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◆Wilson fermion

§ additive mass renormalization  → Fine-tune for chiral limit
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1 Introduction

a

∫
d4xψ̄(x)D2

µψ(x) (1)

Index(DW ) = (−1)d/2Q (2)

Index(Dn) = 2d(−1)d/2Q (3)

ψ̄(1 ⊗ γ5)ψ (4)

ψ̄(1 ⊗ σµν)ψ (5)

n → n + µ̂ (6)

nµ → −nµ (7)

Dno = 1 + γ5
Hn(m)√
H2

n(m)
(8)

Dso = 1 + Γ55
Hst(m)√
H2

st(m)
(9)

Index(Dst) = 2d/2(−1)d/2Q (10)

Hn = γ5(Dn − MP)
= (γ5 ⊗ (τ3 ⊗ τ3))(Dn − m(1 ⊗ (τ3 ⊗ τ3)))
= (γ5 ⊗ (τ3 ⊗ τ3))Dn − m(γ5 ⊗ (1 ⊗ 1)) (11)
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the overlap fermion in the large 5th-volume limit. Thus we here concentrate only on
the overlap fermion. Since we will argue new types of overlap fermions in chapter 5 in
details. we here discuss the overlap Dirac operator for later convenience. We just note
that symmetries of the overlap fermion are the same with the Wilson fermion except the
Ginsparg-Wilson relation, which we will discuss later. The overlap formula is essentially
given by the sign function of the Wilson Dirac kernel with appropriate negative mass as

Dov = 1 + γ5
HW (m)√
H2

W (m)
= 1 +

DW (m)√
D†

W (m)DW (m)
, (2.76)

where the mass parameter should be negative in the range as −2 < m < 0. We define the
Wilson Dirac operator for r = 1 as

DW (m)xy =
1

2
γµ(Vµ − V †

µ ) +
1

2

∑

µ

(2δxy − Vµ − V †
µ ) + mδxy, (2.77)

with (Vµ)xy = Uµ,xδy,x+µ in the presence of the link variables. HW (m) is a hermitean
version of the Dirac operator defined as

HW (m)xy = γ5DW (m)xy. (2.78)

Fermion modes with negative mass in DW translate into massless modes in the overlap
formula in (2.76) since the sign function gives −1 for the negative-mass mode while it
gives +1 for the positive-mass mode near the zero momentum p = 0. If we set the mass
parameter as −2 < m < 0, only the physical branch in the Dirac spectrum crosses the
real axis at a negative value, which corresponds to the negative mass, while the other
doubler branches crosses at the positive points. This situation is depicted as Fig. 2.3
where only the left branch crosses the real axis at a negative point. Then we obtain one
massless mode from the overlap formula with the Wilson kernel. What is outstanding
in this formalism is that the overlap fermion possesses a kind of exact chiral symmetry,
which is a modified chiral symmetry compatible with the lattice discretization. It is given
by the anti-commutation relation of the overlap Dirac operator with γ5 as

{γ5, Dov} = aDovγ5Dov, (2.79)

where we tentatively restore the lattice spacing. This relation is called the Ginsparg-
Wilson relation, which results in the usual chiral symmetry in the continuum limit. Al-
though it is a modified chiral symmetry, it works as the chiral symmetry, for example,
to prevent the mass term from being generated by quantum corrections. We can also
translate this symmetry as a modification of γ5 to γ5(1 − aDov). Since the usual chiral
symmetry is broken explicitly, this is not inconsistent with the no-go theorem [4]. We
note that this lattice formulation is a theoretical solution to the doubling problem.

Here we look into the eigenvalue spectrum of the overlap Dirac operator where we
still consider the negative mass in the range −2 < m < 0. We first note the overlap
Dirac operator again satisfies γ5 hermiticity as γ5Dovγ5 = D†

ov We define φ and λ as
an eigenfunction and an eigenvalue of Dov as Dovφ = λφ. By considering the complex
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Figure 2.2: The complex Dirac spectrum for the free case of the massless staggered
fermion. All the eigenvalues have pure-imaginary values because of the anti-hermiticity
of the massless Dirac operator.

again indicates the pairing of the complex eigenvalues, which leads to a real and positive
determinant of the Dirac operator. To summarize this section, the staggered lattice
fermion possesses UV (1) × UA(1) symmetry and the other basic symmetries. We expect
that the UV (1)×UA(1) symmetry is promoted to U(4)×SU(4) symmetry in the continuum
limit and it describes a four-flavor continuum theory. However four degenerate quarks are
inconsistent with the physical QCD.

2.4 Wilson fermion

In this section we will discuss the Wilson fermion [6, 7]. This section is mostly devoted
to a review on the Wilson fermion, but also contains a new result on the symmetry
enhancement of the Wilson fermion at the special value of the mass parameter form the
study [57] by the present author. The Wilson fermion lifts degeneracy of sixteen species
into five branches by introducing the species-splitting term called the Wilson term, which
breaks the chiral symmetry explicitly. The free action for Wilson fermion [6, 7] is given
by

S = Snf + SW with SW = −ar

2

∑

n,µ

a4ψ̄n
(ψn+µ̂ − 2ψn + ψn−µ̂)

a2
, (2.57)

where Snf is the naive lattice fermion action and SW is the Wilson term. One of the
criterions for constructing lattice fermion actions is to modify the naive action so that
it results in the correct continuum form (2.7) in a classical continuum limit. In fact the
Wilson term turns out to be the second-derivative term proportional to a near a continuum
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§ 15 species are decoupled → doubler-less
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Figure 2.3: The complex Dirac spectrum for the free case. There are five branches where
1, 4, 6, 4 and 1 fermion modes correspond. The most left branch is called a physical
branch. We denote m as the crossing point of this branch with the real axis, which
indicates the mass of the corresponding fermion mode. By tuning this mass as m = 0,
the physical branch produces a single massless mode. We note the scale of the crossing
points of the other branches are O(1/a) when we restore the lattice spacing.
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◆Staggered fermion

§ 4 species  →  more than 3.....

One naive fermion → 4 Staggered fermions

2.3 Staggered fermions

In this section we translate the naive fermion into staggered fermions using the spin
diagonalzation. This section is a review based on [13, 14, 15, 58, 59, 60, 61, 62, 63]. Using
the field χn defined by

χn = γn4
4 γn3

3 γn2
2 γn1

1 ψn, χ̄n = ψ̄nγn1
1 γn2

2 γn3
3 γn4

4 , (2.37)

the naive fermion action (2.21) can be represented as follows:

Snf = 1Sst = 1
1

2

∑

n,µ

ηµ(n)χ̄n (χn+µ̂ − χn−µ̂) + m
∑

n

χ̄nχn with ηµ(n) = (−1)
P

ν<µ nν ,

(2.38)
where 1 stands for 4 × 4 diagonal matrix. This action is called the staggered fermion
action. One naive fermion is equal to four staggered fermions. However there are several
significant differences: Firstly, in this formalism, the fermion is defined as an one spinor
on each lattice site, not a four-spinor. Thus the four-spinor Dirac fermions can be recon-
structed from the 16 spinors in the hypercubic block, which results in the 4 flavor (taste)
Dirac fermions. In this case a physical lattice spacing is not a, but 2a. We note that spinor
indices and taste indices are related in a complicated way in this formulation. Therefore
the transformation about the space-time is combined with the flavor rotation. Let us look
into this formulation in details. We define Ψ(N) as Dirac fermion fields defined on the
lattice sites N , which defined as n = 2N + A where n is the original staggered lattice
sites and N is the physical sites for the Dirac fermion with A being the 4 vector whose
components takes 0 or 1. Ψ(N) is given by

Ψ(N)α, f =
∑

A

(γA

2

)

α, f
χA(N) , Ψ̄(N)α, f1, f2 =

∑

A

( γ̄A

2

)

α, f1

χ̄A(N)f2 , (2.39)

where Aµ = 0 or 1, χA(N) = χ2N+A, γA = γA1
1 γA2

2 γA3
3 γA4

4 , and γ̄A denotes the complex
conjugate of γA. In terms of Ψ(N), the staggered fermion action can be written as

Sst =
1

2

∑

N,µ

[
Ψ̄(N) (γµ ⊗ 14)∇µΨ(N) + Ψ̄(N)

(
γ5 ⊗ γT

µ γT
5

)
∇2

µΨ(N)
]

+m
∑

N

Ψ̄(N) (14 ⊗ 14) Ψ(N) , (2.40)

where

Ψ̄(A ⊗ B)Ψ =
∑

α, α′, f, f ′

Ψ̄α,f (A)αα′ (B)ff ′ Ψα′,f ′ , (2.41)

∇µΨ(N) =
Ψ(N + µ̂) − Ψ(N − µ̂)

2
, (2.42)

∇2
µΨ(N) =

Ψ(N + µ̂) − 2Ψ(N) + Ψ(N − µ̂)

2
, (2.43)

and the superscript T denotes transposition. We call the representation as the spin-
flavor or spin-taste representation since the spinor and taste structure is manifest in this
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spin flavor

discretization errors.
In a parallel way the staggered fermions also have non-trivial flavored-

mass terms which split 4 tastes and commute with γ5. In this case, the
γ5 is expressed in spin-taste representation as Γ55 = γ5 ⊗ γ5. Therefore we
only have two choices of possible flavored-mass terms to satisfy the above
conditions: 1 ⊗ γ5 and 1 ⊗ σµν . Actually these spin-flavor structures of
flavored-mass terms are realized for one-component staggered fermions up to
O(a) discretization errors as

M (1)
f = ε

∑

sym

η1η2η3η4C1C2C3C4 = (1 ⊗ γ5) + O(a), (1)

and

M (2)
f =

∑

µ>ν

i

2
√

3
εµνηµην(CµCν + CνCµ) = (1 ⊗

∑

µ>ν

σµν) + O(a), (2)

where

Cµ = (Vµ + V †
µ )/2, (3)

(ηµ)xy = (−1)x1+...+xν−1δx,y, (4)

(ε)xy = (−1)x1+...+x4δx,y, (5)

(εµν)xy = (−1)xµ+xνδx,y, (6)

with (Vµ)xy = Uµ,xδy,x+µ. We refer to M (1)
f as the Adams-type and M (2)

f

the Hoelbling-type. The former splits the 4 tastes into two with positive
(m = +1) and the other two with negative(m = −1) mass while the latter
split them into one with positive(m = +2), two with zero (m = 0) and
the other one with negative mass(m = −2). Now we introduce the Wilson
parameter r = rδx,y and shift the mass for the actions as with Wilson fermions
as proposed in [10]. Then the Adams-type staggered-Wilson fermion action
is given by

SA =
∑

xy

χ̄x[ηµDµ + r(1 + M (1)
f ) + M ]xyχy, (7)

with Dµ = 1
2(Vµ − V−µ). Here M stands for the usual taste-singlet mass

(M = Mδx,y). The Hoelbling-type staggered-Wilson fermion action is given
by

SH =
∑

xy

χ̄x[ηµDµ + r(2 + M (2)
f ) + M ]xyχy. (8)

4

~

§ chiral symmetry + one-component  →  suitable for calculations

〈ψ̄iγ5τ3ψ〉 #= 0 (30)

m2
π = C|M − Mc| ≡ Cmq (31)

SGN =
∫

d2x [ψ̄(i∂µ − m0)ψ +
g2

2N
{(ψ̄ψ)2 + (ψ̄iγ5ψ)2}] (32)

Veff(σc,πc) = −mσc +
1
4π

(σ2
c + π2

c ) ln
σ2

c + π2
c

eΛ2
(33)

1
g2

=
1
π

ln
M

Λ
, (M → ∞) (34)

m =
m0

g2
(35)

1
g2

R

=
1
π

ln
µ

Λ
(36)

ψ̄xC1C2C3C4ψx →





1
1

−1
−1



 εxχxη1η2η3η4C1C2C3C4χx (37)

ψn = γn1
1 γn2

2 γn3
3 γn4

4 χn, ψ̄n = χ̄nγn4
4 γn3

3 γn2
2 γn1

1 (38)

a

∫
d4xψ̄(x)D2

µψ(x) (39)

Index(DW ) = (−1)d/2Q (40)

Index(Dgw) = 2d(−1)d/2Q (41)

Index(Dsw) = 2d/2(−1)d/2Q (42)

ψ̄(1 ⊗ γ5)ψ (43)

ψ̄(1 ⊗ σµν)ψ (44)

n → n + µ̂ (45)

nµ → −nµ (46)

3

DW (p) = iγµpµ +
2
a

+ O(a) (12)

Dov(p) = iγµpµ + O(a2) (13)

Dov(p) = iγµpµ +
2
a

+ O(a2) (14)

det(D) ≥ 0 (15)

DW (p) =
1
a

∑

µ

[iγµ sin apµ + (1 − cos apµ)] (16)

εn = (−1)n1+n2+n3+n4 (17)

mqa ≡ |M̂ − M̂c| (18)

m2
πa2 =

8
3
mqa + O(a2) (19)

M̂2
c = 4 (20)

m2
π = 0 (21)

Sgw =
∑

x,y

ψ̄x[γµDµ + r(1 + Mf ) + m]xyψy (22)

Ψ̄(1 ⊗ X)Ψ (23)

f = P, T, A, V (24)

H2 = D†D + m2 ≥ 0 (25)

Hgw = γ5(Dnf − MP ) (26)

Hsw = ε(Dst − M (A)
f ) = Γ55(Dst − M (A)

f ) (27)

λ0(m) = ∓m (28)

λi(m) (29)
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n,µ
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2

∑

n
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This action is called the staggered fermion action. One naive fermion is equal to four
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A
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2
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∑

A
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2

)
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1 γA2

2 γA3
3 γA4

4 , and γ̄A denotes the complex
conjugate of γA. In terms of Ψ(N), the staggered fermion action can be written as
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1

2

∑
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(
γ5 ⊗ γT
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5

)
∇2
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]
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∑

N

Ψ̄(N) (14 ⊗ 14) Ψ(N) , (2.40)
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∑
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∇µΨ(N) =
Ψ(N + µ̂) − Ψ(N − µ̂)

2
, (2.42)

∇2
µΨ(N) =

Ψ(N + µ̂) − 2Ψ(N) + Ψ(N − µ̂)

2
, (2.43)

and the superscript T denotes transposition. We call the representation as the spin-
flavor or spin-taste representation since the spinor and taste structure is manifest in this
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FIG. 8: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field case in mo-

mentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn − (MP + 0.1MA). (c)

Dn − (MP +MV +MT +MA).

where
∑

perm. means summation over permutations of the space-time indices.

Now we derive the flavored mass terms required to detect the index from the spectral

flow of the Hermitean operator. As in the d = 2 case, it should be constructed so that the

associated Hermitean operator has a flavor-singlet mass part as γ5M ∼ γ5⊗ (1⊗1⊗1⊗1).

Such a mass term is just the P-type mass (A7). Thus the flavored mass term for the

Hermitean operator is given by

MP = mP

∑

sym.

4
∏

µ=1

Cµ. (A8)

With the Hermitean operator Hn = γ5(Dn − MP), we reveal the index theorem with the

naive fermion as in the d = 2 case. Here we only show the figure for eigenvalues of the free

Dirac operator Dn −MP in Fig. 8(a). The mass term splits the modes into two branches,

which are 8 fold degenerate. If we introduce other types of mass terms, the degeneracy is

lifted as seen in Fig. 8(b).

Next we show the flavored mass term to yield a single-flavor naive overlap fermion in 4d.

As in the case of 2d there are some possibilities to realize it. The simplest example of the

mass term to yield a single-flavor naive overlap fermion with hypercubic symmetry is given

by

MP +MV +MT +MA. (A9)

The eigenvalues of the Dirac operator with this mass term is depicted in Fig. 8(c). Here

Creutz, Kimura, TM, JHEP1012,041 [1011.0761]

de Forcrand, Kurkela, Panero, [1102.1000]

Adams, PRL104, 141602 [0912.2850]

Golterman, Smit (1984)
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~ Generalized Wilson terms ~

symmetry in terms of the original fermion field are given by

MV =
∑

µ

Cµ, (3.25)

MT =
∑

perm.

∑

sym.

CµCν , (3.26)

MA =
∑

perm.

∑

sym.

∏

ν

Cν , (3.27)

MP =
∑

sym.

4∏

µ=1

Cµ, (3.28)

where
∑

perm. means summation over permutations of the space-time indices. Note we
define

∑
perm. and

∑
sym. as containing factors, for example, 1/4! for MP. The vector type

MV is exactly the same as the usual Wilson term up to mass shift. It indicates that we
successfully extend the Wilson terms to the more general terms, or flavored-mass terms.
The species-splitting is different between these flavored-mass terms, which we will depict
in the following figures, The tensor-type mass MT can be decomposed into three parts as

MT = M (1)
T + M (2)

T + M (3)
T , (3.29)

M (1)
T =

1

2
(C1C2 + C2C1) +

1

2
(C3C4 + C4C3), (3.30)

M (2)
T =

1

2
(C1C3 + C3C1) +

1

2
(C2C4 + C4C2), (3.31)

M (3)
T =

1

2
(C1C4 + C4C1) +

1

2
(C2C3 + C3C2). (3.32)

These fractions of tensor flavored-mass terms are of great importance in research on the
staggered-flavored mass from the next section.

Here we discuss on the discrete rotational symmetry of these flavored-mass terms.
The whole hypercubic symmetry holds in MV , MT , MA and MP , which is expected to
result in the Euclidean Lorentz symmetry in the continuum limit. However, In the three
decomposed tensor-type flavored-mass terms (3.30)(3.31)(3.32), the rotational symmetry
is broken to the double rotational symmetry as x → RµνRσρx with (µ, ν, ρ, σ) being any
permutation of (1, 2, 3, 4). Although this symmetry prohibits the relevant and marginal
operators being generated by quantum corrections, it is not obviously clear whether or
not it leads to the euclidian rotational symmetry in the continuum. As we will discuss on
staggered-Wilson symmetry in the next chapter, we will show that this symmetry seems
to be large enough to result in the Lorentz symmetry in the continuum limit.

We show that the non-trivial flavored-mass terms with a proper mass shift result in
the second-derivative terms proportional to a near the classical continuum limit as in the
usual Wilson fermion. For example,

∑

n

ψ̄n(MP − 1)ψn → −a

∫
d4xψ̄(x)D2

µψ(x) + O(a2), (3.33)

39

Re [λ]

Im [λ]

Aoki Phases in the Lattice Gross-Neveu Model
with Flavored Mass terms

February 8, 2012

1 Introduction

ψ̄[1 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3)]ψ (1)

ψ̄[1 ⊗ γ5]ψ (2)

MA = ζ5

∑

sym.

4∏

µ=1

Cµ (3)

M1L =
∑

µ

ξµCµ ∼
∑

µ

(1 ⊗ γµ) + O(a) (4)

MW ≡ m + 4r = 0 (5)

ψ̄ψ ↔ ψ̄γ5ψ (6)

ψx → eiθ(−1)x1+x2+x3+x4
, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (7)

S =
1
2

∑

x,µ

ψ̄x[γµ(ψx+µ − ψx−µ) − (ψx+µ + ψx−µ)] (8)

MH = M (1)
H + M (2)

H + M (3)
H , (9)

M (1)
H =

i

2
√

3
[ε12η1η2(C1C2 + C2C1) + ε34η3η4(C3C4 + C4C3)], (10)

M (2)
H =

i

2
√

3
[ε13η1η3(C1C3 + C3C1) + ε42η4η2(C4C2 + C2C4)], (11)

M (3)
H =

i

2
√

3
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)]. (12)

1
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1.  Flavored-mass terms

 Naïve fermion M. Creutz, T. Kimura, TM, JHEP1012:041 (2010) 

label position χ charge Γ type
1 (0, 0, 0, 0) + 1 S
2 (π, 0, 0, 0) − iγ1γ5 A
3 (0,π, 0, 0) − iγ2γ5 A
4 (π, π, 0, 0) + iγ1γ2 T
5 (0, 0, π, 0) − iγ3γ5 A
6 (π, 0,π, 0) + iγ1γ3 T
7 (0,π, π, 0) + iγ2γ3 T
8 (π, π,π, 0) − γ4 V
9 (0, 0, 0,π) − iγ4γ5 A
10 (π, 0, 0,π) + iγ1γ4 T
11 (0,π, 0,π) + iγ2γ4 T
12 (π, π, 0,π) − γ3 V
13 (0, 0,π,π) + iγ3γ4 T
14 (π, 0, π, π) − γ2 V
15 (0,π, π,π) − γ1 V
16 (π, π, π, π) + γ5 P

Table 3.2: Positions of zeros, chiral charges and definitions of transformation matrices for
the d = 4 naive fermions. Letters of S, V, T, V and P stand for Scalar, Vector, Tensor,
Axial-vector and Pseudo-scalar, respectively.

the γ5 commutativity, we find 5 possible types of flavored mass terms which are given by

S : Ψ̄ (1 ⊗ (1 ⊗ 1 ⊗ 1 ⊗ 1)) Ψ = ψ̄ψ

V : Ψ̄ (1 ⊗ (τ3 ⊗ 1 ⊗ 1 ⊗ 1)) Ψ = cos p1ψ̄ψ

T : Ψ̄ (1 ⊗ (τ3 ⊗ τ3 ⊗ 1 ⊗ 1)) Ψ = cos p1 cos p2ψ̄ψ

A : Ψ̄ (1 ⊗ (1 ⊗ τ3 ⊗ τ3 ⊗ τ3)) Ψ =

(
4∏

µ=2

cos pµ

)
ψ̄ψ

P : Ψ̄ (1 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3)) Ψ =

(
4∏

µ=1

cos pµ

)
ψ̄ψ

etc,

where we omit the O(a) discretization errors. Here the V-type includes 4 varieties while
the T-type has 6 varieties and the A-type 4 varieties, giving then the total number as 16.
Each of these varieties breaks the hypercubic symmetry of the lattice since their hoppings
are anisotropic. Thus we need to take a proper combination of them in order to construct
a flavored mass term with hypercubic symmetry. For example we need to take s sum of
the 4-direction V-type terms with the same ratios as in the case of d = 2. It is also the
case with the T- and A-types. Thus the 5 types of flavored masses with the symmetry in
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Appendix A: Naive flavored mass in 4 dimension

In this appendix we show details of the point splitting and flavored mass terms for the

d = 4 naive fermion. We introduce 16 point-split fields, corresponding to 16 species doublers

of the d = 4 naive fermions,

ψ(1)(p− p(1)) =
1

24
(1 + cos p1)(1 + cos p3)(1 + cos p3)(1 + cos p4)Γ(1)ψ(p),

ψ(2)(p− p(2)) =
1

24
(1− cos p1)(1 + cos p2)(1 + cos p3)(1 + cos p4)Γ(2)ψ(p),

ψ(3)(p− p(3)) =
1

24
(1 + cos p1)(1− cos p2)(1 + cos p3)(1 + cos p4)Γ(3)ψ(p),

...

ψ(16)(p− p(16)) =
1

24
(1− cos p1)(1− cos p2)(1− cos p3)(1− cos p4)Γ(16)ψ(p), (A1)

where the positions of zeros in the momentum space, chiral charges and definitions of trans-

formation matrices Γ(i) are listed in Table II. Here a set of gamma matrices γ(i)
µ defined for

each zero is given by this Γ(i) as Γ
−1
(i) γµΓ(i) = γ(i)

µ . We classify these zeros depending on this

Γ(i). For example we denote A: axial for the case of Γ(2) = iγ1γ5 while we assign T: Tensor

for Γ(4) = iγ1γ2. We introduce a flavor multiplet field with 16 components as

Ψ(p) =

















ψ(1)(p− p(1))

ψ(2)(p− p(2))
...

ψ(16)(p− p(16))

















. (A2)
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1 Introduction

Sgw =
∑

x,y

ψ̄x[γµDµ + r(1 + Mf ) + m]xyψy (1)

Ψ̄(1 ⊗ X)Ψ (2)

f = P, T, A, V (3)

H2 = D†D + m2 ≥ 0 (4)

Hgw = γ5(Dnf − MP ) (5)

Hsw = ε(Dst − M (A)
f ) = Γ55(Dst − M (A)

f ) (6)

λ0(m) = ∓m (7)

λi(m) (8)

〈ψ̄iγ5τ3ψ〉 '= 0 (9)

m2
π = C|M − Mc| ≡ Cmq (10)

SGN =
∫

d2x [ψ̄(i∂µ − m0)ψ +
g2

2N
{(ψ̄ψ)2 + (ψ̄iγ5ψ)2}] (11)

Veff(σc,πc) = −mσc +
1
4π

(σ2
c + π2

c ) ln
σ2

c + π2
c

eΛ2
(12)

1

Mass matrix



Figure 3.2: Complex spectra of non-Hermitean Dirac operator Df − Mτ3⊗τ3 for the d = 2
free field case on a 36 × 36 lattice with mass parameter mτ3⊗τ3 = 1.The spectrum is split
into two doubled branches crossing the real axis at |mτ3⊗τ3 |.

the d = 4 naive fermions,

ψ(1)(p − p(1)) =
1

24
(1 + cos p1)(1 + cos p2)(1 + cos p3)(1 + cos p4)Γ(1)ψ(p),

ψ(2)(p − p(2)) =
1

24
(1 − cos p1)(1 + cos p2)(1 + cos p3)(1 + cos p4)Γ(2)ψ(p),

ψ(3)(p − p(3)) =
1

24
(1 + cos p1)(1 − cos p2)(1 + cos p3)(1 + cos p4)Γ(3)ψ(p),

...

ψ(16)(p − p(16)) =
1

24
(1 − cos p1)(1 − cos p2)(1 − cos p3)(1 − cos p4)Γ(16)ψ(p),(3.23)

where the positions of zeros in the momentum space, chiral charges and definitions of
transformation matrices Γ(i) are listed in Table 3.2. Here a set of gamma matrices γ(i)

µ

defined for each zero is given by this Γ(i) as Γ−1
(i) γµΓ(i) = γ(i)

µ . We classify these zeros
depending on this Γ(i). For example we denote A: axial for the case of Γ(2) = iγ1γ5

while we assign T: Tensor for Γ(4) = iγ1γ2. We introduce a flavor multiplet field with 16
components as

Ψ(p) =





ψ(1)(p − p(1))
ψ(2)(p − p(2))

...
ψ(16)(p − p(16))




. (3.24)

In this representation the chiral transformation matrix γ5 is converted to γ5⊗(τ3⊗τ3⊗τ3⊗
τ3), under which the naive action is invariant. Here we introduce a multiplet representation
as four direct products of the Pauli matrix to express the 16 flavor structure. By imposing
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〈ψ̄iγ5τ3ψ〉 '= 0 (9)

m2
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SGN =
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d2x [ψ̄(i∂µ − m0)ψ +
g2

2N
{(ψ̄ψ)2 + (ψ̄iγ5ψ)2}] (11)
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1
4π
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c + π2
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eΛ2
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1

Mass matrix

◆Point-split fields M. Creutz (2010),  for minimally doubled fermions.



・Conditions on flavored-mass terms

(1) gamma-5 hermiticity :

In the QCD simulation we will tune the mass parameter M to take a chiral
limit. For some negative value of the mass parameter: −1 < M < 0 for
Adams-type and −2 < M < 0 for Hoelbling-type, we obtain two-flavor and
one-flavor overlap fermions respectively by using the overlap formula.

Sst =
∑

x

ηµχ̄x[χn+µ − χn−µ]

=
C

2

∑

X,µ

ψ̄(X)
[
(γµ ⊗ 1)∇µ + (γ5 ⊗ γT

5 γT
µ )∇2

µ

]
ψ(X) (9)

Hst = Γ55(Dst − Mf ) = Γ55Dst − mΓ5 (10)

λ(m), m. hohohoho

Γ55Dso + DsoΓ55 = DsoΓ55Dso (11)

D† = γ5Dγ5 (12)

3 Symmetry

In this section we discuss the discrete symmetry of the staggered-Wilson
fermions. Most of conclusions we will show in this section were already
shown in the old reference [25, 27] and the recent two papers [9, 10]. The
potential problem for staggered-Wilson fermions in lattice QCD is the dis-
crete symmetry breaking. As discussed in [9, 10], the discrete symmetries
possessed by the original staggered fermion is broken to their subgroups both
in the Adams-type and Hoelbling-type actions. One of the broken discrete
symmetries is the shift symmetry, whose transformation is given by

Sρ : χx → ζρ(x)χx+ρ̂, χ̄x → ζρ(x)χ̄x+ρ̂, Uµ,x → Uµ,x+ρ̂, (13)

with ζ1(x) = (−1)x2+x3+x4 , ζ2(x) = (−1)x3+x4 , ζ3(x) = (−1)x4 and ζ4(x) = 1.
The Adams-type fermion is invariant under the subgroup x → x + 1̂ ± µ̂
while the Hoelbling-type fermions is invariant under x → x + 1̂ ± 2̂ ± 3̂ ± 4̂.
Note that these subgroups include the doubled shift x → x + 2µ̂ as their
subgroup. The axis reversal invariance is also broken in both cases, whose
transformation is given by,

Iρ : χx → (−1)xρχIx, χ̄x → (−1)xρχ̄Ix, Uµ,x → Uµ,Ix, (14)

5

24

Then 16 flavored mass terms are given by

S : Ψ̄ (1⊗ (1⊗ 1⊗ 1⊗ 1))Ψ =
1

24

(

4
∏

µ=1

(

1 + cos2 pµ
)

)

ψ̄ψ

V : Ψ̄ (1⊗ (τ3 ⊗ 1⊗ 1⊗ 1))Ψ =
1

23
cos p1

(

4
∏

µ=2

(

1 + cos2 pµ
)

)

ψ̄ψ

T : Ψ̄ (1⊗ (τ3 ⊗ τ3 ⊗ 1⊗ 1))Ψ =
1

22
cos p1 cos p2

(

4
∏

µ=3

(

1 + cos2 pµ
)

)

ψ̄ψ

A : Ψ̄ (1⊗ (1⊗ τ3 ⊗ τ3 ⊗ τ3))Ψ =
1

2
(1 + cos2 p1)

(

4
∏

µ=2

cos pµ

)

ψ̄ψ

P : Ψ̄ (1⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3))Ψ =

(

4
∏

µ=1

cos pµ

)

ψ̄ψ

etc,

where we introduce a multiplet representation as four direct products of the Pauli matrix to

express the 16 flavor structure. In this representation the chiral transformation matrix γ5

is converted to γ5 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3), under which the naive action is invariant. Here the

V-type includes 4 varieties while the T-type has 6 varieties and the A-type 4 varieties, giving

then the total number as 16. Each of these varieties breaks the hypercubic symmetry of the

lattice since their hoppings are anisotropic. Thus we need to take a proper combination of

them in order to construct a flavored mass term with hypercubic symmetry. For example

we consider the sum of the 4 varieties with the same ratios for the V-type as in the case of

d = 2. It is also the case with the T- and A-types. Thus the 5 types of flavored masses with

the symmetry in terms of the original fermion field are given by

MS =
mS

24

∑

sym.

4
∏

µ=1

(

1 + C2
µ

)

, (A3)

MV =
mV

23

∑

perm.

∑

sym.

Cµ

∏

ν(!=µ)

(

1 + C2
ν

)

, (A4)

MT =
mT

22

∑

perm.

∑

sym.

CµCν

(

1 + C2
ρ

) (

1 + C2
σ

)

, (A5)

MA =
mA

2

∑

perm.

∑

sym.

(

1 + C2
µ

)

∏

ν(!=µ)

Cν , (A6)

MP = mP

∑

sym.

4
∏

µ=1

Cµ, (A7)

spin flavor

(2) O(a) irrelevant term
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a

∫
d4xψ̄(x)D2

µψ(x) (1)

Index(DW ) = (−1)d/2Q (2)

Index(Dn) = 2d(−1)d/2Q (3)

ψ̄(1 ⊗ γ5)ψ (4)

ψ̄(1 ⊗ σµν)ψ (5)

n → n + µ̂ (6)

nµ → −nµ (7)

Dno = 1 + γ5
Hn(m)√
H2

n(m)
(8)

Dso = 1 + Γ55
Hst(m)√
H2

st(m)
(9)

Index(Dst) = 2d/2(−1)d/2Q (10)

Hn = γ5(Dn − MP)
= (γ5 ⊗ (τ3 ⊗ τ3))(Dn − m(1 ⊗ (τ3 ⊗ τ3)))
= (γ5 ⊗ (τ3 ⊗ τ3))Dn − m(γ5 ⊗ (1 ⊗ 1)) (11)

1
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DW (p) = iγµpµ + O(a) (1)

DW (p) = iγµpµ +
2
a

+ O(a) (2)

det(D) ≥ 0 (3)

DW (p) =
1
a

∑

µ

[iγµ sin apµ + (1 − cos apµ)] (4)

εx = (−1)x1+x2+x3+x4 (5)

mqa ≡ |M̂ − M̂c| (6)

m2
πa2 =

8
3
mqa + O(a2) (7)

M̂2
c = 4 (8)

m2
π = 0 (9)

Sgw =
∑

x,y

ψ̄x[γµDµ + r(1 + Mf ) + m]xyψy (10)

Ψ̄(1 ⊗ X)Ψ (11)

f = P, T, A, V (12)

1

~

essential for euclidian vector-like theory

 dim-5 operator vanishes in a→0

※

・Physical modes in the continuum limit

22

Appendix A: Naive flavored mass in 4 dimension

In this appendix we show details of the point splitting and flavored mass terms for the

d = 4 naive fermion. We introduce 16 point-split fields, corresponding to 16 species doublers

of the d = 4 naive fermions,

ψ(1)(p− p(1)) =
1

24
(1 + cos p1)(1 + cos p3)(1 + cos p3)(1 + cos p4)Γ(1)ψ(p),

ψ(2)(p− p(2)) =
1

24
(1− cos p1)(1 + cos p2)(1 + cos p3)(1 + cos p4)Γ(2)ψ(p),

ψ(3)(p− p(3)) =
1

24
(1 + cos p1)(1− cos p2)(1 + cos p3)(1 + cos p4)Γ(3)ψ(p),

...

ψ(16)(p− p(16)) =
1

24
(1− cos p1)(1− cos p2)(1− cos p3)(1− cos p4)Γ(16)ψ(p), (A1)

where the positions of zeros in the momentum space, chiral charges and definitions of trans-

formation matrices Γ(i) are listed in Table II. Here a set of gamma matrices γ(i)
µ defined for

each zero is given by this Γ(i) as Γ
−1
(i) γµΓ(i) = γ(i)

µ . We classify these zeros depending on this

Γ(i). For example we denote A: axial for the case of Γ(2) = iγ1γ5 while we assign T: Tensor

for Γ(4) = iγ1γ2. We introduce a flavor multiplet field with 16 components as

Ψ(p) =

















ψ(1)(p− p(1))

ψ(2)(p− p(2))
...

ψ(16)(p− p(16))

















. (A2)for

・Rotational symmetry



◆ Flavored-mass terms

・ MV   (MA)  →  Wilson term
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Figure 3.3: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field
case in momentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn −
(MP + 0.1MA). (c) Dn − (MP + MV + MT + MA).

terms of the original fermion field are given by

MS = 1, (3.25)

MV =
∑

µ

Cµ, (3.26)

MT =
∑

perm.

∑

sym.

CµCν , (3.27)

MA =
∑

perm.

∑

sym.

∏

ν

Cν , (3.28)

MP =
∑

sym.

4∏

µ=1

Cµ, (3.29)

where
∑

perm. means summation over permutations of the space-time indices. Note we
define

∑
perm. and

∑
sym. as containing factors, for example, 1/4! for MP .

Here again the non-trivial flavored-mass terms with a proper mass shift result in the
second-derivative terms proportional to a near the classical continuum limit as in the
usual Wilson fermion. For example,

∑

n

ψ̄n(MP − 1)ψn → −a

∫
d4xψ̄(x)D2

µψ(x) + O(a2), (3.30)

It is consistent with the criterion for the Wilson fermion. The deviation from the usual
Wilson fermion starts from O(a2) discretization errors. Thus, as long as we look at the
physical branch, the difference of discretization errors between the generalized Wilson
and the usual Wilson fermions is just O(a2). However the naive expansion about a = 0 is
not valid for the other species. In fact the difference between the generalized and usual

39

label position χ charge Γ type
1 (0, 0, 0, 0) + 1 S
2 (π, 0, 0, 0) − iγ1γ5 A
3 (0,π, 0, 0) − iγ2γ5 A
4 (π, π, 0, 0) + iγ1γ2 T
5 (0, 0, π, 0) − iγ3γ5 A
6 (π, 0,π, 0) + iγ1γ3 T
7 (0,π, π, 0) + iγ2γ3 T
8 (π, π,π, 0) − γ4 V
9 (0, 0, 0,π) − iγ4γ5 A
10 (π, 0, 0,π) + iγ1γ4 T
11 (0,π, 0,π) + iγ2γ4 T
12 (π, π, 0,π) − γ3 V
13 (0, 0,π,π) + iγ3γ4 T
14 (π, 0, π, π) − γ2 V
15 (0,π, π,π) − γ1 V
16 (π, π, π, π) + γ5 P

Table 3.2: Positions of zeros, chiral charges and definitions of transformation matrices for
the d = 4 naive fermions. Letters of S, V, T, V and P stand for Scalar, Vector, Tensor,
Axial-vector and Pseudo-scalar, respectively.

the γ5 commutativity, we find 5 possible types of flavored mass terms which are given by

S : Ψ̄ (1 ⊗ (1 ⊗ 1 ⊗ 1 ⊗ 1)) Ψ = ψ̄ψ

V : Ψ̄ (1 ⊗ (τ3 ⊗ 1 ⊗ 1 ⊗ 1)) Ψ = cos p1ψ̄ψ

T : Ψ̄ (1 ⊗ (τ3 ⊗ τ3 ⊗ 1 ⊗ 1)) Ψ = cos p1 cos p2ψ̄ψ

A : Ψ̄ (1 ⊗ (1 ⊗ τ3 ⊗ τ3 ⊗ τ3)) Ψ =

(
4∏

µ=2

cos pµ

)
ψ̄ψ

P : Ψ̄ (1 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3)) Ψ =

(
4∏

µ=1

cos pµ

)
ψ̄ψ

etc,

where we omit the O(a) discretization errors. Here the V-type includes 4 varieties while
the T-type has 6 varieties and the A-type 4 varieties, giving then the total number as 16.
Each of these varieties breaks the hypercubic symmetry of the lattice since their hoppings
are anisotropic. Thus we need to take a proper combination of them in order to construct
a flavored mass term with hypercubic symmetry. For example we need to take s sum of
the 4-direction V-type terms with the same ratios as in the case of d = 2. It is also the
case with the T- and A-types. Thus the 5 types of flavored masses with the symmetry in
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Figure 3.3: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field
case in momentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn −
(MP + 0.1MA). (c) Dn − (MP + MV + MT + MA).

terms of the original fermion field are given by

MS = 1, (3.25)

MV =
∑

µ

Cµ, (3.26)

MT =
∑

perm.

∑

sym.

CµCν , (3.27)

MA =
∑

perm.

∑

sym.

∏

ν

Cν , (3.28)

MP =
∑

sym.

4∏

µ=1

Cµ, (3.29)

where
∑

perm. means summation over permutations of the space-time indices. Note we
define

∑
perm. and

∑
sym. as containing factors, for example, 1/4! for MP .

Here again the non-trivial flavored-mass terms with a proper mass shift result in the
second-derivative terms proportional to a near the classical continuum limit as in the
usual Wilson fermion. For example,

∑

n

ψ̄n(MP − 1)ψn → −a

∫
d4xψ̄(x)D2

µψ(x) + O(a2), (3.30)

It is consistent with the criterion for the Wilson fermion. The deviation from the usual
Wilson fermion starts from O(a2) discretization errors. Thus, as long as we look at the
physical branch, the difference of discretization errors between the generalized Wilson
and the usual Wilson fermions is just O(a2). However the naive expansion about a = 0 is
not valid for the other species. In fact the difference between the generalized and usual

39

・ O(a) irrelevant terms

・ low-energy species-splitting terms
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FIG. 8: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field case in mo-

mentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn − (MP + 0.1MA). (c)

Dn − (MP +MV +MT +MA).

where
∑

perm. means summation over permutations of the space-time indices.

Now we derive the flavored mass terms required to detect the index from the spectral

flow of the Hermitean operator. As in the d = 2 case, it should be constructed so that the

associated Hermitean operator has a flavor-singlet mass part as γ5M ∼ γ5⊗ (1⊗1⊗1⊗1).

Such a mass term is just the P-type mass (A7). Thus the flavored mass term for the

Hermitean operator is given by

MP = mP

∑

sym.

4
∏

µ=1

Cµ. (A8)

With the Hermitean operator Hn = γ5(Dn − MP), we reveal the index theorem with the

naive fermion as in the d = 2 case. Here we only show the figure for eigenvalues of the free

Dirac operator Dn −MP in Fig. 8(a). The mass term splits the modes into two branches,

which are 8 fold degenerate. If we introduce other types of mass terms, the degeneracy is

lifted as seen in Fig. 8(b).

Next we show the flavored mass term to yield a single-flavor naive overlap fermion in 4d.

As in the case of 2d there are some possibilities to realize it. The simplest example of the

mass term to yield a single-flavor naive overlap fermion with hypercubic symmetry is given

by

MP +MV +MT +MA. (A9)

The eigenvalues of the Dirac operator with this mass term is depicted in Fig. 8(c). Here

Dirac spectra with flavored mass terms

(8,8) (4,8,4)

→ Multi-flavor Wilson & Overlap   (although we need care about renormalization)
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1 Introduction

Dnf − MP (1)

Dnf − MT (2)

Dnf − (MV + MA) (3)

Dnf − (MP + MT ) (4)

g2 = 0.6 (5)

Sst =
∑

n

ηµχ̄n[χn+µ − χn−µ]

=
∑

N,µ

Ψ̄N (γµ ⊗ 1)∇µΨN + O(a2) (6)

M (A)
f = ε

∑

sym

η1η2η3η4C1C2C3C4

= (1 ⊗ γ5) + O(a2) (7)

M (H)
f =

∑

µ>ν

i

2
√

3
εµνηµην(CµCν + CνCµ)

= (1 ⊗
∑

µ>ν

σµν) + O(a2) (8)

1

MP+MT : (4,12)

MP+MV : (5,1,10)

MT+MV : (10,5,1)

(1,15)

:
:

MV+MA : (1,14,1)

MA+MV +MT1+MT2  : (3,12,1)

Figure 3.3: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field
case in momentum space with 164 grids of the brillouin zone. (a) Dn − MP with species
split into (8, 8). (b) Dn − (MP + 0.1MA) with species split into (2, 2, 4, 4, 4). (c) Dn −
(MP + MV + MT + MA) with species split into (1, 15).
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Figure 3.4: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field case
in momentum space with 164 grids of the brillouin zone for Dn − M (i)

T where i = 1, 2, 3.
16 species are split into (4, 8, 4)
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Snf(M
(i)
T ) → Sst(M

(i)
H ) (1)

x → R(µν)R(ρσ)x (2)

Dnf − (MV + MT + MA + MP ) (3)

M (i)
H (4)

Snf(MP) → Sst(MA) (5)

H = γ5(Dnf − rM (i)
T ) (6)

Index(D) = 2d−1(−1)d/2Q (7)

λ(r) (8)

Dnf − M (i)
T (9)

ψ̄xψx+1̂+2̂+3̂+4̂ = χ̄xγx4
4 γx3

3 γx2
2 γx1

1 γx1+1
1 γx2+1

2 γx3+1
3 γx4+1

4 χx+1̂+2̂+3̂+4̂

= (−1)x2+x4 χ̄xγ5χx+1̂+2̂+3̂+4̂

→ ±χ̄xεη1η2η3η4χx+1̂+2̂+3̂+4̂ (10)

ψ̄xψx+1̂+2̂ + ψ̄xψx+3̂+4̂ = (−1)x2 χ̄xγ1γ2χx+1̂+2̂ + (−1)x4 χ̄xγ3γ4χx+3̂+4̂

→ ±χ̄xiε12η1η2χx+1̂+2̂ ± χ̄xiε34η3η4χx+3̂+4̂ (11)

1
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MP =
∑

sym.

C1C2C3C4 (1)

Dnf − MP (2)

Dnf − MT (3)

Dnf −
∑

µ>ν

(MT )µν (4)

Dnf − (MV + MA) (5)

Dnf − (MP + MT ) (6)

g2 = 0.6 (7)

Sst =
∑

n

ηµχ̄n[χn+µ − χn−µ]

=
∑

N,µ

Ψ̄N (γµ ⊗ 1)∇µΨN + O(a2) (8)

M (A)
f = ε

∑

sym

η1η2η3η4C1C2C3C4

= (1 ⊗ γ5) + O(a2) (9)

1
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FIG. 8: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field case in mo-

mentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn − (MP + 0.1MA). (c)

Dn − (MP +MV +MT +MA).

where
∑

perm. means summation over permutations of the space-time indices.

Now we derive the flavored mass terms required to detect the index from the spectral

flow of the Hermitean operator. As in the d = 2 case, it should be constructed so that the

associated Hermitean operator has a flavor-singlet mass part as γ5M ∼ γ5⊗ (1⊗1⊗1⊗1).

Such a mass term is just the P-type mass (A7). Thus the flavored mass term for the

Hermitean operator is given by

MP = mP

∑

sym.

4
∏

µ=1

Cµ. (A8)

With the Hermitean operator Hn = γ5(Dn − MP), we reveal the index theorem with the

naive fermion as in the d = 2 case. Here we only show the figure for eigenvalues of the free

Dirac operator Dn −MP in Fig. 8(a). The mass term splits the modes into two branches,

which are 8 fold degenerate. If we introduce other types of mass terms, the degeneracy is

lifted as seen in Fig. 8(b).

Next we show the flavored mass term to yield a single-flavor naive overlap fermion in 4d.

As in the case of 2d there are some possibilities to realize it. The simplest example of the

mass term to yield a single-flavor naive overlap fermion with hypercubic symmetry is given

by

MP +MV +MT +MA. (A9)

The eigenvalues of the Dirac operator with this mass term is depicted in Fig. 8(c). Here
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Dnf − MP (1)

Dnf − MT (2)

Dnf − (MV + MA) (3)

Dnf − (MP + MT ) (4)

g2 = 0.6 (5)

Sst =
∑

n

ηµχ̄n[χn+µ − χn−µ]

=
∑

N,µ

Ψ̄N (γµ ⊗ 1)∇µΨN + O(a2) (6)

M (A)
f = ε

∑

sym

η1η2η3η4C1C2C3C4

= (1 ⊗ γ5) + O(a2) (7)

M (H)
f =

∑

µ>ν

i

2
√

3
εµνηµην(CµCν + CνCµ)

= (1 ⊗
∑

µ>ν

σµν) + O(a2) (8)

1

・Index theorem from spectral flow

Index(Dnf)   =  - Spectral flow(H)

36×36 lattice, randomness δ=0.25, Q=1

13

FIG. 3: Spectral flows of (a) Minimally doubled and (b) naive Hermitean operators with a Q = 1,

δ = 0.25 background configuration on a 16 × 16 lattice. Two single crossings with positive slopes

are seen in (a), which means the index is −2. Two doubled crossings with positive slopes are seen

in (b), which means the index is −4.

FIG. 4: Spectral flows of (a) Minimally doubled and (b) naive Hermitean operators with a Q = 2,

δ = 0.2 background configuration on a 16 × 16 lattice. Six single crossings with positive slopes

and two single crossings with negative slopes are seen in (a), which means the index is −4. Six

doubled crossings with positive slopes and two doubled crossings with negative slopes are seen in

(b), which means the index is −8.

which contains a factor 2 reflecting two species. This relation is also satisfied by cases with

other topological charges, as shown in Fig. 4(a) for the case for Q = 2. Here the net number

of crossings counted with ± depending on the slopes is 4. It means the corresponding index

is −4, which is consistent with (31). We also emphasize that there is a clear separation

between low- and high-lying crossings in Fig. 3(a) where low-lying ones are localized about

doubled
Index(Dgw) = -4
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3 γx4+1
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= (−1)x2+x4 χ̄xγ5χx+1̂+2̂+3̂+4̂

→ ±χ̄xεη1η2η3η4χx+1̂+2̂+3̂+4̂ (5)

MP =
∑

sym.

C1C2C3C4 (6)

Dnf − MP (7)

Dnf − MT (8)

Dnf −
∑

µ>ν

(MT )µν (9)

Dnf − (MV + MA) (10)

Dnf − (MP + MT ) (11)
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8 (+) and 8 (-) masses

label position χ charge Γ type
1 (0, 0, 0, 0) + 1 S
2 (π, 0, 0, 0) − iγ1γ5 A
3 (0,π, 0, 0) − iγ2γ5 A
4 (π, π, 0, 0) + iγ1γ2 T
5 (0, 0, π, 0) − iγ3γ5 A
6 (π, 0,π, 0) + iγ1γ3 T
7 (0,π, π, 0) + iγ2γ3 T
8 (π, π,π, 0) − γ4 V
9 (0, 0, 0,π) − iγ4γ5 A
10 (π, 0, 0,π) + iγ1γ4 T
11 (0,π, 0,π) + iγ2γ4 T
12 (π, π, 0,π) − γ3 V
13 (0, 0,π,π) + iγ3γ4 T
14 (π, 0, π, π) − γ2 V
15 (0,π, π,π) − γ1 V
16 (π, π, π, π) + γ5 P

Table 3.2: Positions of zeros, chiral charges and definitions of transformation matrices for
the d = 4 naive fermions. Letters of S, V, T, V and P stand for Scalar, Vector, Tensor,
Axial-vector and Pseudo-scalar, respectively.

the γ5 commutativity, we find 5 possible types of flavored mass terms which are given by

S : Ψ̄ (1 ⊗ (1 ⊗ 1 ⊗ 1 ⊗ 1)) Ψ = ψ̄ψ

V : Ψ̄ (1 ⊗ (τ3 ⊗ 1 ⊗ 1 ⊗ 1)) Ψ = cos p1ψ̄ψ

T : Ψ̄ (1 ⊗ (τ3 ⊗ τ3 ⊗ 1 ⊗ 1)) Ψ = cos p1 cos p2ψ̄ψ

A : Ψ̄ (1 ⊗ (1 ⊗ τ3 ⊗ τ3 ⊗ τ3)) Ψ =

(
4∏

µ=2

cos pµ

)
ψ̄ψ

P : Ψ̄ (1 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3)) Ψ =

(
4∏

µ=1

cos pµ

)
ψ̄ψ

etc,

where we omit the O(a) discretization errors. Here the V-type includes 4 varieties while
the T-type has 6 varieties and the A-type 4 varieties, giving then the total number as 16.
Each of these varieties breaks the hypercubic symmetry of the lattice since their hoppings
are anisotropic. Thus we need to take a proper combination of them in order to construct
a flavored mass term with hypercubic symmetry. For example we need to take s sum of
the 4-direction V-type terms with the same ratios as in the case of d = 2. It is also the
case with the T- and A-types. Thus the 4 types of non-tirivial flavored masses with the
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FIG. 8: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field case in mo-

mentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn − (MP + 0.1MA). (c)

Dn − (MP +MV +MT +MA).

where
∑

perm. means summation over permutations of the space-time indices.

Now we derive the flavored mass terms required to detect the index from the spectral

flow of the Hermitean operator. As in the d = 2 case, it should be constructed so that the

associated Hermitean operator has a flavor-singlet mass part as γ5M ∼ γ5⊗ (1⊗1⊗1⊗1).

Such a mass term is just the P-type mass (A7). Thus the flavored mass term for the

Hermitean operator is given by

MP = mP

∑

sym.

4
∏

µ=1

Cµ. (A8)

With the Hermitean operator Hn = γ5(Dn − MP), we reveal the index theorem with the

naive fermion as in the d = 2 case. Here we only show the figure for eigenvalues of the free

Dirac operator Dn −MP in Fig. 8(a). The mass term splits the modes into two branches,

which are 8 fold degenerate. If we introduce other types of mass terms, the degeneracy is

lifted as seen in Fig. 8(b).

Next we show the flavored mass term to yield a single-flavor naive overlap fermion in 4d.

As in the case of 2d there are some possibilities to realize it. The simplest example of the

mass term to yield a single-flavor naive overlap fermion with hypercubic symmetry is given

by

MP +MV +MT +MA. (A9)

The eigenvalues of the Dirac operator with this mass term is depicted in Fig. 8(c). Here

(8,8)

Figure 3.3: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field
case in momentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn −
(MP + 0.1MA). (c) Dn − (MP + MV + MT + MA).

terms of the original fermion field are given by

MS = 1, (3.25)

MV =
∑

µ

Cµ, (3.26)

MT =
∑

perm.

∑

sym.

CµCν , (3.27)

MA =
∑

perm.

∑

sym.

∏

ν

Cν , (3.28)

MP =
∑

sym.

4∏

µ=1

Cµ, (3.29)

where
∑

perm. means summation over permutations of the space-time indices. Note we
define

∑
perm. and

∑
sym. as containing factors, for example, 1/4! for MP .

Here again the non-trivial flavored-mass terms with a proper mass shift result in the
second-derivative terms proportional to a near the classical continuum limit as in the
usual Wilson fermion. For example,

∑

n

ψ̄n(MP − 1)ψn → −a

∫
d4xψ̄(x)D2

µψ(x) + O(a2), (3.30)

It is consistent with the criterion for the Wilson fermion. The deviation from the usual
Wilson fermion starts from O(a2) discretization errors. Thus, as long as we look at the
physical branch, the difference of discretization errors between the generalized Wilson
and the usual Wilson fermions is just O(a2). However the naive expansion about a = 0 is
not valid for the other species. In fact the difference between the generalized and usual
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with (Vµ)xy = Ux,µδy,x+µ. Here ε is represented as Γ55 = γ5 ⊗ γ5 in the spin-flavor
representation while ηµ followed by the transporter Cµ is represented as γµ ⊗ 1 up to
discretization errors, which we sometimes denote Γµ. Thus it is obvious that the MA

stands for (1⊗γ5)+O(a) while MH stands for (1⊗
∑

σµν)+O(a). We refer to MA as the
Adams-type [30] and MH the Hoelbling-type [32]. By diagonalizing γ5 or

∑
σµν , we find

that the Adams type splits 4 tastes into two branches with positive (m = +1) and the
other two with negative(m = −1) mass while the Hoelbling type splits them into three
branches with positive(m = +2), two with zero (m = 0) and the other one with negative
mass(m = −2). The divided Hoelbling flavored-mass terms (3.36)(3.37)(3.38) correspond
to divided types in the tensor-types mass for naive fermions (3.30)(3.31)(3.32) . They
have flavored structure as ∼ (1 ⊗ (σ12 + σ34)) + O(a). By diagonalizing it, we find the
flavor structure diag[0, 0,−2, 2]. They again split 4 taste into three branches with (1, 2, 1)
fermion modes. We will later discuss about whether these divided types have enough
discrete symmetries to restore euclidian Lorentz symmetry in the continuum limit.

We here check all these staggered flavored-mass terms (3.34)(3.35)(3.36)(3.37)(3.38)
lead to the second derivative terms proportional to a near the continuum. Near the
classical continuum limit, these staggered flavored-mass terms Mf are given by

Mf ∼ a

∫
d4xχ̄D2

µχ + O(a2) (3.43)

with proper mass shift. It is compatible with the criterion for the lattice fermion con-
struction. We now can construct the two types of staggered-WIlson fermions with these
flavored-mass terms which also lead to the staggered-overlap fermions.

Now let us compare these flavored-mass terms with the MP and M (i)
T for the naive

fermions in Fig. 3.6. It is obvious that the Adams-type flavored-mass term MA corresponds
to MP while the divided Hoelbling-type terms M (i)

H corresponds to M (i)
T . It is also possible

to see that MP and M (i)
T are decomposed into the Adams and the divided Hoelbling-

type terms through the spin diagonalization which we discussed in chapter 2 as χx =
γx4

4 γx3
3 γx2

2 γx1
1 ψx, χ̄x = ψ̄xγ

x1
1 γx2

2 γx3
3 γx4

4 . MP is decomposed into MA through this spin-
diagonalization as

ψ̄xC1C2C3C4ψx → ±χ̄x(εη1η2η3η4C1C2C3C4)χx.

Here the signs in front of χ̄x come from the residual γ5 which remain in the process of
the spin diagonalization of MP . By diaonalizing γ5, we find two Adams types terms with
positive sign and two with negative signs. Such signs are not relevant for the species-
splitting, and we can neglect them. M (i)

T is decomposed into M (i)
H through the spin-

diagonalization. For example, M (1)
H is derived from M (1)

T as

ψ̄x[(C1C2 + C2C1) + (C3C4 + C4C3)]ψx

→ ±χ̄x[iε12η1η2(C1C2 + C2C1) ± iε34η3η4(C3C4 + C4C3)]χx. (3.44)

The two types of signs come from σ12 = γ1γ2 and σ34 = γ3γ4, which remain after the
usual spin diagonalization process. The point is that they commute with each other as
[σ12,σ34] = 0, and they can be diagonalized simultaneously. If σ12 is diagonalized as
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symmetry in terms of the original fermion field are given by

MV =
∑

µ

Cµ, (3.25)

MT =
∑

perm.

∑

sym.

CµCν , (3.26)

MA =
∑

perm.

∑

sym.

∏

ν

Cν , (3.27)

MP =
∑

sym.

4∏

µ=1

Cµ, (3.28)

where
∑

perm. means summation over permutations of the space-time indices. Note we
define

∑
perm. and

∑
sym. as containing factors, for example, 1/4! for MP. The vector type

MV is exactly the same as the usual Wilson term up to mass shift. It indicates that we
successfully extend the Wilson terms to the more general terms, or flavored-mass terms.
The species-splitting is different between these flavored-mass terms, which we will depict
in the following figures, The tensor-type mass MT can be decomposed into three parts as

MT = M (1)
T + M (2)

T + M (3)
T , (3.29)

M (1)
T =

1

2
(C1C2 + C2C1) +

1

2
(C3C4 + C4C3), (3.30)

M (2)
T =

1

2
(C1C3 + C3C1) +

1

2
(C2C4 + C4C2), (3.31)

M (3)
T =

1

2
(C1C4 + C4C1) +

1

2
(C2C3 + C3C2). (3.32)

These fractions of tensor flavored-mass terms are of great importance in research on the
staggered-flavored mass from the next section.

Here we discuss on the discrete rotational symmetry of these flavored-mass terms.
The whole hypercubic symmetry holds in MV , MT , MA and MP , which is expected to
result in the Euclidean Lorentz symmetry in the continuum limit. However, In the three
decomposed tensor-type flavored-mass terms (3.30)(3.31)(3.32), the rotational symmetry
is broken to the double rotational symmetry as x → RµνRσρx with (µ, ν, ρ, σ) being any
permutation of (1, 2, 3, 4). Although this symmetry prohibits the relevant and marginal
operators being generated by quantum corrections, it is not obviously clear whether or
not it leads to the euclidian rotational symmetry in the continuum. As we will discuss on
staggered-Wilson symmetry in the next chapter, we will show that this symmetry seems
to be large enough to result in the Lorentz symmetry in the continuum limit.

We show that the non-trivial flavored-mass terms with a proper mass shift result in
the second-derivative terms proportional to a near the classical continuum limit as in the
usual Wilson fermion. For example,

∑

n

ψ̄n(MP − 1)ψn → −a

∫
d4xψ̄(x)D2

µψ(x) + O(a2), (3.33)
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Figure 5.5: Spectral flows of the d = 2 naive Hermitean operators with a Q = 1, δ = 0.25
background configuration on a 16× 16 lattice: (a) c = 0.2, (b) c = 0.5 and (c) c = 1. The
doubled flows are lifted in (a). Two of the four flows no longer cross zeros in (b). The
two single crossings are shown in (c).
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FIG. 1. Spectrum of various kernel operators with r = 1 in the free field case on a 324 lattice.

Additionally, M1 has two crucial properties: it is hermitian and commutes with η. Both of

these follow straightforwardly from the definitions.

Using these properties, we can immediately see that the modified staggered operator 1

DA(m0) = Dst + r (1 +M1) +m0 (5)

with the Wilson-like parameter r fulfills a γ5-hermiticity like condition DA(m)η = ηD†
A(m).

Consequently, its non-real eigenvalues appear in complex conjugate pairs. Due to its spin-

flavor structure (4), the addition of M1 in (5) will spread out the spectrum in the real

direction, giving modes a mass term according to their approximate flavor chirality (cf.

fig. 1(a)). It was demonstrated in [1] that this operator is a suitable overlap kernel. The

resulting overlap operator obeys an index theorem with two fermion flavors [1, 6].

The fact that one is left with two fermion flavors originates in the dimension two of the

positive and negative flavor chirality subspaces in four space-time dimensions. In order to lift

this remaining degeneracy, an additional operator is needed, which differentiates between

flavors of the same chirality. In the flavor Clifford algebra, the natural candidates are

the matrices σµν = iξνξµ. The σµν commute with ξ5 and can therefore simultaneously be

diagonalized. Furthermore, σµν has one eigenvalue 1 and one −1 in both the positive and

negative chirality subspace. Therefore, one can choose a common diagonal basis where

ξ5 = diag(1, 1,−1,−1) σµν = diag(1,−1,−1, 1) (6)

1 Note that we have also added a mass term r +m0 in order to shift the physical part of the spectrum to

the correct position.

(4,8,4)

paper by Hoelbling [32], it was stated that the flavored-mass term (3.35) split the four
species into three branches. It is incorrect and the Hoelbling type split species into four
branches, but the decomposed Hoelbling mass terms split them into three branches as
we will show soon later.) We next consider the devided Hoelbling flavored-mass terms
as we considered for the tensor-types flavored-mass terms for the naive fermion. The
decomposed Hoelbling terms are given by

M (H)
f = M (H1)

f + M (H2)
f + M (H3)

f (3.40)

M (H1)
f =

i

2
[ε12η1η2(C1C2 + C2C1) + ε34η3η4(C3C4 + C4C3)], (3.41)

M (H2)
f =

i

2
[ε13η1η3(C1C3 + C3C1) + ε24η2η4(C2C4 + C4C2)], (3.42)

M (H3)
f =

i

2
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)], (3.43)

These divided flavored-mass terms have flavored structure as ∼ (1⊗ (σ12 + σ34)) + O(a).
By diagonalizing it, we find the flavor structure diag[0, 0,−2, 2]. They thus split 4 taste
into three branches with (1, 2, 1) fermion modes. Here we check these flavored-mass terms
result in the second derivative terms proportional to a near the continuum. Near the
classical continuum limit, both staggered flavored-mass terms are given by

Mf ∼ a

∫
d4xχ̄D2

µχ + O(a2) (3.44)

It is compatible with the criterion for the lattice fermion construction. We now can
construct the two types of staggered-WIlson fermions with these flavored-mass terms
which also lead to the staggered-overlap fermions.

Now let us compare these flavored-mass terms with the MP and M (i)
T for the naive

fermions in Fig. 3.6. It is obvious that the Adams-type flavored-mass term corresponds to
MP while the Hoelbling-type term corresponds to MT . It is also possible to see that the
MP and MT are decomposed into the Adams and the decomposed Hoelbling-type terms
through the spin diagonalization which we discussed in chapter 2. MP is decomposed into
M (A)

f through the spin-diagonalization as

ψ̄xC1C2C3C4ψx → ±χ̄x(εη1η2η3η4C1C2C3C4)χx.

Here we the signs in front of χ̄x come from the residual γ5 in the spin diagonalization of
MP . By diaonalizing γ5, we find two Adams types terms with positive sign and two with
negative signs. Such signs are not relevant for the species-splitting, and we can neglect
them. M (i)

T is decomposed into M (Hi)
f through the spin-diagonalization. For example,

M (H1)
f is derived from M (1)

T as

ψ̄x[(C1C2 + C2C1) + (C3C4 + C4C3)]ψx

→ ±χ̄x[iε12η1η2(C1C2 + C2C1) ± iε34η3η4(C3C4 + C4C3)]χx. (3.45)

The two types of signs come from σ12 = γ1γ2 and σ34 = γ3γ4, which remain after the
usual spin diagonalization process. The point is that they commute with each other as
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Figure 3.3: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field
case in momentum space with 164 grids of the brillouin zone. (a) Dn − MP with species
split into (8, 8). (b) Dn − (MP + 0.1MA) with species split into (2, 2, 4, 4, 4). (c) Dn −
(MP + MV + MT + MA) with species split into (1, 15).
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Figure 3.4: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field case
in momentum space with 164 grids of the brillouin zone for Dn − M (i)

T where i = 1, 2, 3.
16 species are split into (4, 8, 4)
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※ two terms simultaneously diagonalizable : 

Hoelbling PLB696, 422(2011) [1009.5362].   de Forcrand (2010)

Hoelbling, PLB696, 422(2011) [1009.5362].



symmetry in terms of the original fermion field are given by

MV =
∑

µ

Cµ, (3.25)

MT =
∑

perm.

∑

sym.

CµCν , (3.26)

MA =
∑

perm.

∑

sym.

∏

ν

Cν , (3.27)

MP =
∑

sym.

4∏

µ=1

Cµ, (3.28)

where
∑

perm. means summation over permutations of the space-time indices. Note we
define

∑
perm. and

∑
sym. as containing factors, for example, 1/4! for MP. The vector type

MV is exactly the same as the usual Wilson term up to mass shift. It indicates that we
successfully extend the Wilson terms to the more general terms, or flavored-mass terms.
The species-splitting is different between these flavored-mass terms, which we will depict
in the following figures, The tensor-type mass MT can be decomposed into three parts as

MT = M (1)
T + M (2)

T + M (3)
T , (3.29)

M (1)
T =

1

2
(C1C2 + C2C1) +

1

2
(C3C4 + C4C3), (3.30)

M (2)
T =

1

2
(C1C3 + C3C1) +

1

2
(C2C4 + C4C2), (3.31)

M (3)
T =

1

2
(C1C4 + C4C1) +

1

2
(C2C3 + C3C2). (3.32)

These fractions of tensor flavored-mass terms are of great importance in research on the
staggered-flavored mass from the next section.

Here we discuss on the discrete rotational symmetry of these flavored-mass terms.
The whole hypercubic symmetry holds in MV , MT , MA and MP , which is expected to
result in the Euclidean Lorentz symmetry in the continuum limit. However, In the three
decomposed tensor-type flavored-mass terms (3.30)(3.31)(3.32), the rotational symmetry
is broken to the double rotational symmetry as x → RµνRσρx with (µ, ν, ρ, σ) being any
permutation of (1, 2, 3, 4). Although this symmetry prohibits the relevant and marginal
operators being generated by quantum corrections, it is not obviously clear whether or
not it leads to the euclidian rotational symmetry in the continuum. As we will discuss on
staggered-Wilson symmetry in the next chapter, we will show that this symmetry seems
to be large enough to result in the Lorentz symmetry in the continuum limit.

We show that the non-trivial flavored-mass terms with a proper mass shift result in
the second-derivative terms proportional to a near the classical continuum limit as in the
usual Wilson fermion. For example,

∑

n

ψ̄n(MP − 1)ψn → −a

∫
d4xψ̄(x)D2

µψ(x) + O(a2), (3.33)
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※ Direct decomposition is impossible, unlike Adams’ case.
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Figure 3.5: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field
case in momentum space with 164 grids of the brillouin zone for Dn−MT where i = 1, 2, 3.
16 species are split into (6, 8, 2).

The other types including M (i)
T i = 1, 2, 3 also satisfy this relation. It is consistent with

the criterion for the Wilson fermion. The deviation from the usual Wilson fermion starts
from O(a2) discretization errors. Thus, as long as we look at the physical branch, the
difference of discretization errors between the generalized Wilson and the usual Wilson
fermions is just O(a2). However the naive expansion about a = 0 is not valid for the other
species. In fact the difference between the generalized and usual Wilson fermion is not
negligible near zeros of doublers, which causes species splitting in a different way.

We note the vector type with the mass shift is exactly the Wilson term. We show the
figure for eigenvalues of the free Dirac operator Dn − MP in Fig. 3.3(a). The mass term
splits the modes into two branches, which are 8 fold degenerate. If we introduce other
types of mass terms, the degeneracy is lifted as seen in Fig. 3.3(b). We also show the
figure for eigenvalues of the free Dirac operator with the decomposed tensor flavored-mass
terms Dn − M (i)

T in Fig. 3.4. The mass term splits the modes into three branches, which
are 4, 8 and 4 fold degenerate. The Dirac spectrum with the summed tensor flavored-mass
term Dn − M (i)

T in Fig. 3.5, where species are split into three branches with 6,8, and 2
fermion modes. We also consider the case of all the sum of them, which gives the one
flavor branch as in in Fig. 3.3(c).

By using these flavored-mass terms, we obtain the generalized Wilson fermions with
any flavor from one to sixteen. It is at least obvious that MP gives 8-flavor Wilson
fermions, M (i)

T gives 4-flavor fermions, MT gives 2 and 6-flavor fermions, and MV,A gives
1-flavor fermions. Other flavor Wilson fermions can be obtained by combining more than
two flavored- mass terms although we may need to care about potential renormalization
of the rate of different types of flavored-mass terms. Possible applications are many-flavor
QCD and the direct physical two- or three-flavor QCD. It also suggests the generalized
overlap fermion is also constructed from these. Here we can obtain overlap fermions with
any desirable flavors by letting the left branch contain a desirable flavor of species and
shifting this branch to have the negative mass.
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2. Symmetries of St.Wilson

          broken to 2-link shift for SA 
          broken to 4-link shift for SH 

・Axis reversal                                   broken to shifted axis reversal 

  remain in SA

  broken to subgroup in SH 

・Conjugation                                   

In the QCD simulation we will tune the mass parameter M to take a chiral
limit. For some negative value of the mass parameter: −1 < M < 0 for
Adams-type and −2 < M < 0 for Hoelbling-type, we obtain two-flavor and
one-flavor overlap fermions respectively by using the overlap formula.

3 Symmetry

In this section we discuss the discrete symmetry of the staggered-Wilson
fermions. Most of conclusions we will show in this section were already
shown in the old reference [25, 27] and the recent two papers [9, 10]. The
potential problem for staggered-Wilson fermions in lattice QCD is the dis-
crete symmetry breaking. As discussed in [9, 10], the discrete symmetries
possessed by the original staggered fermion is broken to their subgroups both
in the Adams-type and Hoelbling-type actions. One of the broken discrete
symmetries is the shift symmetry, whose transformation is given by

Sρ : χx → ζρ(x)χx+ρ̂, χ̄x → ζρ(x)χ̄x+ρ̂, Uµ,x → Uµ,x+ρ̂, (9)

with ζ1(x) = (−1)x2+x3+x4 , ζ2(x) = (−1)x3+x4 , ζ3(x) = (−1)x4 and ζ4(x) = 1.
The Adams-type fermion is invariant under the subgroup x → x + 1̂ ± µ̂
while the Hoelbling-type fermions is invariant under x → x + 1̂ ± 2̂ ± 3̂ ± 4̂.
Note that these subgroups include the doubled shift x → x + 2µ̂ as their
subgroup. The axis reversal invariance is also broken in both cases, whose
transformation is given by,

Iρ : χx → (−1)xρχIx, χ̄x → (−1)xρχ̄Ix, Uµ,x → Uµ,Ix, (10)

with I = Iρ is the axis reversal xρ → −xρ, xτ → xτ , τ #= ρ. In addition, the
Hoelbling-type fermion loses the original rotational symmetry of the stag-
gered fermion while it holds in the Adams-type fermion. The staggered
rotational transformation is given by

Rρσ : χx → SR(R−1x)χR−1x, χ̄x → SR(R−1x)χ̄R−1x, Uµ,x → Uµ,Rx, (11)

where Rρσ is the rotation xρ → xσ, xσ → −xρ, xτ → xτ , τ #= ρ,σ and
SR(x) = 1

2 [1 ± ηρ(x)ησ(x) ∓ ζρ(x)ζσ(x) + ηρ(x)ησ(x)ζρ(x)ζσ(x)] with ρ <> σ.
As shown in [25, 26], these transformations yield rotations in spinor

and flavor spaces. Here we use the momentum space method shown in
[25, 26] to identify the spinor and flavor labels in these: We first define
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C : χx → εxχ̄T
x , χ̄x → −εxχ̄T

x , Uµ,x → U∗
µ,x (1)

MA, MH, M (i)
H (2)

MA, MH (3)

ψ̄[1 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3)]ψ (4)

ψ̄[1 ⊗ γ5]ψ (5)

MA = ζ5

∑

sym.
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µ=1

Cµ (6)

M1L =
∑

µ

ξµCµ ∼
∑

µ

(1 ⊗ γµ) + O(a) (7)

MW ≡ m + 4r = 0 (8)

ψ̄ψ ↔ ψ̄γ5ψ (9)

ψx → eiθ(−1)x1+x2+x3+x4
, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (10)

S =
1
2

∑

x,µ

ψ̄x[γµ(ψx+µ − ψx−µ) − (ψx+µ + ψx−µ)] (11)
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flavor spaces respectively, which are given by two sets of 16×16 matrices Γµ and Ξµ. We note

they possess the properties {Γµ, Γν} = 2δµν , {Ξµ, Ξν} = 2δµν and {Γµ, Ξν} = 0. By using

these definitions the Dirac operator for the staggered fermion is given by Dst = iΓµ sin pµ

for the 16 multiplet φ(p) [30] while the shift transformation is given by essentially flavor

rotation as

Sµ : φ(p) → exp(ipµ)Ξµ φ(p). (12)

The axis reversal is given by spinor and flavor rotations as

Iρ : φ(p) → ΓρΓ5ΞρΞ5 φ(Ip). (13)

The rotational transformation is also given by both the spinor and flavor rotations as

Rρσ : φ(p) → exp(
π

4
ΓρΓσ) exp(

π

4
ΞρΞσ) φ(R−1p). (14)

By using this representation, we can clearly figure out the properties of the residual discrete

symmetry of the staggered-Wilson fermions. What we here want to emphasize is that

the staggered-Wilson fermions are invariant under the essential subgroup of the combined

transformations: Both the staggered-Wilson fermions are invariant under (4th-direction shift

with spatial axis reversal) as

IsS4 ∼ exp(ip4)Γ1Γ2Γ3Γ5 φ(−p, p4) ∼ exp(ip4)Γ4 φ(−p, p4), (15)

with Is ≡ I1I2I3. This is essentially the parity transformation as shown in section 3 of the

ref. [25]. Indeed, if we consider the theories on one- or two-flavor branches in the staggered-

Wilson fermions in the continuum limit, this transformation results in the usual parity as

ψ(p) → γ4ψ(−p, p4) for the Dirac fermion. Besides, by following the arguments in [27, 28] it

is also shown that the present actions still hold invariance under the parity transformation for

the 4-degenerate staggered fermion IsΞ4φ(−p, p4) = Γ4φ(−p, p4). Anyhow we can conclude

these fermion actions possess physically well-defined parity symmetry. We here note the

simple product of the µ-direction shift and the µ-direction axis reversal (shifted-axis reversal)

is also symmetry of both the fermions. The charge conjugation can be also shown to be

symmetry of these fermions by modifying the original charge conjugation transformation for

the case with the flavored-mass terms [25].

As is well-known, the usual “staggered hypercubic symmetry” means invariance under the

staggered rotation (11)(14) and the axis reversal (10)(13). Although both of the staggered-

Wilson fermions themselves do not have this symmetry, theories on the two- or one-flavor
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Wilson fermions themselves do not have this symmetry, theories on the two- or one-flavor
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III. SYMMETRY

In this section we discuss the discrete symmetry of the staggered-Wilson fermions. Most

of conclusions we will show in this section were already shown in the old reference [25, 27]

and the recent two papers [9, 10]. The potential problem for staggered-Wilson fermions

in lattice QCD is the discrete symmetry breaking. As discussed in [9, 10], the discrete

symmetries possessed by the original staggered fermion is broken to their subgroups both in

the Adams-type and Hoelbling-type actions. One of the broken discrete symmetries is the

shift symmetry, whose transformation is given by

Sρ : χx → ζρ(x)χx+ρ̂, χ̄x → ζρ(x)χ̄x+ρ̂, Uµ,x → Uµ,x+ρ̂, (9)

with ζ1(x) = (−1)x2+x3+x4 , ζ2(x) = (−1)x3+x4 , ζ3(x) = (−1)x4 and ζ4(x) = 1. The Adams-

type fermion is invariant under the subgroup x → x+1̂±µ̂ while the Hoelbling-type fermions

is invariant under x → x + 1̂ ± 2̂ ± 3̂ ± 4̂. Note that these subgroups include the doubled

shift x → x+2µ̂ as their subgroup. The axis reversal invariance is also broken in both cases,

whose transformation is given by,

Iρ : χx → (−1)xρχIx, χ̄x → (−1)xρχ̄Ix, Uµ,x → Uµ,Ix, (10)

with I = Iρ is the axis reversal xρ → −xρ, xτ → xτ , τ #= ρ. In addition, the Hoelbling-type

fermion loses the original rotational symmetry of the staggered fermion while it holds in the

Adams-type fermion. The staggered rotational transformation is given by

Rρσ : χx → SR(R−1x)χR−1x, χ̄x → SR(R−1x)χ̄R−1x, Uµ,x → Uµ,Rx, (11)

where Rρσ is the rotation xρ → xσ, xσ → −xρ, xτ → xτ , τ #= ρ,σ and SR(x) = 1
2 [1 ±

ηρ(x)ησ(x) ∓ ζρ(x)ζσ(x) + ηρ(x)ησ(x)ζρ(x)ζσ(x)] with ρ <> σ.

As shown in [25, 26], these transformations yield rotations in spinor and flavor spaces.

Here we use the momentum space method shown in [25, 26] to identify the spinor and flavor

labels in these: We first define the 16 species-fields in the momentum space as φ(p)A ≡

χ(p + πA) (−π/2 ≤ pµ < π/2) where πA (A = 1, 2, ..., 16) being 4-dim vectors whose

components take 0 or π. For convenience, we here consider a 16-multiplet field as φ(p) =

(φ(p)1,φ(p)2, · · · ,φ(p)16)T . As this 16-multiplet field has both the spinor(space-time) and

the flavor(taste) indices, we can construct the two sets of generators acting on the spinor and
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§ Separating spinor & taste in momentum space

Shift 

Axis inv. 

Rotation 

Conjugation 

As shown in [25, 26], these transformations yield rotations in spinor
and flavor spaces. Here we use the momentum space method shown in
[25, 26] to identify the spinor and flavor labels in these: We first define
the 16 species-fields in the momentum space as φ(p)A ≡ χ(p + πA) (−π/2 ≤
pµ < π/2) where πA (A = 1, 2, ..., 16) being 4-dim vectors whose compo-
nents take 0 or π. For convenience, we here consider a 16-multiplet field as
φ(p) = (φ(p)1,φ(p)2, · · · ,φ(p)16)T . As this 16-multiplet field has both the
spinor(space-time) and the flavor(taste) indices, we can construct the two
sets of generators acting on the spinor and flavor spaces respectively, which
are given by two sets of 16 × 16 matrices Γµ and Ξµ. We note they possess
the properties {Γµ, Γν} = 2δµν , {Ξµ, Ξν} = 2δµν and {Γµ, Ξν} = 0. By using
these definitions the Dirac operator for the staggered fermion is given by
Dst = iΓµ sin pµ for the 16 multiplet φ(p) 1 while the shift transformation is
given by essentially flavor rotation as

Sµ : φ(p) → exp(ipµ)Ξµ φ(p). (13)

The axis reversal is given by spinor and flavor rotations as

Iρ : φ(p) → ΓρΓ5ΞρΞ5 φ(Ip). (14)

The rotational transformation is also given by both the spinor and flavor
rotations as

Rρσ : φ(p) → exp(
π

4
ΓρΓσ) exp(

π

4
ΞρΞσ) φ(R−1p). (15)

C : φ(p) → φ̄(−p)T (16)

By using this representation, we can clearly figure out the properties of the
residual discrete symmetry of the staggered-Wilson fermions. What we here
want to emphasize is that the staggered-Wilson fermions are invariant under
the essential subgroup of the combined transformations: Both the staggered-
Wilson fermions are invariant under (4th-direction shift with spatial axis
reversal) as

IsS4 ∼ exp(ip4)Γ1Γ2Γ3Γ5 φ(−p, p4) ∼ exp(ip4)Γ4 φ(−p, p4), (17)

with Is ≡ I1I2I3. This is essentially the parity transformation as shown
in section 3 of the ref. [25]. Indeed, if we consider the theories on one- or

1The origin of the discrepancy between this form and the usual spin-taste representation
is clearly elaborated in the reference, G. P. Lepage, [arXiv:1111.2955].

6



・Parity  →  4th-shift × spatial axis 

・Charge conjugation  →  triple-rotation × conjugation for Hoelbling-type

 ・Shifted square rotation → µν-rot × νµ-rot × µ-shift × ν-shift

7

branches in these fermions have possibility to recover the Lorentz symmetry in the continuum

limit: Considering the Adams-type fermion possesses essential discrete symmetries as parity

and charge conjugation symmetry as well as the staggered rotational symmetry [9], it is likely

that the discrete symmetry enhances to the requisite continuous symmetry in the continuum

limit in the QCD with its two-flavor branch. (One possibility is that the staggered rotational

symmetry with the shifted axis reversal would work as the hypercubic symmetry in the two-

flavor branch.) The Hoelbling-type formulation breaks the staggered rotational symmetry

to its subgroup while it also has parity and charge conjugation symmetry. By looking into

the residual rotational symmetry we can guess how much the discrete symmetry breaking

affects the symmetry in the continuum limit: The Hoelbling type is invariant under (µ, ν

rotation), (ν, µ rotation), (µ shift) and (ν shift) as,

SνSµRνµRµν ∼ exp(ipµ + ipν)ΓµΓν φ(p̃) (16)

with p̃µ,ν = −pµ,ν , p̃τ = pτ , τ #= µ, ν. This symmetry was first discussed in [25]. It also

possesses the doubled rotational symmetry [10] as

RρσRµν ∼ exp[
π

4
(ΓρΓσ + ΓµΓν)] exp[

π

4
(ΞρΞσ + ΞµΞν)] φ(R−1

ρσ R−1
µν p) (17)

where (µ, ν, σ, ρ) is any permutation of (1, 2, 3, 4). We note (16) gives the rotation purely in

the spinor space, not including the flavor rotation. From this we can speculate the theory

on the one-flavor branch of the Hoelbling-type fermion would recover the pure-spacetime

rotational symmetry without flavor rotation in the continuum.

It is also suggested by the perturbative study that the staggered-Wilson fermions would

possess sufficient discrete symmetry to result in the correct QCD in the continuum limit

of lattice QCD with them. The ref. [25] clearly elaborated how the quantum corrections

from the flavored-mass terms in the staggered fermions affect from the viewpoint of the
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10]. These perturbative studies indicate the breaking of the discrete symmetries generates

only operators related with the taste structure, which just modify the particular linear

combination of the 4 tastes and move the relative positions of the branches of the Dirac

spectrum. As long as there is a clear separation between the branches, these modifications

can be absorbed into the additive mass renormalization and does not carry any physical

significance.

◆ Discrete symmetries in Staggered Wilson
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Re-interpretation of Golterman-Smit (1984) 

These symmetries hold for                         .

Indicates restoration of essential symmetries in the continuum limit.

Aoki Phases in the Lattice Gross-Neveu Model
with Flavored Mass terms
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1 Introduction

MA, MH, M (i)
H (1)

MA, MH (2)

ψ̄[1 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3)]ψ (3)

ψ̄[1 ⊗ γ5]ψ (4)

MA = ζ5

∑

sym.

4∏

µ=1

Cµ (5)

M1L =
∑

µ

ξµCµ ∼
∑

µ

(1 ⊗ γµ) + O(a) (6)

MW ≡ m + 4r = 0 (7)

ψ̄ψ ↔ ψ̄γ5ψ (8)

ψx → eiθ(−1)x1+x2+x3+x4
, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (9)

S =
1
2

∑

x,µ

ψ̄x[γµ(ψx+µ − ψx−µ) − (ψx+µ + ψx−µ)] (10)

1



3. Central cusps

◆ Wilson fermion without on-site terms

Extra U(1)V symmetry emerge !

Aoki Phases in the Lattice Gross-Neveu Model
with Flavored Mass terms

February 7, 2012

1 Introduction

ψx → eiθ(−1)x1+x2+x3+x4
, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (1)

S =
1
2

∑

x,µ

ψ̄x[γµ(ψx+µ − ψx−µ) − (ψx+µ + ψx−µ)] (2)

MH = M (1)
H + M (2)

H + M (3)
H , (3)

M (1)
H =

i

2
√

3
[ε12η1η2(C1C2 + C2C1) + ε34η3η4(C3C4 + C4C3)], (4)

M (2)
H =

i

2
√

3
[ε13η1η3(C1C3 + C3C1) + ε42η4η2(C4C2 + C2C4)], (5)

M (3)
H =

i

2
√

3
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)]. (6)

MT $→ MH (7)

M (i)
T → M (i)

H (8)

[σµν ,σνρ] $= 0 (9)

Snf(M
(i)
T ) → Sst(M

(i)
H ) (10)

x → R(µν)R(ρσ)x (11)

Dnf − (MV + MT + MA + MP ) (12)

M (i)
H (13)

1

Aoki Phases in the Lattice Gross-Neveu Model
with Flavored Mass terms

February 7, 2012

1 Introduction

ψx → eiθ(−1)x1+x2+x3+x4
, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (1)

S =
1
2

∑

x,µ

ψ̄x[γµ(ψx+µ − ψx−µ) − (ψx+µ + ψx−µ)] (2)

MH = M (1)
H + M (2)

H + M (3)
H , (3)

M (1)
H =

i

2
√

3
[ε12η1η2(C1C2 + C2C1) + ε34η3η4(C3C4 + C4C3)], (4)

M (2)
H =

i

2
√

3
[ε13η1η3(C1C3 + C3C1) + ε42η4η2(C4C2 + C2C4)], (5)

M (3)
H =

i

2
√

3
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)]. (6)

MT $→ MH (7)

M (i)
T → M (i)

H (8)

[σµν ,σνρ] $= 0 (9)

Snf(M
(i)
T ) → Sst(M

(i)
H ) (10)

x → R(µν)R(ρσ)x (11)

Dnf − (MV + MT + MA + MP ) (12)

M (i)
H (13)

1

・prohibits additive mass renormalization ! 
・will be spontaneously broken due to pion condensation !

3.1 Action and symmetries

The action for the Wilson fermion [1] is given by

S = Snf + SW with SW = −r

2

∑

n,µ

ψ̄n (ψn+µ̂ − 2ψn + ψn−µ̂) . (15)

In terms of the spin-flavor representation, the Wilson term SW is written as

SW = −r

2

∑

N,µ

[
2Ψ̄(N)

(
14 ⊗ γT

µ ⊗ γµ

)
Ψ(N) + Ψ̄(N)

(
14 ⊗ γT

µ ⊗ γµ

)
∇2

µΨ(N)

+Ψ̄(N)
(
γµγ5 ⊗ γT

5 ⊗ γµ

)
∇µΨ(N)

]
+ 4r

∑

N

Ψ̄(N) (14 ⊗ 14 ⊗ 14) Ψ(N) . (16)

The first three terms in (16) are invariant under the ordinary U(1) vector transformation, U(1)V ,

which is defined by

Ψ(N) → Ψ′(N) = exp [iθ(14 ⊗ 14 ⊗ 14)] Ψ(N) , (17)

Ψ̄(N) → Ψ̄′(N) = Ψ̄(N) exp [−iθ(14 ⊗ 14 ⊗ 14)] , (18)

ψn → ψ′
n = eiθψn , ψ̄n → ψ̄′

n = e−iθψ̄n , (19)

and the site-dependent U(1) vector transformation, U(1)−V , defined by

Ψ(N) → Ψ′(N) = exp
[
iθ(γ5 ⊗ γT

5 ⊗ 14)
]
Ψ(N) , (20)

Ψ̄(N) → Ψ̄′(N) = Ψ̄(N) exp
[
iθ(γ5 ⊗ γT

5 ⊗ 14)
]

, (21)

ψn → ψ′
n = ei(−1)n1+...+n4θψn , ψ̄n → ψ̄′

n = ei(−1)n1+...+n4θψ̄n . (22)

By contrast the last term in (16) is invariant only under the U(1)V transformation. Therefore,

the total Wilson fermion action possesses only the U(1)V symmetry for general values of m and

r. Interestingly enough, however, the additional U(1)−V symmetry appears if m and r satisfy

m+4r = 0, at which the on-site terms cancel out between the mass term and the Wilson term.

As we will show in the next subsection, this symmetry is spontaneously broken by the pion

condensate, 〈ψ̄γ5ψ〉.

3.2 Strong coupling analysis

Now we employ the strong coupling analysis to show that there appears an NG boson associated

with the U(1)−V symmetry breaking in the presence of the pion condensate. An effective action

for mesons in the strong coupling limit [42,9, 10] can be written in general as

Seff(M) = Nc

∑

n

[
∑

µ

Tr f(Λn,µ) + tr M̂M(n) − tr log M(n)

]
, (23)

5

Aoki phase

§ Strong-coupling meson potential

In the case of the Wilson fermion, M̂ = (m + 4r)14 ≡ MW14 and P±
µ =

γµ ± r

2
. By taking

M0 = σ14 + iπγ5, we have





σ =
−MW ±

√
M2

W + 8(1 − r2)

4(1 − r2)
, π = 0 , M2

W ≥ M2
c

σ =
MW

4r2
, π2 =

1

16r4(1 + r2)
(8r4 − M2

W (1 + r2)) , M2
W < M2

c

(32)

where M2
c =

8r4

1 + r2
.

As discussed in the previous subsection, at MW = 0 we have an additional U(1) symmetry,

U(1)−V . Since this parameter regime resides in the parity broken phase, in which π2 $= 0 and

M2
W < M2

c , U(1)−V is spontaneously broken by the VEV of π in this case.

To compute the meson mass, we hereafter take r2 = 1 for simplicity. Because D(p) is block-

diagonal, we concentrate on its submatrix DXY (p) with X, Y ∈ {S, P, Aα}. Then, by setting

p = (π, π,π, π + imSPA ), we find that the S-P -Aα sector mass mSPA is given by

cosh(mSPA ) = 1 +
20M2

W

6 − 7M2
W

. (33)

Note that since the transformation (22) involves the site-dependent quantity (−1)n1+···+n4 , it

is natural to expand the momentum p around (π, π,π, π). Eq. (33) tells us that the meson

becomes a massless NG boson at MW = 0 as expected. If we use the exact form of f(x) in the

large Nc limit, we then obtain

cosh(mSPA ) = 1 +
2M2

W (16 + M2
W )

16 − 15M2
W

, (34)

which again shows that a massless NG boson appears at MW = 0.

Before closing this subsection, it is worth noting that MW = 0 corresponds to the cen-

tral cusp in the parity broken phase, at which six fermion modes with momentum shift,

p = (π, π, 0, 0), (π, 0,π, 0), (π, 0, 0,π), (0,π, π, 0), (0,π, 0, π) and (0, 0,π,π), are expected to

appear in the continuum limit. Although we have not yet known much about the continuum

limit for this cusp, it is expected to correspond to QCD with six flavors, which is still asymp-

totically free. Therefore, if an appropriate continuum limit exists, we expect the theory in the

limit will be Lorentz-symmetric as in the “physical” branch because the Wilson fermion ac-

tion itself possesses the hypercubic symmetry6 which is likely to lead to the Lorentz symmetry

6Although the 3rd term in (16) looks hypercubic non-invariant, it is just an expression artifact: As is argued
in [46], the spin-taste representation does not respect translational invariance, leading to apparent Lorentz non-
invariance in this case. Actually such a term is prohibited by imposing this invariance. The expression is not
suitable for study of Lorentz symmetry although it gives good insight into other symmetries.
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Massless NG boson 

It is expected to describe 6-flavor Twisted-mass QCD.
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ψ̄ψ ↔ ψ̄γ5ψ (1)

ψx → eiθ(−1)x1+x2+x3+x4
, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (2)

S =
1
2

∑

x,µ

ψ̄x[γµ(ψx+µ − ψx−µ) − (ψx+µ + ψx−µ)] (3)

MH = M (1)
H + M (2)

H + M (3)
H , (4)

M (1)
H =

i

2
√

3
[ε12η1η2(C1C2 + C2C1) + ε34η3η4(C3C4 + C4C3)], (5)

M (2)
H =

i

2
√

3
[ε13η1η3(C1C3 + C3C1) + ε42η4η2(C4C2 + C2C4)], (6)

M (3)
H =

i

2
√

3
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)]. (7)

MT %→ MH (8)

M (i)
T → M (i)

H (9)

[σµν ,σνρ] %= 0 (10)

Snf(M
(i)
T ) → Sst(M

(i)
H ) (11)

x → R(µν)R(ρσ)x (12)

Dnf − (MV + MT + MA + MP ) (13)

1

different bases
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MW ≡ m + 4r = 0 (1)

ψ̄ψ ↔ ψ̄γ5ψ (2)

ψx → eiθ(−1)x1+x2+x3+x4
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M (i)
T → M (i)

H (10)

[σµν ,σνρ] &= 0 (11)

Snf(M
(i)
T ) → Sst(M

(i)
H ) (12)

x → R(µν)R(ρσ)x (13)
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◆ For other naive flavored mass terms 

MA  :  U(1)V restored  

MT  :  None

MP  :  None

◆ For staggered flavored mass terms 

MA  :  None

MH  :  Naive conjugation

Restoration of U(1)V is peculiar to odd-link flavored mass.

Odd-link flavored mass for staggered fermions possible ?

・gamma5-hermiticity breaks down.

・chiral symmetry remains.............
-2
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Isospin-type possible? 

Automatically overlap !? 

Isospin-type may work. 
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ψ̄[1 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3)]ψ (1)

ψ̄[1 ⊗ γ5]ψ (2)

MA = ξ5

∑

sym.

4∏

µ=1

Cµ (3)

M1L =
∑

µ

ξµCµ ∼
∑

µ

(1 ⊗ γµ) + O(a) (4)

MW ≡ m + 4r = 0 (5)

ψ̄ψ ↔ ψ̄γ5ψ (6)

ψx → eiθ(−1)x1+x2+x3+x4
, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (7)

S =
1
2

∑

x,µ

ψ̄x[γµ(ψx+µ − ψx−µ) − (ψx+µ + ψx−µ)] (8)

MH = M (1)
H + M (2)

H + M (3)
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H =
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√
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H =
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2
√
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H =
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√
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In the QCD simulation we will tune the mass parameter M to take a chiral
limit. For some negative value of the mass parameter: −1 < M < 0 for
Adams-type and −2 < M < 0 for Hoelbling-type, we obtain two-flavor and
one-flavor overlap fermions respectively by using the overlap formula.

3 Symmetry

In this section we discuss the discrete symmetry of the staggered-Wilson
fermions. Most of conclusions we will show in this section were already
shown in the old reference [25, 27] and the recent two papers [9, 10]. The
potential problem for staggered-Wilson fermions in lattice QCD is the dis-
crete symmetry breaking. As discussed in [9, 10], the discrete symmetries
possessed by the original staggered fermion is broken to their subgroups both
in the Adams-type and Hoelbling-type actions. One of the broken discrete
symmetries is the shift symmetry, whose transformation is given by

Sρ : χx → ζρ(x)χx+ρ̂, χ̄x → ζρ(x)χ̄x+ρ̂, Uµ,x → Uµ,x+ρ̂, (9)

with ζ1(x) = (−1)x2+x3+x4 , ζ2(x) = (−1)x3+x4 , ζ3(x) = (−1)x4 and ζ4(x) = 1.
The Adams-type fermion is invariant under the subgroup x → x + 1̂ ± µ̂
while the Hoelbling-type fermions is invariant under x → x + 1̂ ± 2̂ ± 3̂ ± 4̂.
Note that these subgroups include the doubled shift x → x + 2µ̂ as their
subgroup. The axis reversal invariance is also broken in both cases, whose
transformation is given by,

Iρ : χx → (−1)xρχIx, χ̄x → (−1)xρχ̄Ix, Uµ,x → Uµ,Ix, (10)

with I = Iρ is the axis reversal xρ → −xρ, xτ → xτ , τ #= ρ. In addition, the
Hoelbling-type fermion loses the original rotational symmetry of the stag-
gered fermion while it holds in the Adams-type fermion. The staggered
rotational transformation is given by

Rρσ : χx → SR(R−1x)χR−1x, χ̄x → SR(R−1x)χ̄R−1x, Uµ,x → Uµ,Rx, (11)

where Rρσ is the rotation xρ → xσ, xσ → −xρ, xτ → xτ , τ #= ρ,σ and
SR(x) = 1

2 [1 ± ηρ(x)ησ(x) ∓ ζρ(x)ζσ(x) + ηρ(x)ησ(x)ζρ(x)ζσ(x)] with ρ <> σ.

C : χx → χ̄T
x , χ̄x → χT

x , Uµ,x → U∗
µ,x, (12)

5



4. Summary

1. Flavored-mass terms give us new types of  Wilson and   
    overlap fermions.   
 

2. Staggered-Wilson can be derived from generalized   
    Wilson fermions through spin-diagonalization. 

3. Central cusps are expected to describe twisted-mass QCD    
    without any parameter tuning.
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Now we can symbolically write a formula for the index as

Index(D) = −Spectral flow(H). (27)

It is quite natural to consider whether this formula is also available to detect the index of

minimally doubled and naive fermions with the flavored mass terms we proposed. We will

from now show this spectral flow method can be also applied to these cases. The associated

Hermitean operators for minimally doubled and naive fermions are given by

Hmd(m) = γ5(Dmd −Mmd), (28)

Hn(m) = γ5(Dn −Mn), (29)

where the matrix γ5 is regarded as a flavored one, γ5⊗τ3 for minimally doubled fermions and

γ5⊗ (τ3 ⊗ τ3) for two dimensional naive fermions in terms of the flavor multiplet as shown in

Sec. II. The desirable flavored mass terms Mmd and Mn for d = 2 have been already given

in Eq. (8) and (18). For now we focus on the two dimensional case.

We then numerically calculate the eigenvalue flows of two dimensional minimally doubled

and naive fermions. We consider background configurations proposed in [2] for the staggered

case [13]: we start with a smooth U(1) gauge field with topological charge Q,

Ux,x+e1 = eiωx2 , Ux,x+e2 =







1 (x2 = 1, 2, · · · , L− 1)

eiωLx1 (x2 = L)
, (30)

where L is the lattice size and ω is the curvature given by ω = 2πQ. Then, to emulate

a typical gauge configuration of a practical simulation, we introduce disorder effects to

link variables by random phase factors, Ux,y → eirx,yUx,y, where rx,y is a random number

uniformly distributed in [−δπ, δπ]. The parameter δ determines the magnitude of disorder.

Fig. 3(a) shows the eigenvalue flow of the minimally doubled Hermitean operator (28).

It is calculated with a Q = 1 and δ = 0.25 background configuration on a 16 × 16 lattice.

There are two low-lying crossings around m = 0 with positive slopes, which correspond to

would-be zero modes. With the formula (27), it means the index of the Dirac operator of

the minimally doubled fermion in this case is −2. This result is consistent with the index

theorem for the minimally doubled fermions given by

Index(Dmd) = 2(−1)d/2Q, (31)

◆gauge configuration
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2 − (cos ap1 + cos ap2) =
a2p2

1 + a2p2
2

2
+ O(a3) (1)

1 − cos ap1 cos ap2 =
a2p2

1 + a2p2
2

2
+ O(a3) (2)

ψ(1)(p − p(1)) =
1
24

(1 + cos p1)(1 + cos p2)

× (1 + cos p3)(1 + cos p4)ψ(p) (3)

p(1) = (0, 0, 0, 0) (4)

(0, 0) (π, 0) (0,π) (π, π) (5)

ψ(1) ψ(2) ψ(3) ψ(4) (6)

DW (p) = iγµpµ + O(a) (7)

DW (p) = iγµpµ +
2
a

+ O(a) (8)

det(D) ≥ 0 (9)

DW (p) =
1
a

∑

µ

[iγµ sin apµ + (1 − cos apµ)] (10)

εx = (−1)x1+x2+x3+x4 (11)
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cf.)
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MA, MH, M (i)
H (1)

MA, MH (2)

ψ̄[1 ⊗ (τ3 ⊗ τ3 ⊗ τ3 ⊗ τ3)]ψ (3)

ψ̄[1 ⊗ γ5]ψ (4)

MA = ζ5

∑

sym.

4∏

µ=1

Cµ (5)

M1L =
∑

µ

ξµCµ ∼
∑

µ

(1 ⊗ γµ) + O(a) (6)

MW ≡ m + 4r = 0 (7)

ψ̄ψ ↔ ψ̄γ5ψ (8)
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, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (9)
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