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Wilson fermion

@ # of doublers reduced 16 — 1

@ Chiral symmetry broken due to “mass term”

@ Phase structure

A N n =0 (A phase)
’ <¢’Y5¢>{ #0 (B phase)
g Parity broken phase
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Chiral limit at 2nd order phase boundary'
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Gross-Neveu model

L =)o (i) — m)ibq (Yatha)?

9
2N

e N-flavor system — Global U(N) symmetry

@ 2d version of NJL model
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Gross-Neveu model

2
E = ’(Ea(’llﬁ — m)d}a - 2g_N(";a1/}a)2

N-flavor system — Global U(NN) symmetry
2d version of NJL model

Asymptotic free
Chiral Z4 (Z2) symmetry: 1 — ei3754p, b — thel 37
Exactly solvable in 2d at large NV
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“Chiral” Gross-Neveu model
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£ = Ga(if) = mba = = [(Putha)’ + (uinsva)’]

e Chiral U(1) symmetry at m = 0:
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“Chiral” Gross-Neveu model

2

£ = Palif = m)a — o [(Fatba)? + Fairsiba)’]

e Chiral U(1) symmetry at m = 0:

Y— ey e

@ Spontaneous chiral U(1) breaking — NG mode

o Remark: IR behavior
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@ GN model on the lattice? [Aoki-Higashijima]

Gross-Neveu model with Wilson fermion

SwoN = % Z TZn'Vu (d’n—i—,& - "/}n—ﬂ) + Z &anpn + Sw
n,u n

g2

2N

[(%%) (Pnirstn)’]

@ Wilson term

Sw = _g Z &n (d’n-ﬁ-ﬂ — 2 + ¢n—ﬂ)

n,p
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@ Staggered fermion

e spin-diagonalization: ¥ — x
o chirality: 75 — ¢, = (=1)" ~ 75 ® &5
e 2 _ . _
("/}nl'%"/}n) B (XnZEan)2 = - (Xan)2 ?
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Summation over spinor components — subIatticeI
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(%ivwn)Q — <Z iEAXAXA>

A

o Sublattice structure: n =2N + A
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@ Wilson term for staggered fermion  [Adams] [Hoelbling]
cf. [Goltermann-Smit] [Goltermann]

Sstw >~ —iepninz cosprcosps — 1 ®@ 713 J

taste-splitting mass I
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Gross-Neveu model with staggered Wilson fermion

1 _ _
SeweN = 5 > uXn(nti — Xn—p) + O XnMxn + Setw

7,1 n

2
(Z >_<2N+AX2N’+A)

A

2
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A
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@ Analysis with auxiliary fields to eliminate the 4pt interactions
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@ Introduce auxiliary fields (mesons) to eliminate the 4pt
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@ Introduce auxiliary fields (mesons) to eliminate the 4pt
interactions

@ Integrate out the fermionic fields, and then obtain the
effective action for mesons

© Solve the saddle point equation, giving the gap equation
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Bosonization

Z= / DDy e FtWN — / DoDr e~ Seft(:7)

@ Auxiliary "mesonic” fields:  XnpXn — 0, € XnXn — T

o Effective action for mesons

Seff = %Z (0/2\/+7TJ2\/) — Tr log D
2g %

. 1
Dn,m = (UN + Zenﬂ'./\/')én,m + 577;L (5n+ﬁ,m - 5n—ﬂ,m) + (SstW)mm
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@ Saddle point equation:

5Ser  6Ser

oo o 0

e We now find a spatially constant solution oq, mg

@ Impose the critical condition: m =0

M. 4/ d*k 2c2c30

g (2m)2 ((00 + c1c2)? + 72 + 52)((00 — c102)? + 73 + s2)
1:4/ d*k 03 + 5%+ cic3

g2 (2m)? ((00 + c102)? + 71'8 + 52)((09 — c102)% + 7T3 + s2)

2 2 ko

k . .
® ¢y =cCosg, S 281n2%1+51n 3
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@ Phase diagram

2

=0 (A phase)
g W{ #0 (B phase)

Parity broken phase
(Aoki phase)

0.5

A
0-1 0.5 0 0.5 1
M
@ Pion mass
528
mfr x off =0 —— Critical at phase boundary
OTn0Tm [y
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o Critical phase boundary suggests the chiral limit for the
staggered Wilson fermion
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o Critical phase boundary suggests the chiral limit for the
staggered Wilson fermion

@ but, even through renormalization?
o chiral symmetry broken due to the (staggered) Wilson term

Renormalization effect '
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“Generic” Gross-Neveu model with staggered Wilson fermion

1 _ _
SstwaN = B Z NuXn (Xn+ﬂ - anﬂ) + Z XnMXn + Sstw

n, n
g2 ’
_Jo_ v
oON Z XoN+AX2N+A
N A

2

2

g .

—— E TEAX2N +AX2N+A
2N N A

e Two kinds of coupling constants: (g, gr)

Chiral symmetry is preserved only when g, = g, at the classical
level, but broken due to the Wilson term.
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o Effective action

- M+1/a 2 1
Seg = — (2/+01> oo + (—00-1- log 4a ) 5
g5 a 2
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o Effective action

M+1 2 1
— <+2 /a +C’1> oo + ( —Co+— log4a ) ;
95 a 2

(‘EQI
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o Effective action

M+1 2 1
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1 o2 + 2 Chiral limit
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e tuning couplings & A-parameter

~ 1 1 1
(9 2 oe [ ——— il
z = Co 02+7T °8 (4A2a2> T 292

9o

1
= C’0+ log (4A2a2>

2 2 ~
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o 2 492
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e Gap equation: mp = 0 with g2 = 0.4
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“2nd order” phase boundary — other possibilities?
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@ Potential analysis for o

-0.35 T T T T T T T T
L 026
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_“ 1st order o-transition '
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@ Potential analysis for o
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@ Order
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1st & 2nd order transition'
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@ Phase structure & Chiral limit

0.3

“"“-F_7___—_—) naively derived ph.-......
7 2nd-order mp pp ———
02} e | 1st-order mo pb
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"5 045 I
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We can safely take chiral & continuum Iimit.

o cf. Chial perturbation approach  [Sharpe-Singleton]

Taro Kimura (U Tokyo/RIKEN) Feb 2012 24 /26



Contents

e Summary

Taro Kimura (U Tokyo/RIKEN) Feb 2012 25 /26



Summary

Staggered Wilson Gross-Neveu model as a toy model for QCD

Phase structure of staggered Wilson GN model
— Parity broken phase (Aoki phase)

@ Chiral limit of the model
— Renormalization effect, safety of chiral limit

Phase structure in QCD  [Nakano et al ]
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