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Phase structure in Wilson Fermion

» Aokl Phase

» Parity-flavor symmetry is spontaneously broken in some quark
mass region. Aoki (1984)

» Quark mass tuning =» Chiral limit
(WiysTh) # 0 (Winsm0) =0

T~
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Analysis for Aoki Phase

» Strong coupling analysis, Gross-Neveu Model
» indicate (piysTo1)) £ O
Gross-Neveu Model : Aoki (1984)
Strong coupling (expansion) : Aoki : (1986); (1989)
» Numerical calculation
» Vacuum :(PivsT=1)) 7= 0 for M < M. Aoki (1987); (1989)

» High T (gpiys7>1)) = O for all M Aoki, Gocksch (1990).
Aoki, Ukawa, Umemura (1996), Aoki, Kaneda, Ukawa (1997), Aoki
(1996)

» Chiral perturbation theory
» Sharpe, Singleton (1998), Sharpe (2009)
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Staggered-Wilson Fermion

» Flavored Mass : Generalized Wilson terms
» Adams: Nf —l, Adams (2010, 2011), Hoelbling (2011).

_ Creutz, Kimura, Misumi (2010)
» Hoelbling : Nf = 1

» Aoki phase in Staggered-Wilson fermion ?
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Purpose

» Applicability of Staggered-Wilson (Overlap) fermion
» Chiral limit

» Previous study

» Lattice Gross-Neveu model with flavored mass [Kimura’s talk]
Creutz, Kimura, Misumi (2011)
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Purpose

» We study Aoki phase of Staggered-Wilson fermion in
strong coupling lattice QCD.

» Method
» Hopping parameter expansion
» Effective potential analysis

» Staggered-Wilson Fermion
» Adams type , Hoelbling type

7/35 "NTFL workshop" T.Z. Nakano 2012/02/10



Contents

» Introduction
>

» Aoki phase in Wilson fermion

» Strong coupling study (Condensate, Pion mass)
Hopping Parameter Expansion
Effective Potential Analysis

» AOKI phase In Staggered-Yviison fermion
4

( 3 3 = " A" =l = .
> Suifmary ¢ Futufé WorkKs

8/35 "NTFL workshop" T.Z. Nakano 2012/02/10



T\

Hopping Parameter Expansion (HPE)

» Strong coupling study (Ny = 1) Aoki(1984) S ocyﬁz
» Hopping Parameter Expansion (HPE)

_ 1 -
SE=M) Ptz — =D |Va(r — vu)Upatbyt — a(r + 'YF‘) =¥ ’u]

2 T,

M = + 4
Y —= V2K "o '

K = 1/[2(mg + 4r)]

SF — Z?ﬁﬂpx - K Zld’m(?" — "Y,LL)ULL 33?1[)5'3-'—}13 + ’pr(?" + ’Yu) T — ,u ﬁ]

L 3

Hopping Parameter r=1
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Hopping Parameter Expansion (HPE)

» Feynmanrule a : color,« : spinor

(';E? @7 &)_‘7(?}, b; ,ﬁ) <C(; g (1’{‘278> mgxygaﬁ(s&b

(x?@§&>+<x _.Emﬁb”@) ___.K<]_ _— ﬁ/i’l)aﬁij@b

(2, b, ) m— (2 + [0, 0, ) = — K (1 + ’?”;@)aﬁbﬁi?
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1 pt. Function

» Diagrams (1 pt. function) = (P55

» Expansion for hopping parameter (K)
» Link variables appear as a pair of (U} UT) .
» Summation for K. (K2, K4 ,...)

(atile) (e f’“ )o :i.
S
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1 pt. Function

» Self-Consistent Equation for (57

(2P PLy = (p@P by,

+ K23 (0 Pe)o(r F m)Upa (ot athaa)o(r £ 1)UL (atdf)o
m

— /
.
\\\‘ P //

(WD) = (WP

+ K23 (0 Pa)o(r F 1) Una (ot iat ) (0 £ ) U2 (a3
1L

Ol =1
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1 pt. Function

» Mean-field treatment
» Scalar (1))
» Pesudo-scalar (iysa))

» Two solution
» Parity conserved

1 - 1 1, .
| 4NC(¢7¢}) = SR 4NC(¢W5¢) =0
» Parity broken y
L = 11— _ YJ16K?% -1
4Nc<ww> iy 4Nc<¢’W5¢> Y

—]
 —

) For | g s _zi, Parity-broken?
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2 pt. Function
» Diagrams (2 pt. function) =» "=
Sxy (0,2) = (Mx(0)M" () = (G x ¢8I 42)

U x = 1, s, T V5 Ve YuYv
i

~

> > —Q—> —Q—> >

X () Yy = X Yy T+ X <>
< T 0 = X 0 — -

» Self-consistent equation

Sxy(0,2) = —S0,0xy4Ne + K2 37 [T ;S 7y (n. @) + T3S 7y (—p, @)
Z

tu 1
Tié =t a (L F7) TC (1 £ )
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2 pt. Function

» Plon mass
» FET. Sxy(0,2) — Sxy(p)
» Insert p = (po,p) = (imx,0)

1 - 16K7
8K2(1 —6K?2)

coshm, =1+ (1 —-4K?)

L.
For| K |> z My <07

Tachyon : instability of ground state
=>» Another lower energy state
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Effective Potential (Condensate)

» Effective Potential for Meson (large N,)
=>\We can identify the Parity-broken phase

z= [ Dly,,Ulexp [Sy]
~ exp | Serr(M” = 97

I -  —
4Nc<¢¢> 2 NC<¢W5@D>
M?>4 (| K |<1/4) % 0
3M 3(4 — M?
M? <4 (| K |>1/4) TYE iz\/léMQ )
1

w—) For | K[>+ (Giysy) # O
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Effective Potential (Pion Mass)

» Critical Mass (M,) corresponds to the chiral limit.

a2
o 4 % Seff(Mr>
“ OMOM,
cosh m
( (M2 — 4)(M?2 —1) ,
1 for M< > 4
“ = { + > 2M2 - 32 5
2(4 — M2)(16 — M2){(8 + M
1+ ( )( )(8 + )forM2<4
15M4 — 64M?2 + 256
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2 Flavor Case

» Possibility (QisT) # 0 (Vi) =0
my,

» (1)Parity symmetry breaking \
> /

<'llz?;”}’5‘¢’> # 0, <‘€E?:’Y§’7"3‘i_f?> = () me=

» (2)Parity-flavor symmetry breaking

(Piysth) = O, (PiysT>9) # O

» Parity-flavor symmetry breaking
» Vafa-Witten’s theorem =» <'§Di”}/5 ?f»’> = 0
» 7+ NG boson for spontaneous breaking of parity-flavor
symmetry
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Aoki Phase in Wilson Fermion

» Hopping Parameter Expansion

I - I 5
1 Ncww Z Ncwwsw mz
) 1
Parity Conserved Y% 0 —+
2 _
Parity Broken i i\/16K ! —
8K 8K
» Effective Potential Analysis
| — R 5
2 Ncww 2 NC<¢W5¢> mz
1
M?2>4 (| K |<1/4) v 0 —
3M /3(4 — M2)
2 +2
M2 <4 (|K[>1/4) | 7 |t
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Staggered-Wilson Fermion

» Lattice action (Hoelbling type) c. Hoelbling (2011)
SF — ZXZ'B [DS]a:y XYy

Ds = Dst-|—?"(2-|-Ms) + mg

» Flavored mass : 2 hopping

l’]b/fs e Z F/u/’fiﬂ'f]y (Cfiucl/ "+" C,U-le)
PJ#V
C,u - U’# V’p,)/Q

(Viay = Upady ot s
euy = (—1)ontv
Ny = (_1)3314— T+, 1

21/35 "NTFL workshop" T.Z. Nakano 2012/02/10



Hopping Parameter Expansion (HPE)

» Feynmanrule K = 1/[2(mg =+ 27)] r = 2v2
<xv GJ} + (yﬁ b) <X?§@7}§>O —_— mégjy(gab
1 hopping }
—~ S TQO
(,0) =—— (24 [,)) = KUpz
(2,0) — (T + i, ) = - KU}
2 hopping b
Jj {1 % — eyi’j /zj-a
o (+F afi + 57.D) 4\/’_ B
(./E’ b) — Ta(ib
(z + api -+ U, a) 4,\/— 2, pv
o, ==+
Uz UV = (UHJ?UI/ s e DP‘ Ibu N T U::,u;——ﬁUV:J?“Q')
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1 pt. Function

» Diagrams (1 pt. function) = (XxXz)
» Expansion for K | o
» Link variables appear as (U,, iﬁ) : (UZ#M LT;W) .
» Summation for K. (K2, K4 ,...)

O(K") O(K*) O(K)
:D — . :::b .

- (Xax5)0 f
<,\; e Xz > O(K?) O(K)
+ _‘_./A/::AD + (:

O(K")
l 1%
e | discuss later
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1 pt. Function

» Diagrams (1 pt. function) = (XxXz)
» Expansion for K | o
» Link variables appear as (U,, iﬁ) : (UZ#M LT;W) .
» Summation for K. (K2, K4 ,...)

:DZ 9 . L

1

(Y%
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1 pt. Function

» Mean-field treatment

» Scalar (XX)
» Pesudo-scalar {X%€xX) er = (—1)71HT4 e £

» Two solution

» Parity conserved
1 11

—(YY) = ——, —(Xx1 =0
| NC<XX> 373 Nc<xzex><>
» Parity broken
1 11 J16K2 -1
—(Y = — — Y1 = +
NN = g o Xiex) SK

—]
| —

) For g s ?}:, Parity-broken?
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2 pt. Function
» Diagrams (2 pt. function) =» mx

S(0,2) = (MoMaz) = (XExET0xL)
p

> > ——> > >
< - <@ —= —a——= <
0 r 0

x 0 i x
[ 2
> > >
< @ —= -
0 i+ D Z

» Self-consistent equation

. 2
5(0.2) = SN+ K2 ¥ 5(na) + Kr-) S S(utw)
== 4 +uFtv
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2 pt. Function

» Pion mass
» FT. S(0,z) — S(p)
» Insert p = (po,p) = (imx + m, 7)
Another method
Calculate (%giﬁgxgiiée;gxg)  Insert p = (imy, 0)

1 — 16K°<

CoOsh ma == 1
" T 612

1 2
For| K |> 2 M < 07

This result implies Aoki phase
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Effective Potential (Condensate)

» Effective Potential for Meson (large N,)
=>\We can identify the Parity-broken phase

Z = [ DIx, X, Ulexp[Sy]
~ exp [Serr (M = Xx)]

1 _ 1 _
E(XX) E(X’é@:X)
M2 >4 (| K |<1/4) Al/f 0
- 2
M2 <4 (|K|[>1/4) 8_MM2 \/28(4 Mj\f )
1 —
||||| > For | K |> a (Xiexx) # O
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Effective Potential (Pion Mass)

» Critical Mass (M,) corresponds to the chiral limit.

5’2 Seﬂ’ (ﬂzf}
O MO M,

My 4

coshm

[ 2 _, ., eM2-8)

for M? > 4
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Aoki Phase in Staggered-Wilson Fermion
» Hoelbling type

(Yiexx) 7= 0 for | M |< M,
m2 =0 for | M |= M.

» We can perform the lattice
simulation with staggered
-Wilson fermions
by tuning mass parameter.

—42 0 W2 M
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2 Flavor (Taste) Case

» Possibility
» (1)Parity symmetry breaking

<§2i65€}<> # 0, <>m<i€:5f73X> = 0
» (2)Parity-flavor symmetry breaking

<?i€:€X> = 0, ()2@’6557'3}() #= 0

» Parity-flavor symmetry breaking
» Vafa-Witten’s theorem =2 (X2€xX) == O
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Staggered-Wilson Fermion

» Lattice action (Adams type) D. H. Adams (2011)

SF — ZXCU [DA]a:yXZ‘J
LY
Djg= Dg +r(1+ M)+ mg

» Flavored mass : 4 hopping
Mg =¢ > mnonznaCi1CrC3Cy

sym.

Cu=(Vu+V])/2

(Vidzy = Uﬂaxéy,x+ﬁ )

ep = (— 1)F1te2Te3tas

Ny = (—1)$1+"“|‘$u—1

?
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Analysis in Adams type

» Similar way as Hoelbling type
» e.g. HPE (1 pt. function)

O- . U0

‘i’. \K\/&/ g
—~o T T

(xtexx) = 0 for | M |< M,
m2 =0 for | M |= M,

_|_
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Discussion

» This HPE analysis is exact up to O( K“)

» Other higher order terms in HPE
O (K
(2 link, 1 link) =

—4—.—4—?
O (K"
(2 link, 1 link) = (4, 0) (2 link, 1 link) = (2, 2)

i §
» Is Summation possible ?
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Summary & Future Works

» We have studied Aoki phase In Staggerd-Wilson fermion
In strong coupling limit.

gz

(xierx) =0
(Xiezx) # 0 for | M |< M

(Xie,x) # 0 m2 =0 for | M |= M,

—4/2 0 42 M

» We can perform the lattice simulation with staggered-
Wilson fermions by tuning mass parameter.

» Future Works
» Evaluation of the summation for other higher diagrams
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Back Up
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2 pt. Function
» Self-consistent equation for Sxy (0, )
Sxy(0,2) = —060:Ncdxy
+ K280 x 9§95 | (1~ m)Uploata(l + 1) (U} o)

+ (L4 7)) ¢ 11—y US| oddbrY xb)

y—H
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Aoki Phase in Staggered-Wilson Fermion
» Adams type

(xierx) =0

(xierx) # 0

—16vV3 0 16v/3M
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