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1. Introduction

Flavor-Chiral Symmetries of QCD at low T

U(Nf)L@)U(Nf)R* U(1)s ® S(N¢)L ® SU(Ny)r * U(1)p @ S(Ny)v

flavor-chiral _ _
chiral anomaly spontaneous breaking of
(explicit breaking) chiral symmetry
_ deconfinement (QGP)
QCD at high T

restoration of chiral symmetry

owT U(l)p @ S(Ny)v * high T Ul)p ® S(Nf)r, @ SU(Nys)rR

phase transition

How about U(1)a symmetry 7
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How about U(1)a symmetry ?

1. Analytic: U(1)a symmetry is also “restored” above Tc.. Cohen(96)

2. Analytic: U(1)a symmetry breaking appears at Nf point functions above Te.
L ee-Hatsuda(96)

3. Lattice: U(1)a symmetry is still “broken” just above Tc .
Chandrasekharan-Christ(96), Bernald, et al. (97)
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Cohen’s argument

Meson operator and chiral symmetry( N = 2)
color

M () = *(@)5(T © TH] 9" ()5

flavor

Dirac
chiral SU(2)
o meson: 1 ®1 < > 7T meson: v ® 7
A A
U(1)a U(1)a
v chiral SU (2) Y
N meson: v5 Q1 < > 0 meson: 1®@ 7

chiral SU(Q): w — em/4757a¢’ QE N @Ee’iﬂ/‘l%TG
U(l)AZ w —> 67:71-/4751?707 QE N 1;67;71-/4’751
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2-pt function H?ﬂ“g (x) = <Mff11 (x).7\41i42 (0))

I (2) / DG P (G){trT1 Se: (2, 0)T2S6 (0, 2)] — Saotr|Ty Se (. 2)]tr[T2Se: (0, 0)]}
P(G) = %e_SYM(G) det[y* D,y (G) — m]
XU(1)4 = /d4$[HJ( /d4 /D GltrSa(x, x)trSa(0,0)

U(1) 4 symmetry is restored = xg7(1y, = 0

“Spectral” representation

7 [da@@ue) =~ [DIOIS |5+ == | Pal@) = [ DIGIPA(E) [ droo )37

eigenvalue of y# D,

density of eigenvalues pa(A) = 17 Z 0(A = X(G))
J
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Chiral symmetry restoration

XU(l)A/V — 07

(m —0)

U(1)4 seems to be restored.

However, where is "anomaly” ?
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Loophole of the argument Lee-Hatsuda(96)

Effect of zero mode (Q=-1,1)

O(m*7) contribution

() ocm™ x ~ 0
T

but

N
XU(1)s XM X —5 #0 at N = 2
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Lattice Results(KS fermion) Bernald et al. (97)
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This talk

give a more precise argument in continuum QCD.
give a rigorous argument in lattice QCD with overlap fermions.
consider a more general case.

Content

1. Introduction

2. Continuum QCQ

3. Lattice QCD with overlap fermions

4. General cases

5. Discussion
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2. Continuum QCD

“Spectral” representation of quark propagator

D ( )ch( )T 505 (2)d5 () s
Salw,y) = __Z¢k +Z[ “m T —idd—m ]
A: gauge fields zero modes(chiral) non-zero modes
_ Ny, 1
(@) = —7<—E;<¢k,¢k>
b Y e 60+ (ot s | )
=, INA TS T NA NPT PR
_ NR+L(A) Oo 2m 1 WA NR L:NR‘I’NL
B Nf< mV +/O dAA2+m2VAz>:O5(A A”)>A '
_ Nptr(A) >~ 2m 4 Ay L A
— Nf< - +/0 d)\)\Q_I_me (A)>A PN = Vg;oa(x—xn)
P (A) () ()N Nt H (A7 +m?) positive & even in m if Ny is even
An >0
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Expansion V — oo
2

)\” A .
Z pA = pi + P+ p’g‘? TR (possible, at least, at T > Tc )

Integral

2m
/dA P (M) 2o Tmpy + O(m)

T = 2 tan (A> A UV cut-off
m

_ A N A
* lim lim () = lim Ny [Ztan <E> <p64>A+‘}Enw< RJ;J‘(/ )4 .

m—0V —oo m—0

=0, If chiral symmetry is restored,

positive semi-definite

* (poya = m>po,

1 _ Nf Ngr L(A)
im —(Npir(A)a = m2N Npryr(A) oc (m™1)7rs

V—oo V much more suppressed.
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Other conditions from

T})/ir_)n() \}Enoo X = 7713210 Vlgnoo Xn—é =0, (chiral)
* <1064> — O(m2)7
, 1
‘}Enoo 2V (Nrip(A)a = O(m?),
Ny
. 2 . . 2 . B
\/11—I>noo m2V <Q (A)>A — 2,01 + O(m ), 11mm—>0<ﬂi4>A -

Nr — N = (@ (index theorem)

Q(A) x (mN)QH) much more suppressed.

=

. . 1
im lim
m—0 V —oo m2 V

(Q*(A)) =0

c.f. (Q*(A)) xmXV at T =0
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|U(1)a susceptibility |

Ny
T—7 . 2 _ — 2
X Jim 5 (Q7(A))a = 2Npp1 + O(m”)
. . 1 5
but Ao, A m2V (@A) =0
* lim XW—"? _ This does NOT necessarily mean
m—0 the recovery of U(1) symmetry.
p1 = 07
, eigenvalue density
A

=) lim p(N) = (p3)a Ty +OON) () = (0 (V)4

linear term iIs absent |

Remark Effect of "anomaly” is represented by “index theorem”.
This can be seen in the next section.
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3. Lattice QCD with overlap fermions

Ward-Takahashi identities under “chiral” rotation| ¢“(®)i;¢(z) = @'9_“(93)T“75(1 — RaD)y(x),
0% (x)02(x) itp(x)0% (x)T s,

(J° — 698)0 + 5°0) = 0
Action S =Dy —m / 'z OF(D)y. k) =1~ Rap,

Ginsparg-Wilson relation D~s +~v5D = aDRvysD

* /d4 {Js +2mP%(x)}O0 +650) = 0. integrated WTI

() = G@TF(D)yp(z), ~ scalar
g

P“(x) = (2)T%%ysF(D)y(x),  pseudo-scalar
Chiral rOtatiOn 5bSa(x) _ zdngC(x)’ (505@(33) _ QPG’(QZ) _ 5a50($)) {Ta’,Tb} _ QdGbTC‘
P Pi(z) = —2d°°S°(x), (°P°(x) = —25%(x) = 6°P°(x)) : SRR

‘measure” term (anomaly)

R
J = =2itr T%s (1 — §aD> (x,x) = 5“022thr75 (1 — ga,D) (x,x)
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anomalous WTI O = S%(y)P*(z) and 6° = §"

([t a2+ 2mPys )P () 4 2P ()P () - 25 ()" (2) ) =
non-anomalous WTI O = S%(y)P%(z) or S*(y)P°(z) and §¢

2 <m/d433 P*(z)S° (y)P*(2) + P*(y)P*(z) — So(y)SO(z)> —

2 <m/d4:13 P (x)S%(y)P°(2) + P°(y)P°(z) — Sa(y)S“(z)> —

0,
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Eigenvalue spectrum|  An+ A = aRA\ ),
fm =14+ maR/2.
A
1/Ra —
dn(2)0] (1) | V5Pn(x)0f ()75
SF(x,y) zn: [fm)‘n_m " fmj\n—m
y 0 } 1 T CLR +
R 2/Ra + Z maﬁk(x)aﬁk(y) + Z 7¢K($)¢K(y)
k K
zero modes(chiral) doublers(chiral)
-1/Ra ——
2
X Z: =1- (ma)zR—
[ das@ = LS 6o :
% v B mV £ ook O<)\<A—i
i Ra
Ny 1 — ga)\n 1 — E(Ij\n .
- 7 ; fm)\n _ m(qu an) + fmj\n _ m(75¢n775¢n) pA()\) = % ;5()\ — E\n)\n)
Nf j Nf 2m R2 ! .
— m—VNR+L(A —I—vzn:z%)\n)\n_i_lrn? (1—ZCL2)\ )\ ) mR—m/Zm
N Ny 2 R?
(°6) = L (Npyn(A)at o [ ar ) a1 a2,
mV Zm Jo Af +m5p 4

continuum formula holds, except Ra terms.
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Others also hold.

* IResult in the previous section can be rigorously derived in lattice QCD. |

‘U(1 )a susceptibility

4
lim lim X" = lim lim ——(Q*(A))a =2Nsp. (=0) from a direct calculation

m—0V —oo m—0V —oo m2V

consistent * Effec?t of "anomaly” is represented
by “index theorem?”.
T = gy [ dledtud (05 ()P (2)
N2
— 7f/d4:cd4yd4z (trys F'(D)(z, ) tr F(D)Sp(z — y)vsF(D)Sp(y — 2)) from an anomalous WTI
N2
= (VR L(A)). (107)
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4. General cases

4-1. Higher order susceptibilities at N = 2

singlet

On1,m2,n3,Me . PN GN2 Pélss(?)u F = /d4513 F(ZU)

non—singlet

Chiral variation‘

non-singlet §_ (O™1:m2,n3,M74 _n1@n1—1,n2,n3,n4+1 _|_n20n1,n2—1,n3+1,n4

n30n17n2+17n3_17n4 _|_ n40n1+17n27n37n4_1
Slnglet 500n17n27n37n4 — _n10n1_17n2—|—17n37n4 _|_ n20n1+17n2_17n37n4
n30n17n27n3_17n4+1 _|_ n40n17n27n3—|—17n4_1
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Operator sets
Oc(zN) — {On1,n2,n3,n4’ Ny + no = Odd, ny + ng = ()dd_7 an — N}

o5

{On17n27n37n4‘ n1 _|_ No = even, nq —|— ng = Odd’ E n;, = N}
1

5aOC(l,N) c {Onl,nz,n3,n4| N1 -+ nog = even, N + ny = even, Z N; = N}

1

= oW

505 € oW

WT identities |

N: 0dd 5,OW) =

equivalent

N: even 5aO(N) — 0

a
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4-2. Nf = 3 case

Non-singlet Chiral WT identities

Pa(z)Pa(y) — So(z)So(y) = 0 Po(x)Po(y) — Sa(2)Sa(y) =0

0853 = 2d353 3, 0 P3 = —2d33353 special at Nf = 3

* 08(P3(7)S3(y)) = 2d3s3(Ps(x) P3(y) — S3(x)S3(y)) =0

S

P3(x)P3(y) — Po(z)Po(y) =0

/
7TO 7]

Singlet WT identity is satisfied at this order.

Zero-modes (me)Q * Effects should appear at 3-pt functions.
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5. Conclusion

‘Conclusion‘ If chiral symmetry is restored at T > Tc,

» lim x" 7" =0
m—0
)\2

lim pr (A) = (p3)a 57 + O(AY)

S

|Work in progress| constraints from higher order susceptibilities

N
chiral symmetry 5aOC(L ) = 0

* constraint on eigenvalue density

eigenvalues of Dirac operator p(N)
;> have a gap near zero.

p(A) =0 at |\ < A Ac
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