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Introduction

Lattice fermions

,r—1 Naive fermions
A Dy = 'Y;LDM
- 16 species
remove 4-fold 2 ]

degeneracy 1| 1 add Wilson term

o / o \

ir 1 Staggered fermions i 1

For 1 Dst = 1,D,, Tor ]

4 species |

i
Re())
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Introduction

Chiral symmetry

T Staggered fermions Overlap fermions

D_St = 7Dy Dov = p (1 + 7ssign (75 (Dw — p)))
. 4 species, no anomaly 1 species, correct anomaly
Eor 1 U(1)c:{Dst,e} =0 Full SU(N;) chiral Symetry

€ = (_1 )Xw +Xo+X3+Xa

o ~ (75 ® &5) 803

I L I
0 1 2

r
Re(h)
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Introduction

Wilson term

‘Add a to naive operator:
1+ 4 T 7
oF A — EW 1
-1 — T 1
2r 1 - 7(‘) ‘I ? ; 1{3(7\) ‘ g g s
Positivity of
@ Naive operator: antihermitean, {Dy,v5} = 0
°
>

> eigenvalues real or in complex conjugate pairs
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Introduction

Staggered Wilson term

'Add a Wilson term to staggered operator:

2K 1 2

2
. s ©)
e E

gk 4

I L I L L I I I |
3 8
ok 0 1 2 4 5 6 7

‘Momentum (taste) dependent m;gs (remove doublers)
Positivity of det(Da):

@ Staggred operator: antihermitean, {Dy,e} =0

@ Wilson term A: hermitean, [A,¢] =0

> DA€ = GD;[\

~ eigenvalues real or in complex conjugate pairs \; = A%
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Staggered Wilson

Wilson term construction

I L I L I I I
0 1 2 3 6 7 8

)
Re(h)

Christian Hoelbling (Wuppertal) Single flavor staggered fermions



Staggered Wilson

Staggered Wilson term construction

(Adams, 2010)

A= ens (C1C2C3Cy)

Cpo= 5 (Vu+ V)
Al=Av

A

71t “\\\’
/ \

\ ;
ak V i
2k 4
2 | |

I
0

1
Re(h)
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sym

(Vu)xy = UM(X)(SX-H%V
[Aje] =0V

@ 15 = nym2nans = (—1)¥1%8

® ny = (—1) =< ~ (7, @ 1)

0 = (—1)MPRTNTN ~ (15 ® &)
@ {C,,e}=0

@ A~ (1®¢&)+ O(a)
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Staggered Wilson

Remnant flavor degeneracy

@ Staggered flavor basis: A ~ &5 = diag(1,1,—1,—-1)
@ Twofold degeneracy left!
@ Let us take

Muu = iem/’?pny (C,u CI/)Sym

M, =My  [Muy,e=0/

n ‘ ] [+] 6!“’ = _el’# — (_1)Xu+x,,, m <v
2, / ‘\_7 gﬂ o nu:(_ﬂzywxu
E 7-\\ ,/"-7 - ‘-:%xﬁ ‘ '7 o MHV ~ (1 ® Uuu) + O(a)
® 0,, =diag(1,—-1,-1,1)
6 Re](x) 6 " Rez(k) ‘3 11
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Symmetries

Discrete staggered symmetries

Remnants of Poincare symmetry:

shift (translation) | + | -
axisreversal | + | -
rotation | + | + | Mg

@ Preserved by staggered operator
@ Preserved up to a sign flip by A
@ Rotation introduces new terms for M,,,
> Bad: new counterterms
I Search for more symmetric construction
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Symmetries

Symmetrized staggered Wilson

’
Ms = — (512 (S152Mi2 + 5354Ms4)

V3
+513 (8183My3 + S45oMyp)
+514(8154My4 + 8233/\/723))

@ Shift or axis reversal in p: s, = —5s,

rotation (p, o) | sign flip
(1,4) (23) (B1) (24) | siz— —s12
(1 12) (354) (4!1) (3!2) S$13 — —S13
1,3 (2 1) (4,3) S14 — —S14

@ Mg~ (12¢®))+0(a) ¢ =diag(0,0,2,-2)



Symmetries

New symmetries

@ Symmetries of the action:

Dgt \ A \ Mg
X=X+ | X—=>X+p+t0 | x—>x+1+£2+£3+4
Xy = =Xy | Xy — =X, +1 Xy — —X, +1
x = Ry | x — Ry x — Rw)R(em) x

Leading (&%) terms:
@ Staggered symmetries:none

@ 2-flavor symmetries:A
@ 1-flavor symmetries:A and all Mg

v Flavor assignment is arbitrary — no problem?
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Free operators

Single flavor staggered operator

o Dst

N R B
0 1 2 3 4
Re(\)
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Free operators

Single flavor staggered operator

- ._.f"( 1\* 1 @ Dq
(g’ Of-: R @ D +1+A
L -.\‘
Akl N 22 i
2k -
0 1 2 3 4
Re(\)

Single flavor staggered fermions
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Free operators

Single flavor staggered operator

ODst
@ Dg+1+A

o DS:DSt+(2+M$)
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Free operators

Single flavor staggered operator

Re(L)

ian Hoelbling (Wuppertal)

@ D

@ Di+1+A

@ Dt +2+A+ M,
® Ds = Dst + (2 + Ms)
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Free operators

Single flavor staggered operator

o DS: Dst+(2+Ms)
@ Dy =1+ esign(e(Ds — 1))
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Free operators

Single flavor staggered operator
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Tests in 2D

Some tests in 2D

27 —
1L @ Only 2-fold degeneracy in 2D
@ My, uniquely lifts this degeneracy
1k _ @ Dg;
20 ‘ ! L]
0 1 2
Re(A)

Christian Hoelbling (Wuppertal) Single flavor staggered fermions



Tests in 2D

Some tests in 2D

2 N
1L @ Only 2-fold degeneracy in 2D
I @ M;i» uniquely lifts this degeneracy
1k _ @ Dg;
| @ Dgt+1+Mp Q=0
2= —
0 1 2
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Tests in 2D

Some tests in 2D

27 —
. | o Ony2oldd in 2D

o s nly 2-fold degeneracy in

| 4 % | @ Mz uniquely lifts this degeneracy
‘,:::‘ &

-1 R B ® Dy
w | @ Dy+1+Mso Q=0

Ll i ® 1+ esign(e(Dst + Mi2))

o 1 2

Re(A)
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Tests in 2D

Some tests in 2D

2 N
17 —
E oF — ° Dst
1 |
20 ! L]
0 1 2
Re(A)
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Tests in 2D

Some tests in 2D

%07 — ° Dst
- | | 0D31+1+M12 Q=1
1k i
20 ! L]
0 1 2
Re(A)
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Tests in 2D

Some tests in 2D

% 07.1.; ‘7 o DSI
- @ Dst+1+Mp Q=1
ak | ® 1+ esign(e(Dst + Mi2))
20 ! L]
0 1 2
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Tests in 2D

Some tests in 2D

o Dst
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Tests in 2D

Some tests in 2D

@ Dy
o Dst + 005/\/]12

ian Hoelbling (Wuppertal) Single flavor staggered fermions



Tests in 2D

Some tests in 2D

27 x
17
<
— 07
E | (] Dst
I o Dst+0.05M12
| @ Dy +Mp> Q=2
2r, | L]
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Tests in 2D

Some tests in 2D

| | | | |
0 1 2 3 4
Re())
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Tests in 2D

Some tests in 2D

(‘g’ 0—:? ‘ — o DSt
AR ] @ Dt +1+ M Q=1
- |
ok _
0 1 2 3 4

Re())
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Tests in 2D

Some tests in 2D

| :.g': i @ Dst+1+Mpo Q=1
. ; i o
20, ! ! ! L]
0 1 2 3 4

Re())
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First look at QCD

Spectrum 6%, 3 =5.6

< = _ @ Dg; 7-pE
E

o L ! ! ! !
2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 6%, 3 =5.6

2
1, —
‘5;0 L _ @ Dg; 7-pE
. @ Dg+1+A
1k il
-2

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 6%, 3 =5.6

2
1, -
%0 , _Q Dst 7-APE
= | @ Dg+1+A
QL ) Dst+2—|—A—‘rM12
o L ! ! ! !

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 6%, 3 =5.6

2
1, -
%0 , _ @ Dg; 7-pE
= | @ Dg+1+A
QL ) Dst+2—|—A—‘rM12
L 7° Dst+2+Ms
o L ! ! ! !

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 6%, 3 =5.6

2
1, —
%0 , _ @ Dg; 7-pE
= | @ Dg+1+A
1k J
L 7° Dst+2+Ms
o L ! ! ! !

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Adams operator 6%, 3 = 5.6

2
1 | -
. 9
1Lk J
@ Dy, 7-APE
o L ‘ \ ‘ I I ‘ I

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Adams operator 6%, 3 = 5.6

2
1, -
3 K
EOr @ Dy + 1+ A 1-APE
gk il
- @ Dy, 7-APE
2 L . | . | | . |

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Adams operator 6%, 3 = 5.6

2
1, -
3 K
EOr @ Dy + 1+ A 1-APE
@ Dy +1+ A, 3-APE
gk il
- @ Dy, 7-APE
-2

2
Re(M)

(Data courtesy S. Diirr)

Christian Hoelbling (Wuppertal) Single flavor staggered fermions



First look at QCD

Adams operator 6%, 3 = 5.6

2
1, -
2 9
EOr “@ Dy+1+A, 1-APE
@ Dy +1+ A, 3-APE
-1 e Dy+1+ A, 7-APE
- @ Dy, 7-APE
2 L . | . | . | . |

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Adams operator 6%, 3 = 5.6

2
il m‘&\ |
1 F \Yw “0 Dy+1+A, 7-APE
“@ Dy, 7-APE
2 L ‘ \
0 1 3 4

2
Re(M)

(Data courtesy S. Diirr)

Christian Hoelbling (Wuppertal) Single flavor staggered fermions



First look at QCD

Unsymmetrized operator 64, 3 = 5.6

2
"@ Dy, 7-APE
D L

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Unsymmetrized operator 64, 3 = 5.6

2
1, -
2, I
EO ® Dy +2+ A+ My, 1-APE
gk il
f “@ Dy, 7-APE
o L ! ! ! !

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Unsymmetrized operator 64, 3 = 5.6

o
9 Dst +2 + A+ Mo, 1-APE
@ Dy +2+ A+ My, 3-APE

“@ D, 7-APE

2 L . | . | . | . |

2
Re(M)

(Data courtesy S. Diirr)

Christian Hoelbling (Wuppertal) Single flavor staggered fermions



First look at QCD

Unsymmetrized operator 64, 3 = 5.6

2
1, -
3 K
EOr @ Dy +2+ A+ M, 1-APE
@ Dg 42+ A+ My, 3-APE
-1 r "0 Dy +2+ A+ Mo, 7-APE
- @ Dy, 7-APE
2 L | | | |

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Unsymmetrized operator 64, 3 = 5.6

“@ Dgt+2+ A+ Mo, 7-APE
"o Dg, 7-APE

o L ! ! ! !
2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Symmetrized operator 6%, 3 = 5.6

2
1 |- |
. 9
1Lk J
@ Dy, 7-APE
o L ‘ I ‘ I ‘ I I

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Symmetrized operator 6%, 3 = 5.6

-2

o
" @ Dgt+ 2+ Ms, 1-APE

“@ D, 7-APE

2
Re(M)

(Data courtesy S. Diirr)

Chri:
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First look at QCD

Symmetrized operator 6%, 3 = 5.6

2
1, —
2, I
EO ® Dy +2+ Ms, 1-APE
’ "@ Dy +2+ Ms, 3-APE
gk il
f “@ Dy, 7-APE
2 L | | | |

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Symmetrized operator 6%, 3 = 5.6

2
1 |- |
2 K
EOT @ Dy + 2+ Ms, 1-APE
"@ Dy + 2+ Ms, 3-APE
-1r " @ Dg +2+ Ms, 7-APE
@ Dy, 7-APE
2 L . | . | . | . |

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Symmetrized operator 6%, 3 = 5.6

“@ Dy +2+ Ms, 7-APE
- @ Dy, 7-APE

2 L . | . | . | . |

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 6%, 3 = 5.6, 7-APE smeared

- ] Dst

o L . | . |
2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 6%, 3 = 5.6, 7-APE smeared

o Dg+1+A

2
Re(M)

(Data courtesy S. Diirr)

Single flavor staggered fermions
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First look at QCD

Spectrum 6%, 3 = 5.6, 7-APE smeared

%07 i Dst

B @ Dg+1+A
QL ) Dst+2—|—A—‘rM12
-2

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 6%, 3 = 5.6, 7-APE smeared

=l @ Dg+1+A
qb @ Dsi+2+ A+ My,
] @ Dyt +2+ Mg
2 L ! ! ! !

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 6%, 3 = 5.6, 7-APE smeared

%07 i Dst
. @ Dg+1+A
-1+ -
7° Dst+2+Ms
-2

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 4%, 3 = 5.6, 7-APE smeared

o L ‘ \ ‘ \
2
Re(M)

(Data courtesy S. Diirr)

Christian Hoelbling (Wuppertal) Single flavor staggered fermions



First look at QCD

Spectrum 4%, 3 = 5.6, 7-APE smeared

or. - : 10 Dg
3 1@ Dt +1+A

l ‘ .
DY A S
0 1 3 4

2
Re(M)

(Data courtesy S. Diirr)

Christian Hoelbling (Wuppertal) Single flavor staggered fermions



First look at QCD

Spectrum 4%, 3 = 5.6, 7-APE smeared

%07 1@ Ds

. @ Dgt+1+A
_17 70 Ds:Dst+2+Ms
o L

2
Re(M)

(Data courtesy S. Diirr)
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First look at QCD

Spectrum 4%, 3 = 5.6, 7-APE smeared

(\E/O, .. . .. . 1@ Dst
. @ Dgt+1+A
qk 70 Ds:Dst+2+Ms
1@
o L ‘ i ‘ \ ‘ \ ‘ \
0 1 3 4

2
Re(M)

(Data courtesy S. Diirr)
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Outlook

Conclusion

Single flavor staggered operator is possible

Wilson fermions without remnants of spurious naive
degeneracy exist

But is it useful?

v Better condition number
v Smaller matrix

Essential: Check renormalization, exceptionals, scaling

Similar construction: (De Forcrand, Kurkela, Panero)
Flavored mass term for naive fermions: (Creutz, Kimura, Misumi)
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Outlook

Staggered Wilson

To do list:
@ Find counterterm structure
@ Construct mesons, baryons :
@ O(a) improvement \
e Clover “for free” due to 2-hop Wilson term? S
(some CPU, but no additional bandwidth)

@ Optimize algorithms for the structure
@ Check flavor breaking
@ Study scaling
@ Apply to real problem
e Insensitive to flavor breaking

> Ground states, bulk properties, spectral quantities
e Hadron/quark masses? Thermodynamics?
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Outlook

Staggered overlap

To do list:
@ Find counterterm structure
@ Check locality _
@ Check flavor breaking \

@ Study scaling
@ Apply to real problem

e Insensitive to flavor breaking
e Chiral symmetry essential
> Spectral quantities?
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