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Phase structure of QCD at high temperature and density
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Probability distribution function

o Distribution function (Histogram)
X: order parameters, total quark number, average plaguette etc.

Z(m,T,u)=[dX W(X,m,T,u)

histogram

o Inthe Matsubara formalism,
Z(m, T, )= | DU (detM (m, )™ ™™
W(X',m,T,u)= [ DUS(X-X")(detM (m, )™ e~
. Where detM: quark determinant, Sg: gauge action.

o Useful to identify the nature of phase transitions
. €.¢. Ata first order transition, two peaks are expected in W(X).



u-dependence of the effective potential
Z(T’H):IdXW(X’T’H) Vg (X)) =—=InW (X)

X: order parameters, total guark number, average plaquette, quark determinant etc.

Crossover

Ve (X, T, 1) Correlation length: short Critical point

V(X): Quadratic function
Correlation length: long
Curvature: Zero

_| 1* order phase transition

hadron Two phases coexist
CSC? Double well potential

QGP




Quark mass dependence of the critical point

Nf=2 Quenched

ondorder 1storder

Real world

Physical point

" Crossover

=0

Mud 0

« Where Is the physical point?
« Extrapolation to finite density

— Investigating the quark mass dependence near u=0
 Critical point at finite density?




Equation of State

* Integral method

— Interaction measure e-3p__ 1 dlnZ
T VT dlna

computed by plaquette (1x1 Wilson loop) (P) and the derivative of detM.

— Pressure at u=0 D 1
T4 VT3

a 8' -3 p’ '
= — — d(Ina’)

ag

In Z

e Integral
) p

T4

T4

a a,

N\ ao: start point p=0

: PPt (20 (N, /detM @
Pressure at u=0, T“(“) T4(o) VT3In(Z(O)j (N ] In<detM(O)>uo

S

1
. <x>(m’T,“)=2jdx XW(X,mT,1u) with X =P or detM(u)/detM (0)



Plan of this talk

e Test In the heavy quark region

— H. Saito et al. (WHOT-QCD Collab.), Phys.Rev.D84, 054502(2011)
— WHOT-QCD Collaboration, in preparation

« Application to the light quark region at finite density
— S.E., Phys.Rev.D77, 014508(2008))
— WHOT-QCD Collaboration, in preparation
(Lattice 2011 proc.: Y. Nakagawa et al., arXiv:1111.2116)



Distribution function in the heavy quark region
WHOT-QCD Collab., Phys.Rev.D84, 054502(2011)

4 o We study the critical
surface in the (Mud, Ms, 1)
space In the heavy quark
region.

 Performing quenched
simulations +
Rewelighting.

. plaguette gauge action +
Wilson quark action




(3, m, u)-dependence of the Distribution function

* DIStI’IbUtIOﬂS Of plaquette P (1x1 Wilson loop for the standard action)

W (P',8,m, )= [ DUS(P-P") (detM (m, )" e*e-"

R(P,B,B,m, m,,n)=W(P,B,m,u)/W(P,B,,m,,0) (Reweight factor)

S(P-P') detM (m,},t)
| detM (m,,0) J( det (m,p) )"
R(P'): eGNsite (B_BO)P (Bo.,u=0) — e6Nsite (B—BO)P ( 1“ \]
p

B(P-P ). o) - detM (m,,0)

Effective potential:

Veff(P!B1 m,u)= _In[\N(P’Bm1M)]:Veff(P’BO’ mo’o)_ In R(P’B’Bom’ mo’lvl)

INR(P)=6N_.(B—p,)P + In< [ detM (m’“)ij>

detM (m,,0)




Distribution function in quenched simulations

Effective potential in a wide range of P: required.

Plaquette histogram at K=1/mq=0. Derivative of Veff at $=5.69
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Effective potential near the quenched limit

WHOT-QCD, Phys.Rev.D84, 054502(2011)
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» detM: Hopping parameter expansion,

N, |n(‘jjeett'\l\/;((*;))j = N, (288N

Nf=2: Kep=0.0658(3)(8)
K*P+12x 2" N3KMQ, +---) T

real part of Polyakov loop —° ~0.02
 First order transition at K = 0 changes to crossover at K > 0. m,

site



Endpoint of 1% order transition in 2+1 flavor QCD

Nf=2: Kcp=0.0658(3)(8)

2 |n(‘jjztt'\l\/;((';))j - 2(288N

Crossover

site

Q
<[17 «”0.05 §
Nf=2+1 =

,n{(det M (K, ) detM(K, )}

(detM (0))’
= 288N (2K, + KA P +12x 2% N2(2K Y + K o, +---

0
KAP+12x 2% NZKMQ, +-)  ET3

[l

ZL._

The critical line Is described by

N N N
2Kudt T Ks L= 2cht(Nf:Z)
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s e/ Polyakov lo
WO 0 =
Q=e o
6- 2N N3KMe" " Q +e
‘P+6- :
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I +...
u/T)Q. +isinh(u/T)Q,
"N KM (cosh(u/T ),
K*P+12-2"™ N;

Polyakov _Ioop
distribution

e

Fary

. o e
-'v"‘"’......
.q”......
1TN22%
-nquli
i

Q. +iQ,
y l'l\ —
000 ‘ f:.%ﬂi’ %
Vies. o 200000
1S di sion

n extend this discus
o e ca | o
:/c\)/finite density Q

22
e

Cis

iy e

nq...“ s
.l.........

a....... s

.........

..... i

v..q... ....

oy e

2 T S

'..%‘?.'i"'

P

Tl
A
E

L7
e s
e
"&'".'..
i

100000

Pl
.‘- L '
SN Eesuresfl]
oy,
[ .n.‘%'% i
..;... W, Q-lr.nb.'...n.. LY7o
... .&..a&..b...l’.b&.-
w%..%‘-’f:#ﬂ*.#:n
e
L £ -1"..."'5'...."
sy, i
S
..lg
!'...#
L7

L

4, s
o
:.’!...?

I

e

7
LI
e i
AT
AT
e




Phase guenched simulations,

Isospin chemical potential

(Nf=2), Hu= —Lld.

In[O|6t M (K’“)j = 288N, K P +12- 2" N2K™ (cosh(p/T )Q, +isinh{p/T )0, )+

det M (0,0)

 |f the complex phase is neglected,

KM = K" cosh(u/T)

— Critical point:

K ()cosh(u/T) =KX (0)

det M (K ,—) = [det M (K, u)[

det M (K, )" = det M (K, t)det M (K ,—)

0.08

0.06

0.04

0.02

Koo (1) = K, (O)/ N/cosh(u/T) o

phase

Ni=2

-



Distribution function for P and Qrat u=0

W (P',Q.",B, k)= [ DU 8(P - P")5(Q, — Q' NdetM ()" &

\\//VV((B’ ];)) B <eXp(6(B_BO)NSiteP T 288Nf NsiteK4P +12x 2Nt Nf NSK NtQR T )>
0!

P,Q fixed

~ expl(6(B—B, )+ 288N, KN, P +12x 2" N,N2K "0, )

site

= Veff (B’ K)_Veff (BO ’O) = _(6(B o BO)+ 288Nf K4)Nsitep _12X 2Nt Nf ngK NtQR

Peak position of W: Ver _ WVerr _
dP  dQ,

Lines of zero derivatives
for first order

A o &~ o

0.08

0.04

Crossover first order transition
1 intersection 3 intersections w ois oz om ox™




Derivatives of Ve In terms of P and Ok

24° % 4 lattice, 5 B points

In heavy quark region,
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e Contour lines of



Lines of constant derivatives obtained by quenched simulations
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0.544 0.546 0.548 0.55 Blue lines: dVes/dP
P Red lines: dVef/dQr

* The number of the intersection changes around k=0.658



Finite density QCD In the heavy quark region

U,(x)=e"U,(x), U,(x)=e""U,(x)
—> |Q=e"TQ, Q' =e™TQ’

N, Inf SEEMK ) (288N K ‘P +6-2% N2K™ €T Q+e™TQ")+-)
det M (0,0)

= N, (288N, K *P+12-2"% N2K ™ (cosh(/T )2, +isinh(/T )2, )+ )

site
phase

* We can extend this discussion to finite density QCD.



Finite density QCD

N, |n(‘3eett'\l\/;(('g))j = N, (288N

= N, (288N

KP+6-2% N3KM (e Q+e™TQ" )+ )

site

K*P +12-2M N2K ™ (cosh(u/T ), +isinh(u/T)Q, )+“')
phase

site

f ' Vsite

W(B, ) = (explB(B— By )Ny P + 288N, Ny, K ‘P +125 2% N, NZK ™ (cosh(/ T )2, +isinh(u/T )2, ) +---)

P, Qp, fixed

zexp((G(B—Bo)+288NfK4)N P+12x2" NstsKNt COSh(“/T)QR)X<ei6>P,Q fixed

site

0=12-2" N, NZK"sinh(u/T ),

Vetr (B, 1) Vit (Bo,0) = _(6(B —By )+ 288N, K4)Nsitep ~12x 2™ N NK™ cosh(p/T )0, - |n<eie>

PO, fixed

» Reweighting: In(e®) isanon-linear termin V. (B,x)-V.q(8,.0)

P,Qp fixe

Sign problem.



Avoiding the sign problem
(SE, Phys.Rev.D77,014508(2008), WHOT-QCD, Phys.Rev.D82, 014508(2010))

0: complex phase @ =ImindetM =12-2" N, NK " sinh (/T )Q,

e Sign problem: If € changes its sign,

<e‘9> << (statistical error)
P,Qp fixed

« Cumulant expansion <..>FpP: expectation values fixed F and P.
o B . 1., 5 1.4
(€"),., =00 R ~2(0%), - Y + 1 (0%), + N
—0 —0
cumulants

O = (O (07), =07, ~ O (), =007, 307, (O #2000, (09, =

— Odd terms vanish from a symmetry under . <> —u (0 <> —0)
Source of the complex phase

If the cumulant expansion converges, No sign problem.




Cumulant expansion of the complex phase

* When the distribution of 0 iIs perfectly Gaussian, the average of
the complex phase is give by the second order (variance),

| 1
("), . =exp| =2(0%)

Distribution of QQ at K=0

6 =12-2" N N2K " sinh (u/T ),
Via, o)

e Because W(u) Is enhanced by the factor,

100000

W(B,1c) ~ expl12x 2" Ny NZK ™ cosh(y/ )2 ) o

the region of large Qr Is important.

e The distribution of Qi1 seems to be of Gaussian at Qr>0.
e The higher order cumulants <Qf>c etc. might be small.



Convergence In the large volume (V) limit

 Because 6 ~ O(V), Naive expectation: <€)”>C ~0OWV")?
— If so, the cumulant expansion does not converge.

However, this problem is solved in the following situation.

» The phase is givenby 6=)"0, 0, |0, |0,

— No correlation between 6x. ”*
— In the heavy quark region, the phase is the imaginary | 0, 0, | 6,
part of the Polyakov loop average, QI.

0=12-2" N, N3K " sinh (u/T )Q, i

correlation length

— If the spatial correlation length is short, the distribution of the
Imaginary part of the Polyakov loop Is expected to be Gaussian by
the central limit theorem.



Convergence In the large volume (V) limit

This problem is solved in the following situation.
e The phase is given by 6=) 6,

X

— No correlation between 0Ox.

=) STIE"),, -ew ST L),

X

) om0 ] m (07) = 2(60), ~OW)

— Ratios of cumulants do not change in the large V limit.
— Convergence property Is independent of V
although the phase fluctuation becomes larger as V increases.
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Critical surface at finite density

 Contour plot of the derivatives of Veft (P,Qr). |A = K" sinh(u/T)
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Critical line in finite density QCD

(WHOT-QCD Collab., in preparation, 11)

* The effect from the complex 0=12-2"iNN K™ sinh(u/T )QI
phase Is very small for the

determination of Kcp because Critical line for pu=pa=p1
_ 0.08 =
Ke(0)= K (n)cosh(w/T) is small.

cp

e On the critical line,
0.06 —
0=12-2" N3N, K (0)tanh (u/T )02, .
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Distribution function in the light quark region

WHOT-QCD Collaboration, in preparation,
(Nakagawa et al., arXiv:1111.2116)

* \We perform phase quenched simulations

e The effect of the complex phase is added by the
reweighting.

* \We calculate the probability distribution function.

e Goal
— The critical point

— The equation of state

Pressure, Energy density, Quark number density, Quark number
susceptibility, Speed of sound, etc.



Probability distribution function
by phase quenched simulation

We perform phase quenched simulations with the weight:
detM (m,p )" e

W(P',F',B,m,p)= .- DU 5(P — P)S(F — F')(detM (m, )" e

= [ DU 8(P—P")8(F — F")e"|detM (m, ) " e~

— <ei9>P"FI xWO(P', F', B, m, H)

expectation value with fixed P,F histogram

detM (1) 0= N, Imindet M
det M (0)

P: plaguette  F(u)=N;In

Distribution function L | | . .
of the phase quenched. WO(P  F )= I DU S(P —P )S(F —F )(detl\/l 6 NsiePP




Phase guenched simulation

W (P, F,B,mu)=(e")

det M (K,—p)=[detM (K, )], |detM (K, ) = det M (K, p)det M (K,—p)

XWO(P’F’ﬁ’m1H)

P,F

e \When pw=—ud, pion condensation occurs.
Phase structure of

« (e )=0 issuggested in the pion the phase quenched
condensed phase by phenomenological 7 2-flavor QCD
studies. [Han-Stephanov ’08, Sakai et al. *10]
== No overlap between W(u) and Wo(n). [~~~

» Near the phase boundary, (e")=0
— large fluctuations in 0: expected. pion gzzgeensed
<eie>P,F -0 (|n<ei9>P,F - _OO) Mn/2 [

— W(P,F) and Wo(P,F) are completely different.



Peak position of W(P, F)

* Theslopesarezeroat JInW _, dInW

: =0
the peak of W(P,F). oP oF
olnW _ 0lnW, 5|n<eie>P,F (R(p,F,M’HO): 0
op (P’F’B’H)— (P,F,B,p)+ pr= ,
_ 0InW, oInR 5|n<eie>P’F
- OP (P’ F’BO’“O)+6Nsite(B_BO)+ P (P’ F,H,MO)+ prs B
oInW (P,F,B,1n)= 0InW, (P,F,B, 1)+ 8In<eie>P’F \ If these terms
o oF oF o are canceled,
olnw, oInR oln(e" .
T (P,F,Bo,p0)+ p= (P,F,p,p0)+ = :O

W (P, F,B,1)~W,(P,F,B,,u,)x (const.)

« W(B, n) can be computed by simulations around (o, o).



Avoiding the sign problem
(SE, Phys.Rev.D77,014508(2008), WHOT-QCD, Phys.Rev.D82, 014508(2010))

0: complex phase 0= ImlIndet M

Sign problem: If € changes its sign,

<ei9> << (statistical error)
P,F fixed

Cumulant expansion <..>PF: expectation values fixed F and P.
10 . 1 2 - 3 1 4
), - = ool 507, 5T + 5 {0) |
—0 —0
cumulants

O = O (07), =(0%),, ~(00 o (07), =(0°),, ~3(0%), (0D #2000 (0%, =

— Odd terms vanish from a symmetry under . <> —u (0 <> —0)
Source of the complex phase

If the cumulant expansion converges, No sign problem.




Complex phase distribution

* We should not define the complex phase in the range from —n to .

* When the distribution of 0 is perfectly Gaussian, the average of the complex
phase Is give by the second order (variance),

W(e) I\

—]

No information

R R TR

LS
rd

i - 0 =
e Gaussian distribution — The cumulant expansion is good.
* We define the phase
O(M)ZNf Im In detM(M) :NfJ‘H/TIm 8|ndet|\/| d(&)
det M (0) 0 owT) | \T

— The range of 0 is from -co to oo.




Twoain alized histo gram

Distribution of the complex phase
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1.5,W/T=2.0)

Vo (F,B=

Distribution In a wide range

Reweighting method  Wo: distribution function in phase quenched simulations.

detM ()
detM (Ho)

WO(P’ F’Ho)

R(P,F)= W, (P, F,u) :<

b
<
T 1 T T T T T T

[
-
T T T T T T T T

of

Nf> *
P ,F fixed

0 10 20 30 40 50 60 70 80 90 100

F
_InW, (P, F, 1, )~ InR(P, F, 1, 1ty ) =

Perform phase quenched
simulations at several points.
— Range of F is different.

Change n by reweighting

method.

Combine the data.

Distribution in a wide range:
obtained.

The error of R Is small
because F Is fixed.

—InW, (P, F,p)



Summary

We studied the quark mass and chemical potential dependence
of the nature of QCD phase transition.

The shape of the probability distribution function changes as a
function of the quark mass and chemical potential.

To avoid the sign problem, the method based on the cumulant
expansion of 0 is useful.

To find the critical point at finite density, further studies in light
quark region are important applying this method.



