T → M (i)

H (17)

[σµν ,σνρ] "= 0 (18)

Snf(M
(i)
T ) → Sst(M

(i)
H ) (19)

x → R(µν)R(ρσ)x (20)

Dnf − (MV + MT + MA + MP ) (21)

M (i)
H (22)

Snf(MP) → Sst(MA) (23)

H = γ5(Dnf − rM (i)
T ) (24)

Index(D) = 2d−1(−1)d/2Q (25)

λ(r) (26)

Dnf − M (i)
T (27)

ψ̄xψx+1̂+2̂+3̂+4̂ = χ̄xγx4
4 γx3

3 γx2
2 γx1

1 γx1+1
1 γx2+1

2 γx3+1
3 γx4+1

4 χx+1̂+2̂+3̂+4̂

= (−1)x2+x4 χ̄xγ5χx+1̂+2̂+3̂+4̂

→ ±χ̄xεη1η2η3η4χx+1̂+2̂+3̂+4̂ (28)

2



(1,2,1)(4,8,4)

paper by Hoelbling [32], it was stated that the flavored-mass term (3.35) split the four
species into three branches. It is incorrect and the Hoelbling type split species into four
branches, but the decomposed Hoelbling mass terms split them into three branches as
we will show soon later.) We next consider the devided Hoelbling flavored-mass terms
as we considered for the tensor-types flavored-mass terms for the naive fermion. The
decomposed Hoelbling terms are given by

M (H)
f = M (H1)

f + M (H2)
f + M (H3)

f (3.40)

M (H1)
f =

i

2
[ε12η1η2(C1C2 + C2C1) + ε34η3η4(C3C4 + C4C3)], (3.41)

M (H2)
f =

i

2
[ε13η1η3(C1C3 + C3C1) + ε24η2η4(C2C4 + C4C2)], (3.42)

M (H3)
f =

i

2
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)], (3.43)

These divided flavored-mass terms have flavored structure as ∼ (1⊗ (σ12 + σ34)) + O(a).
By diagonalizing it, we find the flavor structure diag[0, 0,−2, 2]. They thus split 4 taste
into three branches with (1, 2, 1) fermion modes. Here we check these flavored-mass terms
result in the second derivative terms proportional to a near the continuum. Near the
classical continuum limit, both staggered flavored-mass terms are given by

Mf ∼ a

∫
d4xχ̄D2

µχ + O(a2) (3.44)

It is compatible with the criterion for the lattice fermion construction. We now can
construct the two types of staggered-WIlson fermions with these flavored-mass terms
which also lead to the staggered-overlap fermions.

Now let us compare these flavored-mass terms with the MP and M (i)
T for the naive

fermions in Fig. 3.6. It is obvious that the Adams-type flavored-mass term corresponds to
MP while the Hoelbling-type term corresponds to MT . It is also possible to see that the
MP and MT are decomposed into the Adams and the decomposed Hoelbling-type terms
through the spin diagonalization which we discussed in chapter 2. MP is decomposed into
M (A)

f through the spin-diagonalization as

ψ̄xC1C2C3C4ψx → ±χ̄x(εη1η2η3η4C1C2C3C4)χx.

Here we the signs in front of χ̄x come from the residual γ5 in the spin diagonalization of
MP . By diaonalizing γ5, we find two Adams types terms with positive sign and two with
negative signs. Such signs are not relevant for the species-splitting, and we can neglect
them. M (i)

T is decomposed into M (Hi)
f through the spin-diagonalization. For example,

M (H1)
f is derived from M (1)

T as

ψ̄x[(C1C2 + C2C1) + (C3C4 + C4C3)]ψx

→ ±χ̄x[iε12η1η2(C1C2 + C2C1) ± iε34η3η4(C3C4 + C4C3)]χx. (3.45)

The two types of signs come from σ12 = γ1γ2 and σ34 = γ3γ4, which remain after the
usual spin diagonalization process. The point is that they commute with each other as
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Hoelbling-type flavored mass

・spin diagonalization

parts of Hoelbling fermions derived
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Snf(M
(i)
T ) → Sst(M

(i)
H ) (1)

M (i)
H (2)

Snf(MP) → Sst(MA) (3)

H = γ5(Dnf − rMT) (4)

Index(Dnf) = 2d−1(−1)d/2Q (5)

λ(r) (6)

Dnf − M (i)
T (7)

ψ̄xψx+1̂+2̂+3̂+4̂ = χ̄xγx4
4 γx3

3 γx2
2 γx1

1 γx1+1
1 γx2+1

2 γx3+1
3 γx4+1

4 χx+1̂+2̂+3̂+4̂

= (−1)x2+x4 χ̄xγ5χx+1̂+2̂+3̂+4̂

→ ±χ̄xεη1η2η3η4χx+1̂+2̂+3̂+4̂ (8)

ψ̄xψx+1̂+2̂ + ψ̄xψx+3̂+4̂ = (−1)x2 χ̄xγ1γ2χx+1̂+2̂ + (−1)x4 χ̄xγ3γ4χx+3̂+4̂

→ ±χ̄xiε12η1η2χx+1̂+2̂ ± χ̄xiε34η3η4χx+3̂+4̂ (9)

[σ12,σ34] = 0 (10)
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※ two terms simultaneously diagonalizable : 

Hoelbling PLB696, 422(2011) [1009.5362],   de Forcrand (2010)

Hoelbling, PLB696, 422(2011) [1009.5362].

→Spin diag. & Sum of 3 parts

Figure 3.3: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field
case in momentum space with 164 grids of the brillouin zone. (a) Dn − MP with species
split into (8, 8). (b) Dn − (MP + 0.1MA) with species split into (2, 2, 4, 4, 4). (c) Dn −
(MP + MV + MT + MA) with species split into (1, 15).
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Figure 3.4: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field case
in momentum space with 164 grids of the brillouin zone for Dn − M (i)

T where i = 1, 2, 3.
16 species are split into (4, 8, 4)
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3.3 Flavored mass for staggered fermions

In this section we study staggered versions of the Wilson term, in which the flavored-
mass terms lift the four degenerate tastes in a manner similar to the usual Wilson term.
The concrete examples of the flavored-mass terms for the staggered fermions were first
discussed in [59], and revisited in [30, 31, 32]. Thus the contents of this section are not
a contribution from this thesis. However, as we will see later, I contribute much to this
topic by studying the symmetries of them and the phase structure. Thus in this section
we need to review details of this topic.

As we have seen, the Wilson term splits the degenerate 16 species into 5 branches
where 1, 4, 6, 4 and 1 fermions live, which is just one example of the flavored-mass terms
for the naive fermions [29, 75]. The significant condition for flavored-mass terms to yield
physical fermions is that they should commute with γ5 so that the Dirac operator satisfies
the γ5 hermiticity. We here note the natural definition of γ5 in the naive fermion is flavored
such as γ5 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3) in the spin-flavor representation. We have seen there are
4 types of non-trivial flavored-mass terms for the naive fermion which split species and
satisfy γ5 hermiticity. All these terms result in the same O(a) form as ∼ a

∫
d4xψ̄D2

µψ
near the continuum limit.

In a parallel way the staggered fermions also have non-trivial flavored-mass terms
which split 4 tastes and commute with γ5. In this case, the γ5 is expressed in spin-taste
representation as γ5 ⊗ γ5, which we sometimes denote as Γ55. Therefore we only have two
choices of possible flavored-mass terms to satisfy the above conditions: 1⊗γ5 and 1⊗σµν

(σµν = iγµγν). Actually these spin-flavor structures of flavored-mass terms are realized
for one-component staggered fermions up to O(a) discretization errors as

MA = ε
∑

sym

η1η2η3η4C1C2C3C4 = [1 ⊗ γ5] + O(a), (3.34)

and

MH = M (1)
H + M (2)

H + M (3)
H ,

=
2√
3
[1 ⊗ (σ12 + σ34 + σ13 + σ42 + σ14 + σ23)] + O(a), (3.35)

M (1)
H =

i

2
√

3
[ε12η1η2(C1C2 + C2C1) + ε34η3η4(C3C4 + C4C3)], (3.36)

M (2)
H =

i

2
√

3
[ε13η1η3(C1C3 + C3C1) + ε42η4η2(C4C2 + C2C4)], (3.37)

M (3)
H =

i

2
√

3
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)]. (3.38)

where

Cµ = (Vµ + V †
µ )/2, (3.39)

(ηµ)xy = (−1)x1+...+xν−1δx,y, (3.40)

(ε)xy = (−1)x1+...+x4δx,y, (3.41)

(εµν)xy = −(ενµ)xy = (−1)xµ+xνδx,y (µ < ν), (3.42)
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・Wilson fermion without on-site terms

Extra U(1)V symmetry emerge ! (works as chiral symmetry) 
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, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (1)

S =
1
2

∑

x,µ

ψ̄x[γµ(ψx+µ − ψx−µ) − (ψx+µ + ψx−µ)] (2)

MH = M (1)
H + M (2)

H + M (3)
H , (3)

M (1)
H =

i

2
√
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i

2
√

3
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M (3)
H =

i

2
√

3
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)]. (6)

MT $→ MH (7)

M (i)
T → M (i)

H (8)

[σµν ,σνρ] $= 0 (9)

Snf(M
(i)
T ) → Sst(M

(i)
H ) (10)

x → R(µν)R(ρσ)x (11)

Dnf − (MV + MT + MA + MP ) (12)

M (i)
H (13)
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・prohibits additive mass renormalization ! 
・will be spontaneously broken due to pion condensation !

3.1 Action and symmetries

The action for the Wilson fermion [1] is given by

S = Snf + SW with SW = −r

2

∑

n,µ

ψ̄n (ψn+µ̂ − 2ψn + ψn−µ̂) . (15)

In terms of the spin-flavor representation, the Wilson term SW is written as

SW = −r

2

∑

N,µ

[
2Ψ̄(N)

(
14 ⊗ γT

µ ⊗ γµ

)
Ψ(N) + Ψ̄(N)

(
14 ⊗ γT

µ ⊗ γµ

)
∇2

µΨ(N)

+Ψ̄(N)
(
γµγ5 ⊗ γT

5 ⊗ γµ

)
∇µΨ(N)

]
+ 4r

∑

N

Ψ̄(N) (14 ⊗ 14 ⊗ 14) Ψ(N) . (16)

The first three terms in (16) are invariant under the ordinary U(1) vector transformation, U(1)V ,

which is defined by

Ψ(N) → Ψ′(N) = exp [iθ(14 ⊗ 14 ⊗ 14)] Ψ(N) , (17)

Ψ̄(N) → Ψ̄′(N) = Ψ̄(N) exp [−iθ(14 ⊗ 14 ⊗ 14)] , (18)

ψn → ψ′
n = eiθψn , ψ̄n → ψ̄′

n = e−iθψ̄n , (19)

and the site-dependent U(1) vector transformation, U(1)−V , defined by

Ψ(N) → Ψ′(N) = exp
[
iθ(γ5 ⊗ γT

5 ⊗ 14)
]
Ψ(N) , (20)

Ψ̄(N) → Ψ̄′(N) = Ψ̄(N) exp
[
iθ(γ5 ⊗ γT

5 ⊗ 14)
]

, (21)

ψn → ψ′
n = ei(−1)n1+...+n4θψn , ψ̄n → ψ̄′

n = ei(−1)n1+...+n4θψ̄n . (22)

By contrast the last term in (16) is invariant only under the U(1)V transformation. Therefore,

the total Wilson fermion action possesses only the U(1)V symmetry for general values of m and

r. Interestingly enough, however, the additional U(1)−V symmetry appears if m and r satisfy

m+4r = 0, at which the on-site terms cancel out between the mass term and the Wilson term.

As we will show in the next subsection, this symmetry is spontaneously broken by the pion

condensate, 〈ψ̄γ5ψ〉.

3.2 Strong coupling analysis

Now we employ the strong coupling analysis to show that there appears an NG boson associated

with the U(1)−V symmetry breaking in the presence of the pion condensate. An effective action

for mesons in the strong coupling limit [42,9, 10] can be written in general as

Seff(M) = Nc

∑

n

[
∑

µ

Tr f(Λn,µ) + tr M̂M(n) − tr log M(n)

]
, (23)

5

Aoki phase

§ Strong-coupling meson potential

In the case of the Wilson fermion, M̂ = (m + 4r)14 ≡ MW14 and P±
µ =

γµ ± r

2
. By taking

M0 = σ14 + iπγ5, we have





σ =
−MW ±

√
M2

W + 8(1 − r2)

4(1 − r2)
, π = 0 , M2

W ≥ M2
c

σ =
MW

4r2
, π2 =

1

16r4(1 + r2)
(8r4 − M2

W (1 + r2)) , M2
W < M2

c

(32)

where M2
c =

8r4

1 + r2
.

As discussed in the previous subsection, at MW = 0 we have an additional U(1) symmetry,

U(1)−V . Since this parameter regime resides in the parity broken phase, in which π2 $= 0 and

M2
W < M2

c , U(1)−V is spontaneously broken by the VEV of π in this case.

To compute the meson mass, we hereafter take r2 = 1 for simplicity. Because D(p) is block-

diagonal, we concentrate on its submatrix DXY (p) with X, Y ∈ {S, P, Aα}. Then, by setting

p = (π, π,π, π + imSPA ), we find that the S-P -Aα sector mass mSPA is given by

cosh(mSPA ) = 1 +
20M2

W

6 − 7M2
W

. (33)

Note that since the transformation (22) involves the site-dependent quantity (−1)n1+···+n4 , it

is natural to expand the momentum p around (π, π,π, π). Eq. (33) tells us that the meson

becomes a massless NG boson at MW = 0 as expected. If we use the exact form of f(x) in the

large Nc limit, we then obtain

cosh(mSPA ) = 1 +
2M2

W (16 + M2
W )

16 − 15M2
W

, (34)

which again shows that a massless NG boson appears at MW = 0.

Before closing this subsection, it is worth noting that MW = 0 corresponds to the cen-

tral cusp in the parity broken phase, at which six fermion modes with momentum shift,

p = (π, π, 0, 0), (π, 0,π, 0), (π, 0, 0,π), (0,π, π, 0), (0,π, 0, π) and (0, 0,π,π), are expected to

appear in the continuum limit. Although we have not yet known much about the continuum

limit for this cusp, it is expected to correspond to QCD with six flavors, which is still asymp-

totically free. Therefore, if an appropriate continuum limit exists, we expect the theory in the

limit will be Lorentz-symmetric as in the “physical” branch because the Wilson fermion ac-

tion itself possesses the hypercubic symmetry6 which is likely to lead to the Lorentz symmetry

6Although the 3rd term in (16) looks hypercubic non-invariant, it is just an expression artifact: As is argued
in [46], the spin-taste representation does not respect translational invariance, leading to apparent Lorentz non-
invariance in this case. Actually such a term is prohibited by imposing this invariance. The expression is not
suitable for study of Lorentz symmetry although it gives good insight into other symmetries.
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Massless NG boson 

It is expected to describe 6-flavor Twisted-mass QCD.
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Kimura, Komatsu, Misumi, Noumi, Torii, Aoki, JHEP 1201:048 (2012) 
Creutz, Kimura, Misumi, PRD 83:094506 (2011),◆ Central cusps



・ For other naive flavored mass terms 

MA  :  U(1) restored  

MT  :  U(2) restored

MP  :  N/A

・For staggered flavored mass terms 

MA  :  N/A
MH  :  C-like symmetry restored

Isospin-type may work. 

In the QCD simulation we will tune the mass parameter M to take a chiral
limit. For some negative value of the mass parameter: −1 < M < 0 for
Adams-type and −2 < M < 0 for Hoelbling-type, we obtain two-flavor and
one-flavor overlap fermions respectively by using the overlap formula.

3 Symmetry

In this section we discuss the discrete symmetry of the staggered-Wilson
fermions. Most of conclusions we will show in this section were already
shown in the old reference [25, 27] and the recent two papers [9, 10]. The
potential problem for staggered-Wilson fermions in lattice QCD is the dis-
crete symmetry breaking. As discussed in [9, 10], the discrete symmetries
possessed by the original staggered fermion is broken to their subgroups both
in the Adams-type and Hoelbling-type actions. One of the broken discrete
symmetries is the shift symmetry, whose transformation is given by

Sρ : χx → ζρ(x)χx+ρ̂, χ̄x → ζρ(x)χ̄x+ρ̂, Uµ,x → Uµ,x+ρ̂, (9)

with ζ1(x) = (−1)x2+x3+x4 , ζ2(x) = (−1)x3+x4 , ζ3(x) = (−1)x4 and ζ4(x) = 1.
The Adams-type fermion is invariant under the subgroup x → x + 1̂ ± µ̂
while the Hoelbling-type fermions is invariant under x → x + 1̂ ± 2̂ ± 3̂ ± 4̂.
Note that these subgroups include the doubled shift x → x + 2µ̂ as their
subgroup. The axis reversal invariance is also broken in both cases, whose
transformation is given by,

Iρ : χx → (−1)xρχIx, χ̄x → (−1)xρχ̄Ix, Uµ,x → Uµ,Ix, (10)

with I = Iρ is the axis reversal xρ → −xρ, xτ → xτ , τ #= ρ. In addition, the
Hoelbling-type fermion loses the original rotational symmetry of the stag-
gered fermion while it holds in the Adams-type fermion. The staggered
rotational transformation is given by

Rρσ : χx → SR(R−1x)χR−1x, χ̄x → SR(R−1x)χ̄R−1x, Uµ,x → Uµ,Rx, (11)

where Rρσ is the rotation xρ → xσ, xσ → −xρ, xτ → xτ , τ #= ρ,σ and
SR(x) = 1

2 [1 ± ηρ(x)ησ(x) ∓ ζρ(x)ζσ(x) + ηρ(x)ησ(x)ζρ(x)ζσ(x)] with ρ <> σ.

C : χx → χ̄T
x , χ̄x → χT

x , Uµ,x → U∗
µ,x, (12)
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◆ Central cusps for other flavored masses progress in NTFL workshop (2012)

Alternative use of Wilson-type fermions....? 

(i)

→   2-flavor twisted-mass QCD!?   cf.) de Forcrand, et.al. [1202.1867]
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4. Summary

1. Flavored-mass terms give us new types of  Wilson and   
    overlap fermions.   
 

2. Staggered-Wilson can be derived from generalized   
    Wilson fermions through spin-diagonalization. 

3. Central cusps are expected to describe twisted-mass QCD    
    without any parameter tuning.
                                                                    


