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1. Introduction

Q.
What is the “epsilon regime” ?

A.

Quantum Chromo Dynamics (QCD)
in (vicinity of) the Mmquark = 0 limit
in a finite volume.



1. Introduction [Nambu, 1961 ] (2008 Nobel Prize)

Chiral symmetry is important near M quark — U
e Chiral symmetry breaking and constituent mass

(@) #0 B
— “effective” quark acton £ — a(D+m)q+Cqqqqg+---

acquires constituent mass — gD +m+2C(qq))qg+ -
~ Agcp ~ 300MeV

— hadron masses are ~ O(1) GeV.

e Pion effective theory
(pseudo) Nambu-Goldstone boson = pion

described by Chiral perturbation theory (ChPT)
[Weinberg 1979] ;




1. Introduction

Origin of mass = chiral symmetry breaking.
e Hadrons consist of quarks.

e But
proton mass >> quark mass x3
(1GeV) (3-6MeV)

e Chiral symmetry breaking generate

~90% of mass.



1. Introduction

JLQCD (+ TWQCD) collaboration
is simulating lattice QCD
with exact chiral symmetry
using overlap fermion action.
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1. Introduction
JLQCD (+ TWQCD) collaboratlon
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Press Release

Spontaneous symmetry breaking in QCD reproduced on supercomputer

April 24, 2007
High Energy Accelerator Research Organization (KEK)
Kyoto University

A research group led by Shoji Hashimoto, Ph. D., an associate professor at KEK, succeeded for the first time to

reproduce the phenomena of spontaneous symmetry breaking in Quantum Chromo-Dynamics (QCD) using numerical
simulations.



1. Introduction Ses
Chiral symmetry is expensive.

differenct action = different errors and cost.

Fermion action Chiral Discretizat Numerical cost
symmetry ion error
Overlap Exact O(a?) Very expensive
Domain-wall Weakly O(a?) Expensive
broken
Wilson Broken O(a) Marginal
Staggered Broken O(a?) Cheap

(U(1) remains)




1. Introduction Ses
Chiral symmetry is expensive.

differenct action = different errors and cost.

Fermion action Chiral Discretizat Numerical cost Lattice size
symmetry ion error
Overlap Exact O(a?) Very expensive <24 fm
Domain-wall Weakly O(a?) Expensive ~4fm
broken
Wilson Broken O(a) Marginal ~5fm
Staggered Broken 0O(a?) Cheap ~6fm

(U(1) remains)

New-type Exact O(a?) Cheap
(min. doubling)

JLQCD = Small volume QCD... 8



1. Introduction

Finite volume = Pion physics.
Correlation length (1/M) of QCD particles

Pions(~140MeV) ~ 1.4fm
Kaons(~500MeV)~ 0.4fm
Rho (~800MeV)~0.26fm
Proton (~1GeV) ~0.2fm

At E ~ p < 200 MeV, QCD = pion (+ kaon) theory.
Finite volume correction in QCD =
chiral perturbation theory (ChPT)
weakly coupled = analytically calculable. 9



1. Introduction
Our strategy

Numerical calculation

Small lattice QCD
with exact chiral symmetry

Chiral symmetry is
Important but expensive.

Analytic calculation

Finite volume
correction by pion
theory

QCD at V=

10
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2. Analytic calculation of finite V
effects

Pion correlator at V=0
(in Euclidean space-time,)

/ B (P(z)Pb(0)) = A /

x exp(—M;,t)



2. Analytic calculation of finite V | 2
effects

Pion correlator at finite V ( in the p-expansion )
(periodic boundary for t-direction)

/d%(}va( P7(0) 5abl Z ps + M2

ps = 214/ T (n¢ : integer)
= B§* / dPZM 27m/T);inpjw2 <Z(5 p—2rk/T) = ZTG;RT>
cosh(M (t —T/2))
sinh(M,T/2) =

X



2. Analytic calculation of finite V | 2
effects

BUT... Inthelimit M. — 0 |,
V=c0: exp(—M,t)—1
cosh(Mn(t —T/2)) 2
sinh(M,T/2) M, T

V # o0

> OO

Infra-red divergence due to finite V ?77?
despite we have IR cut-off 1/V1/4?

Something wrong ! Exp->Cosh is not enough !

14



2. Analytic calculation of finite V 5
effects

Many vacua contribute at finite V
This fake IR divergence is due to a fixed vacuum:

U(z) = 1Lexp (@ ﬂ;@)) c SU(Ny)

but at finite V, the vacuum is not uniquely
determined: vacuum= moduli = dynamical variable

U(x) = Upexp (z ﬂ;(x)) :

U, should be non-perturbatively treated.
— g-expansion (is needed for M V14 <« 1.)



2. Analytic calculation of finite V

effects
¢ expansion of Chiral Lagrangian

[ — —%Tr |:MTU() 4 U(J)r./\/l} Zero-mode = SU(N) matrix model
1 } B} -
4 —Tr(é’ug)Q Non-zero-mode = massless bosons

>

(perturbative) interactions

= a hybrid system of
matrix model and massless bosonic fields

16



2. Analytic calculation of finite V | 22

effects

¢ and p expansions are really useful ?

€ expansion

ML < 1.

P expansion

ML > 1.

ETMC 2
MILC 2+1
RBC/UKQCD 2+1
JLQCD 2+1
PACS-CS 2+1

BMW 2+1
ALV 2+1
HPQCD 2+1

Twisted mass
Staggered
Domain wall
Overlap
Wilson
Wilson
DW on MILC
HISQ

0.05-0.100
0.045-0.12
0.085-0.11
0.11
0.09
0.065-0.125
0.06-0.12
0.045-0.15

~3fm
3~6 fm
3~4fm
1.8fm
~3fm

3~5fm
3~4fm
3~4fm

280
250
290
310
140
190
250
360

No requirement in original theory ( if

both expansions are bad.

But on the lattice,

M,.L =2~ 3.

E,p<<m, )

— Better way of expansion
(covering both regimes) ?

17



2. Analytic calculation of finite V | 2
effects

New expansion

p-expansion
2
U(x) =1lexp (@ f;($)> ., M, ~LO

g-expansion

U(x) = Uyexp (z \/577(:13)) , M. ~ NLO

F

18



2. Analytic calculation of finite V | 2
effects

New expansion

p-expansion
2
U(x) =1lexp (@ f;($)> . M. ~LO
g-expansion
2
U(x) = Uyexp (z \/_;(:13)) , M, ~ NLO

New / (interpolating)- expansion

U(x) = Uy exp (z ﬂ;(x)) , M, ~ LO

[Damgaard & HF, 2008}’



2. Analytic calculation of finite V | 22
effects

The pion (chiral) Lagrangian at finite V

>
L= —§TI’ {MTUO T U(%LM} Zero-mode = SU(N) matrix model

1 1

+ §Tr((9ﬂf)2 + 5 E MZ(£%)? Non-zero-mode = massive bosons
)y

+ =5 Te[MT Uy — 1)€2 + 2 (Uy — 1) M]

272
4 (perturbative) interactions

. D d & HF, 2008
= a hybrid system of [Damgaar 200

matrix model and massive bosonic fields "



2. Analytic calculation of finite V | 2
effects

Pion correlator at 1-loop [Aoki & HF, 2011]
Because of the mixing of zero and non-zero modes,
the calculation is fairly tedious :

2 12 71214 Oa 52 Yeff 12 7122 0b
(P@PO) = == (ZZF)'C™ + = ( 5 = (23 2F)° ) €

2 32

+ 5 AZR - AZBC 4 o | (2R A M)

» B
+ Cz <ﬁaM2) A(SIZ, M2)
M2=M?,

‘|‘sz (A(@" M121> A(UU M122)) +C21 (A( M222) A(l’ M122))
+ > 00 (A, M3)) — A, M) + ) C (A, MY) — Az, M7,))
J#1 i#2
+COG(x, Mty M3,)
+Cly (Glz, MYy, M3,) — Gz, My, M7)))
+C3, (G(ZC, My, M3,) — G($7M2227M222))} ; 21




2. Analytic calculation of finite V | 2
effects

[Aoki & HF, 2011]

where

co* = <([U0]12 — [U8121) ([Uo)a1 — [U]12) + %([Uo]lz — [U]21)* + %([Uo]m - [U§}12)2>U .
oo = <[U0+U§]11 + [U0+U§]22> UO E SU(N) iIl 9 — O VaCU.U.m,
o 2 2 ’
U .
€ U(N) in a fixed Q) sector

Co = }1<([U0]12 — [U]21)% = ([Uo]21 — [U]12) %), ( ) Q
cl= <([U0]11 + [U8)a2) ([Uolaz + [Ud1) + Z[Uo]lj[Ug]jl + Z[UO]2i[Ug]i2

j#1 #2
¢t = <2([R]11 # Rl — Y PLUEL 57 PPl > ,

i1 mg —ma i m; — Ma "
Ty 3 3 2 N2

ij = %(([UO]ji>2 + ([Ug]ij)2>Uo + ([Rlis [UO];,{%—I__[(T];:]].W[R]]Z>UO + <([R];7()mj_([:§j;%2) )Us
Cl = (U0, + L0l * (Rl (R R,

c=- <<[Uo1m + [Ud]21) ([Wolar + [US]12) + %([Uohz + [Ug)21)” + %([Uo}m + [UJ1u>2>U :

(([R]ij + [R;1)([Uolji + [U3)ij)) vy 22

mi—mj

5 = ~(([Uolji + [U{)ig)? v, +

N| —
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2. Analytic calculation of finite V
effects
The zero-mode integrals
“simplest” example (in 2+1 flavor theory)
— [UO‘|‘U(J)r]vU _ 1
S”“< 2 >U0‘ (2 uv>< )
K, (o) I, (pv) L(p)  p 'Loa(p) L)
= ( Ky1(p)) o Iovi(pe)  pdusa(p) I, (1) ps Iyy1(ps)
det 8 ( u+2(ﬁb )) ,% u+2(ﬂv) M21u+2(,u) ML/-H(M) ,us u+2(ﬂs)
—5 ( Kyis(p)) polvrs(po) pLgs(p)  pPlga(p)  pilis(ps)
Ops (WK aa(in)) 1 Tea(e) it Tsa(p)  pLas(p)  piloya(pss)

L) p ' Loa(p)  L(ps)
det NIV+1( ) L/(/J) ,usll/+1(:u8)

WP2T,ao(p)  plopa () 2L (ps)

Ly = M2V, b = Myg2V, g = mg2V.

23



2. Analytic calculation of finite V | i::

effects :

Pion correlator at 1-loop [Aoki & HF, 2011]

Dpp cancels IR divergence: Dpp ~ _2M7]TVLOT +E+-..
disappears in the p-regime: lim Dpp ~exp(—mX3V) — 0.

M —large

( Cpp,Dpp, MYM*? : functionsof ¥ and F,, )

_>V—>OO eXp(—th) 24



2. Analytic calculation of finite V | 2
effects

Summary of Sec.2

1. Finite V effects = Pion physics
(Other hadrons are heavy and insensitive to finite V. )

2. Pion physics = Chiral perturbation theory (ChPT)
weakly coupled — analytically calculable.

3. ChPT in finite V = matrix model + bosonic fields
computations are tedious... but the result is beautiful:

Smooth interpolation to infinite V in a infra-red finite way. =



3. Numerical lattice QCD results |2
(preliminary)

QCD simulation with exact chiral symmetry
[JLQCD & TWQCD collaborations, 2006-2011]

2+1-flavor overlap Dirac fermions [Neuberger 98]
lwasaki gauge action, =2.3, 1/a~ 1.759 GeV.
Lattice size : L=16 [1.8 fm], T=48.
Topology fixed: Q=0 (or 1)
Quark masses : m.=0.08, 0.100,

m .= 0.002, 0.015,0.025,0.035,0.050,0.080,0.100

(~3 MeV) (30MeV <)
e-regime, p-regime 26



3. Numerical lattice QCD results |2

(preliminary)

Really inside the e-regime?— Scalar channel knows.

0012
001 r

0.008 |7

0.006 |\:
0.004 |

0.002 r

O ]
0 8
t

16 24 32 40 48

0.012 |
X PP :oooxeees¥
001 | .
. m,=0.015
0.008 | 3
0006 | ~
0004 7, ;o
. *
X
0.002 | L
z ’‘“"’(""wmowecx"""’2< ;II
0 T e s S T
0 8 16 24 32 40 48
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3. Numerical lattice QCD results | 2°

(preliminary)

Really inside the e-regime? — Yes.

0012
001 |
0.008 |
0.006
0.004 |

0.002 r

0

0 8§ 16 24 32 40 48
t

€ expansion analysis :  [Damgaard et al, 2002]

PP Yot = 0.001936(66)
SS = 3¢ = 0.001938(70)

consistent with our previous value
e = 0.002041(70) ~ [241MeV]?

from Dirac spectrum.
Next, let us extract

M. and F..

with the “i” expansion formula.
( Naive GMOR relation suggests

M, ~ 100MeV. ) =



lc

3. Numerical lattice QCD results | 2°

(preliminary)

Pion mass and decay constant in the € regime

0.16

0.12 r

008 + °F

0.04 r

X .I I . .I I
© '"i"-expansion fit ——+—

Fitting with

cosh(MNLO(t — T/2))
sinh(MNLOT/2)
[Yegr = 0.002041(70) input]
after 1-loop (of non-zero

modes) volume
correction, we obtain

M=% =97.6(4.2) MeV,

Cpp + Dpp

| FV=> =1928.6(5.6) MeV.

29

(1/a = 1.759 GeV)



3. Numerical lattice QCD results |2
(preliminary)

Chiral “interpolation” for F’_

0.18
_ +5
Pr=125(4)(55) MeV |
bigger than our oia |
previous analysis using Lo
p-regime data only : 0.12
F, =119(4) MeV " SU(3) NLO ChPT fit
7T linear T
0.1 ™ attice (i exp. analysis) ——— |
Lattice (p exp. analysis)
Linear fit looks better 008 " experiment
than NLO ChPT fit, though... 0 01 02 03 04

mn2 [ Gevz] 30



3. Numerical lattice QCD results |2
(preliminary)

Chiral “interpolation” for M .
ChPT fit looks bad :

48 t
2.50 [7.5%] deviation.
44
2-loop (1/V) effects from
4 n
non-zero modes under .
- | ~7.5%
control ? 36t
| SU(3) NLO ChPT fit
32 ¢ linear fit _
Lattice (i exp. analysis) =———
78 Lattice (p exp. analysis) =

0 0.1 0.2 0.3 04
mn2[GeV2] 31



3. Numerical lattice QCD results | 2°
(preliminary)

Bad convergence of ChPT for M. ?
In the limit M, — 0,

MY = M, + 6 MyLo + OMnNro + - Bad.
=0 oL oa (big correction/LO)
FVY = F. +6F\io + OF +-
NG Good.

finite  O(1/L2) O(1/F2L4)

32



4. Summary
Small lattice QCD with exact chiral symmetry

-4

Finite V correction from pion effective theory
(ChPT)

can extract physics at V=<,

33



