Flavored-mass terms for naive and
staggered fermions




Introduction

¢ Wilson fermion
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§ 15 species are decoupled — doubler-less

§ additive mass renormalization — Fine-tune for chiral limit

» Overlap & Domain-wall fermion
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o Staggered fermion
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One naive fermion — 4 Staggered fermions

Properties
* 4-flavor Dirac fermions
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» Flavored chiral symmetry [ .
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§ chiral symmetry + one-component — suitable for calculations

§ 4 species — more than 3.....




Naive """ Wilson ~&5" Overlap

#:1 6 Wilson term #_ Overlap form.

Fine tuning Numerzcal expense
4 copies
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Naive Chzralbmken Wﬂson GWsymmetry ngrlap

Wllson term Overlap form.
H=16 , H=1 Pf
Fine tuning Numerzcal expense
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Flavored mass terms

~ Generalized Wilson terms ~

e.g.) 2-split flavored mass Dht
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Creutz, Kimura, TM, JHEP1012,041 [1011.0761]
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Golterman, Smit (1984)

Adams, PRL104, 141602 [0912.2850]

de Forcrand, Kurkela, Panero, [1102.1000]



Generalized Wilson&overlap

Naive = | Wilson =~ =" Overlap

#:1 6 Wilsorz term #_ Overlap form.

4| Fine tuning Numerzcal expense

v

74

Flavored-mass
term

4 copies Generalization

277

Staggered >

H=4

4 tastes



Generalized Wilson&overlap

Naive = | Wilson =~ =" Overlap

#:1 6 Wilso:fz term #_ Overlap form.

a| Fine tuning Numerzcal expense
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4 copies Generalization

Staggered -> St.Wilson = St.Overlap
#=4 #=1 #=1
4 tastes Faster Wilson & Overlap




1. Flavored-mass terms

~ general terms to lift degenerate species ~

‘ Naive fermion M. creutz, T. Kimura, T™M, JHEP1012:041 (2010)

* 16 species F&)lfyuf(i) — %(f) label position Y charge T type
1 (0,0,0,0) + 1 S
2 (7T7 0,0, 0) o 1175 A
3 (07 7, 0, O) o Z'/YQ’}/E) A
4 (7'(', T, 07 O) + if71/72 T
» 16-flavor multiplet 0 (0,0,7,0) - 137 A
6 (7T7 07 m, O) + Y173 T
( Yy (p —pay) \ 7 (0,7, m,0) + 1Y27Y3 T
U(p) = 77/}(2)(]9_]9(2)) 8 (7T,7T,7T,O) - Y4 \Y%
b : 9 (07 07 Oa 7T) o 7;/7/4/75 A
\ Y00 (7~ pue) / 10 (7,0,0,7) + iY1Y4 T
11 (0,71',0,71') + i’}@’}&l T
12 (7, m,0,7) — Y3 \Y
* Flavor mass matrix 13 (0,0,m, ) + Y34 T
— 14 (7,0, 7, m) — Yo V
\Ij(l ®£\Ij. 15 (0,7, 7, ) — Y1 V
Mass matrix 16 (7,7, 7,7 4+ s P




¢ Point- Spht fields M. Creutz (2010), for minimally doubled fermions.

1
Yy (p —pay) = ?(1 + cosp1)(1 4 cosps)(1 + cos ps)(1 + cos ps)I' 1y (p),
1
Vo) (p—pa) = ?(1 — cosp1)(1 + cospa)(1 + cos ps)(1 + cos ps)I' 2y (p),
1
Vi) (P —pE) = ?(1 + cosp1)(1 — cospz)(1 + cosps)(1 + cos ps) '3y (p),
1
Va6 (P — Pe)) = ?(1 —cospy)(1 — cospy)(1 — cosps)(1 — cos ps)'16)0(p)

— Independent fields in low energy limit
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16-flavor multiplet

» U(1®X)U

Mass matrix



* Conditions on flavored-mass terms

(1) gamma-5 hermiticity . D' = D,

—> det(D) > 0 essential for euclidian vector-like theory

( Yy (P —p)) \

X %@(7'3@7'3@73@7'3) for T (p) = w(Q)(p'_p@))

spin flavor

\ ¢(16) (p - p(lﬁ)) )
(2) O(a) irrelevant term
~ a / d4$@;($)DZ¢($) dim-5 operator vanishes in a—0

* Physical modes in the continuum limit

* Rotational symmetry



¢ Flavored-mass terms
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* O(a) irrelevant terms ) . (Mp—1)0, — —a / d*x(x) D2ep(x) + O(a?)

* low-energy species-splitting terms
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Imaginary part

Dirac spectra with flavored mass terms
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— Multi-flavor Wilson & Overlap (although we need care about renormalization)
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¢ Pscudo-scalar type

(8,8)
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sym.

» \If (1 R (7_3 R T R T R 7_3)) U < consistent q

8 (+) and 8 (-) masses
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* Index theorem from spectral flow  ct) For staggered, Adams (2009)

H = 5 an - TMP
v ( ) 36%36 lattice, randomnessé 025 0=1

Index(Dnf) = - Spectral flow(H) A(r) 0.4
0.2
O o dottbled-
* Index(Dype) = 2¢(—1)%2Q o IndeX(Dgw)—-4
0.4 .



Adams-type flavored mass . adams 2009)

* spin diagonalization

Ta _ x3 T2 _ T1_ T1+1_ x2o+1l_ x3+1_ xa+1

Veyiiis.84d = XaeVa V372200 01 27 3 Yt X543+

- To+T4 .—
= (=) T X5 X g 1424344 (75 diagonalized)

— EX2€MN2M3N4X 11154344

* 4 Adams fermions derived up to sign

1), C1CoC3C 41, — 32 (emn2ensnaC1C2C3CY) Xz
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de Forcrand, Kurkela, Panero, [1102.1000]
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¢ lensor type

(4,8,4)
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@ _ 1 ! o t
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* Index theorem from spectral flow
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Hoelbling—type flavored mass Hoelbling PLB696, 422(2011) [1009.5362]. de Forcrand (2010)

* spin diagonalization

%%HQ + %%Jrngzl — (_1)362)_(:1:7172)(954_14_2 T (_1)x4>_(907374xg;+§+4

— EX2t€12M N2 Xy 145 T Xal€34M3N4X 1 344

X% two terms simultaneously diagonalizable : [U 12,0 34] =0

* 4 Hoelbling fermions (3 units) up to sign

Y |(C1C5 4+ CyCh) + (C5C, 4+ CyCs) |,
— X [te12mnN2(C1Cs + CoC) £ ie3ansna(CsCy + CyC3) | X

(4,8,4) (1,2,1)

Mr™ | q S > 1 My

-1 ARy 3 v o F i nRE
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Hoelbling, PLB696, 422(2011) [1009.5362].

S (M) - Ser (M)




Three units of Hoelbling flavored mass M\ — MV

1

M,,(j) = 2\/5[612771772(0102 + C2C1) + €34m3n4(C3Cy + C4C3)],

MS) = 2\2/3[613771773(0103 + C3C1) + €42m4m2(C1Co + C2C4)],
)

MS) = ﬁ[€14771774(0104 + C4C1) + €23man3(C2C3 + C3C5)].

X Direct decomposition is impossible, unlike Adams’ case.

[O-,ul/ao-l/p]#o * MT 7L> MH
(1,2,1)

Myg = My + My + My,
Hoelbling, PLB696, 422(2011) [1009.5362].



2. Symmetries of St.Wilson

broken to 2-link shift for S4
broken to 4-link shift for Su

* Shift symmetry

Sp v X — Cp(w)Xm+ﬁa Xz — Cp('T))_(anﬁ: U,u,:c — U,u,x+,6

* Axis reversal » broken to shifted axis reversal

z.p S ¢ (_]-)prIxa XCB — (_1)xp>_<lxa Uu,a: — Up,]a:

- Rotation , remain in S
broken to subgroup in Su

Rpa - Xa SR<R_1'CC)XR_1$7 Xz — SR(R_lx)XR—lxa U,LL,:U — U,u,R:c

remain in S4
broken in Sz

* Conjugation >

. =T - =T *
C X 7 €xXgpyr X 7 € Xgo U,U,CIJ — U,u,a:



§ Separating spinor & taste iIn momentum space

I', : spinor-space gamma
_p PPIOTEPREE S oP)a = X(p+74) (—7/2 < pp < 7/2)
=, - taste-space gamma

{I',, T} =20, {E,,2,} =20, and {I',,E,} =0

Shift Su: o(p) — exp(ipy)Z, ¢(p)

I Axis inv. Z,:6(p) — T, Is=2,Z50(Ip)

. T T _
Rotation RPU: gb(p) — eXp(ZFpFG)eXp(Z:‘p‘:‘O‘)¢(R 129)

Conjugation C: ¢(p) — o(—p)"



¢ Discrete symmetries in Staggered Wi1lson — Rre-interpretation of Golterman-Smit (1984)

* Parity — 4th-shift % spatial axis

ISS4 ~ exp(ip4)r4 ¢<_p7p4)

- Charge conjugation — triple-rotation X conjugation for Hoelbling-type

- Shifted square rotation — uv-rot X vu-rot x u-shift X v-shift

SVSALRV/LRMV ~ eXp(ipu - ipl/)F,uFV Qb(ﬁ)

These symmetries hold for M4, My, M.

Indicates restoration of essential symmetries in the continuum limit.



3. Central cusps

Creutz, Kimura, Misumi, PRD 83:094506 (2011),
Kimura, Komatsu, Misumi, Noumi, Torii, Aoki, JHEP 1201:048 (2012)

¢ Wilson fermion without on-site terms My = m + 4r = 0

1 _
S = 5 Z % [%(%w o ww—u) T (¢w+u + ww—u)]
T, A
» Extra U(1)v symmetry emerge !
Yy — el Ve — @erw(_l)ml+x2+m3+m4
. A A
* prohibits additive mass renormalization ! C Aoki phase

» will be spontaneously broken due to pion condensation ! (py51))

§ Strong-coupling meson potential » = (7,7, 7, +imspa)

OM2,(16 + M2)
16 — 15M32,

cosh(mgpa ) =1+ Massless NG boson

It is expected to describe 6-flavor Twisted-mass QCD. ¥ < P59

different bases




¢ For other naive flavored mass terms ¢ For staggered flavored mass terms

Ma : U(1)v restored Ma : None
Mr : None Mnu : Naive conjugation

. =T - T *
Mpr : None Ct Xae = Xar Xo = Xov Upe = Uiy

Restoration of U(1)v 1s peculiar to odd-link flavored mass.

Odd-link flavored mass for staggered fermions possible ?

My, = Zgucu ~ Z(l ® ) + O(a)

- gammaS-hermiticity breaks down. f P,

Isospin-type possible? |

in communication with de Forcrand (2011)

» chiral symmetry remains............. NS e
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T.Kimura and TM (2011)



4. Summary

1. Flavored-mass terms give us new types of Wilson and
overlap fermions.
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Staggered-Wilson can be derived from generalized
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¢ gauge configuration

case [13]: we start with a smooth U(1) gauge field with topological charge @,

1 (22 =1,2,---,L—1)

eiwLxl (372 _ L)

LI

Uac,ac—l—el — € ) Ux,x—l—eg — ) (30)
where L is the lattice size and w is the curvature given by w = 27(). Then, to emulate
a typical gauge configuration of a practical simulation, we introduce disorder effects to
link variables by random phase factors, U,, — €"*+U,,, where r,, is a random number

uniformly distributed in [—dm, d7|. The parameter § determines the magnitude of disorder.

a®p3 + a’p3
2

2.9 2 92

a +a

P . P> —|—O(a3)

Cf) 1 — cosapy cosapy = + O(a?)

2 — (cosapy + cosaps) =

M.A7 MH



