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Phase structure of QCD at high temperature and density 

Lattice QCD Simulations quark-gluon plasma phase

• Phase transition lines
• Equation of state
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Probability distribution function
 Distribution function (Histogram)

X: order parameters, total quark number, average plaquette etc.
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 In the Matsubara formalism,
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 where   detM: quark determinant,   Sg: gauge action.

 Useful to identify the nature of phase transitions Useful to identify the nature of phase transitions
 e.g. At a first order transition, two peaks are expected in W(X).



-dependence of the effective potential
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X: order parameters, total quark number, average plaquette, quark determinant etc. 

 
Crossover

Critical point ,,eff TXV Correlation length: short 
V(X): Quadratic function

Correlation length: long

T

Correlation length: long
Curvature: Zero

T
QGP

1st order phase transition

hadron CSC?

1 order phase transition

Two phases coexist
D bl ll i l


CSC? Double well potential



Quark mass dependence of the critical point
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• Where is the physical point?
• Extrapolation to finite density

– investigating the quark mass dependence near =0
• Critical point at finite density?



Equation of State
• Integral method

– Interaction measure ln  13 Zp 


e ac o easu e

computed by plaquette (1x1 Wilson loop) and the derivative of detM.
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– Pressure at =0
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Plan of this talk

• Test in the heavy quark region
– H. Saito et al. (WHOT-QCD Collab.), Phys.Rev.D84, 054502(2011)
– WHOT-QCD Collaboration, in preparation

• Application to the light quark region at finite densityApplication to the light quark region at finite density
– S.E., Phys.Rev.D77, 014508(2008))
– WHOT-QCD Collaboration, in preparationWHOT QCD Collaboration, in preparation 

(Lattice 2011 proc.: Y. Nakagawa et al., arXiv:1111.2116)



Distribution function in the heavy quark region
WHOT QCD C ll b Ph R D84 054502(2011)WHOT-QCD Collab., Phys.Rev.D84, 054502(2011)

• We study the critical• We study the critical 
surface in the (mud, ms, ) 
space in the heavy quarkspace in the heavy quark 
region.

• Performing quenched• Performing quenched 
simulations + 
Reweighting.Reweighting.
– plaquette gauge action + 

Wilson quark action



(, m, )-dependence of the Distribution function
• Distributions of plaquette  P (1x1 Wilson loop for the standard action)
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Effective potential:
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Distribution function in quenched simulations
Effective potential in a wide range of P: requiredEffective potential in a wide range of P: required.

Plaquette histogram at K=1/mq=0.        Derivative of Veff at =5.69 

dVeff/dP is adjusted to =5.69, using      12site1
eff

2
eff 6  N

dP
dV

dP
dV

,4243
site N 5  points,  quenched.

j  , g

These data are combined by taking the average.
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Effective potential near the quenched limit
WHOT QCD Phys Rev D84 054502(2011)WHOT-QCD, Phys.Rev.D84, 054502(2011)

Quenched Simulation
(mq=, K=0)

first order

dP
dVeff

K~1/mq for large mq

dP

crossover

Quark mass
smaller

• detM: Hopping parameter expansion
lattice, 4243  5  points,   Nf=2

• detM: Hopping parameter expansion,
Nf=2:  Kcp=0.0658(3)(8)
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Endpoint of 1st order transition in 2+1 flavor QCD

  KMd

Nf=2:  Kcp=0.0658(3)(8)
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Finite density QCD in the heavy quark region
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• We can extend this discussion 
to finite density QCD.to finite density QCD.



Phase quenched simulations, 
Isospin chemical potential

    *,det,det  KMKM
Isospin chemical potential

(Nf=2),  u= d.       ,det,det,det 2 KMKMKM
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• If the complex phase is neglected,

   M 0,0det phase
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– Critical point:
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Distribution function for P and R at =0
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Derivatives of Veff in terms of P and R

l i4243  iIn heavy quark region, lattice,4243  5  points
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Lines of constant derivatives obtained by quenched simulations

At the critical point,
d /ddVeff/dP=0
dVeff/dR=0

RR

Bl li dV /dPBlue lines: dVeff/dP
Red lines: dVeff/dRP

• The number of the intersection changes around =0.658



Finite density QCD in the heavy quark region

       xUxUxUxU aa †
4

†
444

qq e      ,e   

     KMdet

** qq e      ,    TTe

 
    

     











  

NN

TTN
s

N

TiTKNPKNN

eeKNPKNN
M

KMN

tt

tt

i hh212288

26288
0,0det
,detln

34

*//34
siteff

      IR
N

s
N TiTKNPKNN tt sinhcosh212288         34

sitef
phase

• We can extend this discussion to finite density QCD.



Finite density QCD
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• Reweighting: is a non-linear term in
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Sign problem.



Avoiding the sign problem
(SE, Phys.Rev.D77,014508(2008), WHOT-QCD, Phys.Rev.D82, 014508(2010))

: complex phase   I
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• Sign problem: If        changes its sign,
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• Cumulant expansion
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Source of the complex phase

If the cumulant expansion converges,   No sign problem.



Cumulant expansion of the complex phase 
• When the distribution of  is perfectly Gaussian, the average of 

the complex phase is give by the second order (variance),
Distribution of  at K=0Distribution of  at K=0
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the region of large R is important.
• The distribution of   seems to be of Gaussian  at R>0.
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Convergence in the large volume (V) limit
• Because  ~ O(V),  Naïve expectation:

– If so, the cumulant expansion does not converge.
?)(~ n

C

n VO

However, this problem is solved in the following situation.

• The phase is given by  1 2 3The phase is given by 
– No correlation between x.
– In the heavy quark region, the phase is the imaginary 
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– If the spatial correlation length is short, the distribution of the 
imaginary part of the Polyakov loop is expected to be Gaussian by 
th t l li it ththe central limit theorem.



Convergence in the large volume (V) limit
This problem is solved in the following situation.
• The phase is given by  xp g y

– No correlation between x.
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– Ratios of cumulants do not change in the large V limit.
– Convergence property is independent of Vg p p y p
although the phase fluctuation becomes larger as V increases.



Effect from the complex phase

I
2 • The complex phase fluctuation is 

l d 0 d <0cI large around =0 and <0.
• However, the region around =0 

is less important for finite 
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Critical surface at finite density
C t l t f th d i ti f V (P  )  TK tN i h• Contour plot of the derivatives of Veff (P,R).  TK tN  sinh

5100.1 0

• Blue line is the dVeff/dR around the critical point• Blue line is the dVeff/dR around the critical point.
• Effect from the complex phase is small on the critical line,  .102 5
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Critical line in finite density QCD
(WHOT QCD Collab in preparation 11)(WHOT-QCD Collab., in preparation,  11)

• The effect from the complex   I
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Critical line for u=d=

is small.  
• On the critical line,
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Distribution function in the light quark region
WHOT-QCD Collaboration, in preparation,WHOT QCD Collaboration, in preparation, 

(Nakagawa et al., arXiv:1111.2116)

W f h h d i l ti• We perform phase quenched simulations
• The effect of the complex phase is added by the 

reweighting.
• We calculate the probability distribution functionWe calculate the probability distribution function.

• Goal
– The critical pointp
– The equation of state

Pressure, Energy density, Quark number density, Quark number , gy y, Q y, Q
susceptibility, Speed of sound, etc.



Probability distribution function 
by phase quenched simulationby phase quenched simulation

• We perform phase quenched simulations with the weight:We perform phase quenched simulations with the weight:
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Phase quenched simulation
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• When  = d pion condensation occurs

      ,det,det,det 2 KMKMKM     ,,det,det * KMKM

• When u=d, pion condensation occurs.
• is suggested in the pion 

d d h b h l i l 

Phase structure of 
the phase quenched 

2-flavor QCD
0ie

condensed phase by phenomenological 
studies. [Han-Stephanov ’08, Sakai et al. ‘10]
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 2 flavor QCD

No overlap between W() and W0().

• Near the phase boundary, 0ieNear the phase boundary,
– large fluctuations in : expected. pion condensed 
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• The slopes are zero at 
the peak of W(P,F).
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• W() can be computed by simulations around (0,0).



Avoiding the sign problem
(SE, Phys.Rev.D77,014508(2008), WHOT-QCD, Phys.Rev.D82, 014508(2010))

: complex phase MdetlnIm

• Sign problem: If        changes its sign,
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ie

• Cumulant expansion
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If the cumulant expansion converges,   No sign problem.



Complex phase distribution 
h ld d fi h l h i h f• We should not define the complex phase in the range from  to 

• When the distribution of  is perfectly Gaussian, the average of the complex 
phase is give by the second order (variance)  1phase is give by the second order (variance),
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• Gaussian distribution   The cumulant expansion is good.
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• We define the phase
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Distribution of the complex phase
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T

quark action

Random noiseRandom noise 
method is used.

• Well approximated by a Gaussian function.Well approximated by a Gaussian function.
• Convergence of the cumulant expansion: good.



Distribution in a wide range

• Perform phase quenched     fdet
N

MFPW 

Reweighting method     W0: distribution function in phase quenched simulations.

p q
simulations at several points.
– Range of  F is different.

Ch b i h i
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• Change  by reweighting 
method.

• Combine the data• Combine the data.

Distribution in a wide range:Distribution in a wide range:
obtained. 

• The error of R is small 
because F is fixed.  

      ,,ln,,,ln,,ln 0000 FPWFPRFPW



Summary
• We studied the quark mass and chemical potential dependence 

of the nature of QCD phase transition.Q p

• The shape of the probability distribution function changes as a p p y g
function of the quark mass and chemical potential.

• To avoid the sign problem, the method based on the cumulant 
expansion of is useful. 

• To find the critical point at finite density, further studies in light 
quark region are important applying this method.


