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シア(ずり、剪断）変形
シアは「密度」を変えない。(これに対し、「圧縮」は密度を変化させる。)

剪断ひずみ shear-strain



剛性率(rigidity)  shear-modulus
後のテーマ：ハミルトニアンから出発して
ガラスの剛性率を第一原理的に計算する。

シア応力
shear-stress

シアひずみ
shear-strain0
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応力-ひずみの関係

壁の単位面積あたりに掛かる力



シアひずみ速度
shear-strain rate
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シア応力
shear-stress

粘性率 shear-viscosity

ニュートン流体

降伏応力
yield stress

応力-ひずみ速度の関係　(flow curve)

塑性流体
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ひずみに対する線形応答の揺動散逸定理(FDT)
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剛性率についての静的FDT

液体

粘性率についてのGreen-Kubo公式
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線形粘弾性

応力緩和

アフィン変形 非アフィン変形
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線形粘弾性測定

交流の歪みに対する応答
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Maxwell model

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.01  0.1  1  10  100

G�(�)

G
��
(�)

� : viscosity

��

G/µ

G�(�) = µ
(��)2

(��)2 + 1

G
��
(�) = µ

��

(��)2 + 1

d�

dt
=

�

�
+

1
µ

d�

dt
� =

�

µ µ : rigidity

貯蔵弾性率

損失弾性率

シア粘性

剛性率

� = �spring + �dashpotシア歪み� : shear strain
シア応力� : shear stress

緩和時間



Supercooled Liquid Dynamics Studied via Shear-Mechanical Spectroscopy

Claudio Maggi,* Bo Jakobsen, Tage Christensen, Niels Boye Olsen, and Jeppe C. Dyre
DNRF Centre “Glass and Time”, IMFUFA, Department of Sciences, Roskilde UniVersity, Postbox 260,
DK-4000 Roskilde, Denmark

ReceiVed: June 10, 2008; ReVised Manuscript ReceiVed: October 2, 2008

We report dynamical shear-modulus measurements for five glass-forming liquids (pentaphenyltrimethyltrisi-
loxane, diethyl phthalate, dibutyl phthalate, 1,2-propanediol, and m-touluidine). The shear-mechanical spectra
are obtained by the piezoelectric shear-modulus gauge (PSG) method. This technique allows one to measure
the shear modulus (105-1010 Pa) of the liquid within a frequency range from 1 mHz to 10 kHz. We analyze
the frequency-dependent response functions to investigate whether time-temperature superposition (TTS) is
obeyed. We also study the shear-modulus loss-peak position and its high-frequency part. It has been suggested
that when TTS applies, the high-frequency side of the imaginary part of the dielectric response decreases like
a power law of the frequency with an exponent -1/2. This conjecture is analyzed on the basis of the shear
mechanical data. We find that TTS is obeyed for pentaphenyltrimethyltrisiloxane and in 1,2-propanediol while
in the remaining liquids evidence of a mechanical ! process is found. Although the high-frequency power
law behavior ω-R of the shear loss may approach a limiting value of R ) 0.5 when lowering the temperature,
we find that the exponent lies systematically above this value (around 0.4). For the two liquids without !
relaxation (pentaphenyltrimethyltrisiloxane and 1,2-propanediol) we also test the shoving model prediction,
according to which the relaxation time activation energy is proportional to the instantaneous shear modulus.
We find that the data are well described by this model.

I. Introduction

The nature of the relaxation processes taking place in
supercooled liquids approaching the glass transition has been a
major subject of study for a number of years. Understanding
how the different response functions are connected in such
systems is still a fundamental goal to reach. It is not clear
whether the various observables display some universal features
approaching the glass transition. Although dielectric spectros-
copy is the most common experimental tool, a more detailed
characterization of their behavior can be obtained by measuring
different quantities, like the shear modulus, that are important
from a practical as well as theoretical point of view. Although
this dynamic variable can be measured above ∼102 Hz with
conventional techniques, high-frequency data are scarce in the
literature.

Motivated by these reasons, we employed the piezoelectric
shear-modulus gauge (PSG)1 method to measure the shear
modulus of five glass-forming liquids. This technique allows
us to measure the dynamic shear modulus of the supercooled
liquids just above the glass transition where it takes values
between 0.1 MPa and 10 GPa. By means of the PSG technique
we can easily observe the R relaxation process in the shear
response. The frequency range of the technique is wide
(10-3-104 Hz), and we also observe a mechanical Johari-
Goldstein ! relaxation.2 As shown before3 indeed, this technique
is sensitive to the secondary process, and we find evidence of
the presence of a shear ! relaxation3-5 in some of the mechanical
spectra reported here.

In section II we describe the experiment performed and the
liquids studied reporting the frequency-resolved mechanical
spectra. In section III we report the main findings of our study;
in this section we present the analyzed data showing the

temperature dependence of the shear-mechanical R relaxation
frequency and a test of some conjectures and models about the
dynamics. Finally, we draw some general conclusions in section
IV.

II. Experiment

The piezoelectric shear-modulus gauge (PSG) method is
based on the piezoelectric properties of the material that
composes the measuring device. The piezoelectric transducer
is formed by three discs made of a special ceramic compound6* Corresponding author. E-mail: cmaggi@ruc.dk.

Figure 1. Pictorial representation of the shear transducer (PSG) during
its expansion-contraction. The liquid sandwiched between the discs
clamps their movement, inducing a measurable change in the piezo-
electric capacitance of the disc system. The shear modulus can be
deduced from this electrical capacitance. Inset: the one-disc equivalent
system of the PSG. The applied electric field causes an expansion or
a contraction depending on the polarization of the disc (represented by
the arrow). See ref 1 for more details.
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that has a pronounced piezoelectric effect (see Figure 1). The
working principle of the PSG is illustrated in the inset of Figure
1 where the one disc equivalent of the three-disc system is
shown. The ceramic disc is covered with a silver layer on both
faces constituting the electrodes. When a voltage is applied,
each disc expands or contracts depending on its intrinsic
polarization and on the direction of the acting electric field. The
electric capacitance of the disc depends on its strain state so
that if a material is partially clamping its motion, the measured
capacitance will be lower than that of the free moving disc.
Measuring accurately this electrical capacitance,7 we can obtain
the stiffness of the medium adhering to the disc. In other words,
we can convert the electric impedance into the shear modulus
knowing the exact relationship between the two.1 The three-
disc geometry, used in the experiment (main panel of Figure
1), is employed to reduce unwanted effect like the bending
motion that would be present in a one-disc device. The interested
reader can find details about the technique in ref 1.

The measurements are performed cooling the liquids via a
home-built closed-cycle cryostat.8 This has an absolute uncer-
tainty on the temperature that is less than 0.2 K and a
temperature stability better than 2 mK.

The liquids studied are the following: pentaphenyltrimeth-
yltrisiloxane (DC705), dibutyl phthalate (DBP), diethyl phthalate
(DEP), 1,2-propanediol, and m-touluidine. The DC705 is a
diffusion-pump oil from Dow Corning; all the other liquids were
acquired from Sigma-Aldrich. No filtration or purification of
the samples was performed before the measurement.

All mechanical spectra are reported in Figure 2. Here the real
part G! and the imaginary part G" of the complex shear modulus
G(ν,T) are presented.9 The reactive and the absorbitive part of
the shear response of the liquids studied are measured at several
temperatures.

For the shear loss peak of the DC705 there is a clearly defined
shear R process that shifts to lower frequencies as the temper-
ature decreases. We have found no sign of a shear " relaxation
in this liquid. This is also confirmed by the fact that the curve
maintains the same shape, lowering the temperature as discussed
below. We will see also that the high-frequency side of the
shear-mechanical spectrum shows a pretty constant slope.

The shear response of DBP clearly shows a " relaxation. The
shape of the imaginary part of the response function is strongly
deformed at high temperatures where the R process is merged
with the ". When the temperature is low enough, the high-
frequency tail of the response functions shows a pronounced
increase, signaling an emerging " relaxation. Unfortunately, the
" loss peak lies at much higher frequencies than the upper limit

of our device. The dielectric " process of this liquid has been
observed10 to be around 106 Hz in a temperature window similar
to the one of our mechanical experiment. This is consistent with
the fact that the " relaxation is outside the PSG dynamical range
since the shear-loss peak frequency is generally higher than the
dielectric one3 (usually the two peaks are within the same
decade). For future studies on this liquid the upper frequency
limit of the PSG could possibly be increased by slightly
modifying the transducer geometry.

Evidence of a secondary loss peak is also found in the
mechanical response of the DEP. The dielectric " relaxation
process in DEP has been the subject of an accurate investigation
in connection with the behavior of the entropy in the supercooled
and in the glass state,11 raising fundamental questions about the
nature of fast molecular motions in ultraviscous liquids. Very
recently, this dielectric " process has been shown to be
intimately related to the results of positron annihilation lifetime
spectroscopy.12 We note that in those dielectric measurements
the " loss peak is found at about 2 × 104 Hz at T ) 179 K,
consistent with the fact that mechanically this process is above
the upper limit of the PSG. We shall see in section III that when
the shear loss is plotted on a logarithmic scale, the low-frequency
tail of the " relaxation is more clearly visible.

The spectra taken for 1,2-propanediol are characterized by
an high shear modulus, and no signature of " relaxation is found.
This hydrogen-bonded liquid has recently been studied in
dielectric experiments and compared to polymers differing in
chain length and in the number of OH groups.13 These dielectric
experiments did not reveal a visible " process, and a temper-
ature-independent Cole-Davidson stretching parameter was
found. These findings are fully in agreement with our shear
spectra since the shape of the response function is very weakly
temperature dependent as it will be stressed in the following.

Rather interesting mechanical spectra are found for m-
toluidine. A weak, but nonzero, high-frequency tail of the loss
response can be noted in Figure 2. This may hint to the existence
of a shear " relaxation at frequencies around 1 MHz, consistent
with recent broadband dielectric experiments performed on this
liquid14 where a " relaxation process could be resolved, but only
in the glassy regime where the relaxation frequency reaches a
value around 1 kHz at about 130 K. This could be a range in
which this " process could start to be detected mechanically.15

Finally, we mention that we attempted to measure the
frequency-resolved shear modulus also for 1,3-propanediol and
for propylene carbonate. An anomalous shear response was
found for these two liquids, however, signaling a probable
crystallization.

III. Discussion

The first information that can be extracted from our measure-
ment is the R process loss peak frequency νmax. This has been
deduced from the imaginary part through a simple unbiased
method. We fitted the closest six points to the maximum of
log(G"/GPa) as a function of log(ν/Hz) with a second-order
polynomial to identify the maximum G"max and the corresponding
frequency νmax. These loss-peak frequencies are reported in
Figure 3 as a function of the scaled temperature (T - Tg). Here
we define Tg as the temperature where the νmax ) 1 mHz. Tg is
identified by a linear extrapolation of the last three points of
log(ν/Hz) as a function of T.

Time-temperature superposition (TTS) is a property of the
R process appearing in the susceptibilities of some supercooled
liquids expressing the fact that the shape of the response function
remains the same when the system is cooled. When TTS applies,

Figure 3. Frequency of the mechanical R peak as a function of the
temperature for DC705 (O, Tg ) 224.0 K), DBP (0, Tg ) 172.3 K),
DEP (/, Tg ) 179.5 K), 1,2-propanediol (], Tg ) 157.8 K), and
m-toluidine (4, Tg ) 181 K).
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tional to the product of a power law and another stretched
exponential,
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A simpler function has been found to work well in the
analysis of OHD-OKE data.11 The function is

S# t &!tpe!t/$%. #9&

Equation #9& is the time derivative of the long time #subscript
L& portion of the correlation function, 'L(t). The correlation
function is found by integrating the right-hand side of Eq. #9&
to give f (t), determining the constant of integration by the
boundary condition that 'L(t)→0 as t→( , and normalizing
the correlation function at t"0–1. The result is

'L# t &"1! f !# t &, #10&

where f !(t) is f (t) multiplied by the t"0 normalization
constant. f !(t) is zero at t"0 and 1 at t"( . f (t) is the
incomplete gamma function,

f # t &")#p#1,t/$%&. #11&

'L(t) corresponds to the correlation function for the long
time portion of the decay.

The DBP % relaxation data are fit with Eq. #9& using a
value of p that did not depend systematically on temperature.
The value of p is not p1 found in Fig. 4 because p was
obtained by fitting out to the longest times, and the exponen-
tial has a significant influence on it. The average value of p is
!0.28. Fitting with Eq. #9& leads to a well-defined relaxation
time $% . Figure 5 displays values of $% as a function of
temperature. The inset displays the data on a ‘‘rectification

diagram.’’Within experimental error, the points fall on a line
as predicted by the MCT scaling relation *Eq. #5&+. Extrapo-
lation of the line to zero yields the value of Tc"226$2 K.
The curve through the data in the main portion of the figure
was generated using Eq. #5& with a"0.309, which is ob-
tained from the von Schweidler b exponent, and Tc
"226K. Other than a multiplicative constant, which does
not change the shape of the curve, there are no adjustable
parameters. For a temperature independent power law expo-
nent p, the functional form #stretching& of the % process is
temperature independent. The time scaling of the correlation
function 'L(t) for different values of $% can be demon-
strated analytically. Therefore, MCT does a very good job of
describing the data in both the von Schweidler and % relax-
ation regimes #moderate to long time scales&.

In Fig. 6#a& the experimental data are compared to the
full master curves *Eqs. #7& and #8&+ #Refs. 36, 44& predicted
by MCT. The master curves in Fig. 6#a& utilize the , param-
eter 0.74 obtained from the b exponent of the von Schweidler
power law. Figure 6#a& is a direct comparison of the data to
the master curves. Figure 6#b& is the corresponding rectifica-
tion diagram based on the scaling law given in Eq. #2b&. As
predicted by MCT, the points fall on a line. The extrapolation
of the line to zero gives a value of Tc"229$2 K. Within

FIG. 5. The % relaxation decay time, $% , obtained by fitting the function
given in Eq. #9& to the long time portion of the data, is plotted vs tempera-
ture. The inset is the corresponding rectification diagram. The points fall on
a line as predicted by the MCT scaling relation, Eq. #5&. The x-intercept of
the line yields Tc"226$2 K. The curve through the data in the main part of
the figure is calculated using Eq. #5&. There are no adjustable parameters
other than a multiplicative amplitude factor that does not influence the shape
of the curve. FIG. 6. #a& DBP data compared to MCT master curve calculations *obtained

from Eqs. #7& and #8&+, using ,"0.74 *obtained from Eq. #6& and the von
Schweidler power law exponent, #0.57& from Fig. 4+. Agreement between
the data and theory is very good at the highest temperatures, but the data and
the master curve calculations show substantial differences for t%100 ps at
lower temperatures. #b& The rectification diagram based on MCT scaling
relationship given in Eq. #2b&. The points are predicted to fall on
a line with the intercept giving a value of Tc . The fit to the data yields
Tc"229$2 K.
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TMCT = 226± 2K

Orientational dynamics of the glass forming liquid, dibutylphthalate: Time
domain experiments and comparison to mode coupling theory

David D. Brace, S. D. Gottke, H. Cang, and M. D. Fayer
Department of Chemistry, Stanford University, Stanford, California 94305

!Received 24 July 2001; accepted 23 October 2001"

Orientation dynamics of the glass forming liquid, dibutylphthalate !DBP", were studied using
optical heterodyne detected optical Kerr effect !OHD-OKE" techniques. A combination of
experimental methods permitted acquisition of data over 6 decades of time and 5 decades in signal
amplitude. Data collected from several hundred fs to several hundred ns, cover the full range of
orientational dynamics. The data are compared to the predictions of ideal mode-coupling theory
!MCT". Two of the MCT scaling law predictions yield an average value of 227 K for the MCT
critical temperature, Tc . Measurements were made at temperatures below Tc . The data were found
to agree well with some of the predictions of MCT. The long time scale structural relaxation !#
relaxation" obeys the MCT scaling law, and the slowest time scale power law !the von Schweidler
power law" is also in accord with MCT predictions. However, the ‘‘master curves’’ predicted by
MCT fit the data well only at higher temperatures. The master curves show increasingly significant
deviations at shorter times !!100 ps" as the temperature is decreased, in contrast to previous
OHD-OKE studies on salol $G. Hinze, D. D. Brace, S. D. Gottke, and M. D. Fayer, J. Chem. Phys.
113, 3723 !2000"% and ortho-terphenyl $S. D. Gottke, G. Hinze, D. D. Brace, and M. D. Fayer, J.
Phys. Chem. B 105, 238 !2000"% in which the agreement with ideal MCT is far superior. The DBP
data show no discontinuity in the trends as the temperature is reduced below Tc , but an increasingly
prominent peak appears in the data at&2.5 ps. The peak may be related to the boson peak. © 2002
American Institute of Physics. $DOI: 10.1063/1.1427711%

I. INTRODUCTION

Glass forming materials have the ability to supercool,
that is, they can be cooled below the thermodynamic melting
point without the onset of crystallization. Glasses are formed
when a supercooled liquid !SCL" is cooled sufficiently below
the melting point to the glass transition temperature, Tg .
Glasses and their associated supercooled liquids occur com-
monly as natural systems, and they have numerous practical
applications. The properties of glasses are determined to a
significant extent by the conditions under which they are
cooled. Therefore, the dynamics of SCLs, in addition to be-
ing of fundamental interest, are important for understanding
the properties of glassy materials.

The structural relaxation dynamics of SCLs span an in-
creasingly broad range of times as they are cooled. The slow-
ing down of SCL structural relaxation with decreasing tem-
perature is reflected in microscopic properties, such as
orientational relaxation1–5 and density fluctuations,6 as well
as macroscopic observables like viscosity7 and long time
diffusion.8 A prominent feature of supercooled liquids is the
division of relaxation dynamics into two regions upon cool-
ing. The very fast region, often referred to as the critical
decay region !fast ' process",9,10 is usually only mildly tem-
perature dependent. The slower region, often referred to as
the #-relaxation region, is strongly temperature dependent.
Between the critical decay region and the long time scale
#-relaxation region, the dynamics have a complex functional
form.11

Mode coupling theory !MCT" !Refs. 6, 9" has been uti-

lized to describe SCL dynamics from the picosecond time
scale to time scales representing complete structural relax-
ation !# relaxation". The apparent efficacy of MCT in quan-
titatively treating the dynamics of SCLs has been the focus
of many dynamic light scattering,9,12–17 neutron
scattering,18–21 dielectric spectroscopy,19–25 and optical Kerr
effect1,26 experiments as well as computer simulations.27–30
The above experimental work is comprised of both fre-
quency domain and time domain measurements, which can
yield the same information. In practice, however, different
dynamical features of a liquid can be emphasized when data
are acquired with different methods. Properly conducted time
domain can be advantageous for comparisons to the predic-
tions of MCT.31

In the present work, heterodyne detected optical Kerr
effect !HD-OKE" experiments31–34 on the glass forming liq-
uid dibutylphthalate !DBP" are presented and compared to
the predictions of MCT. !See the inset in Fig. 1 for the mo-
lecular structure of DBP." DBP is a moderately fragile (m
(69) !Ref. 35" glass former with a melting temperature
Tm"238K and a glass transition temperature Tg!170K. By
comparison, Salol is less fragile (m(63) !Ref. 35" than
DBP, and ortho-terphenyl !OTP" more fragile (m(76) !Ref.
35" than DBP. Experiments are conducted that span a range
of times from hundreds of fs to several hundred ns. These
time scales span the full range of orientational relaxation
dynamics. The experiments are conducted from temperatures
above the melting point to temperatures below the MCT
critical temperature, Tc .
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Aging

from the 1 s aging curve last data point to the 668 s curve at equal height, this would give
an apparent shift rate of !!0.66, which is typical of aging systems "cf. Struik #1978$%.

Finally, we note that the aging seems to have stopped by approximately 668–1340 s as
evidenced by the overlap #and even shift to shorter times$ for the last three relaxation
curves #tw=668, 1340, and 2684 s$. This suggests that the structural recovery #aging
times$ and mechanical relaxation times of the system are quite different #the relaxation
times are clearly much less than 1000 s$. This is not necessarily surprising and has been
seen in molecular glasses where one does not necessarily expect the mechanical relax-
ation times to be the same as the structural relaxation times. See, for example, Santore et
al. #1991$ and also consider that, in structural inorganic glasses, the steady state viscosity
can be measured in an isostructural state where a terminal flow has been achieved even
though the structure of the glass, given enough time, would continue to evolve "Scherer
#1986$%.

F. Aging behavior: 53% system

Figure 16 shows the aging response of the 53% PBD carboxylate system subsequent to
a shear melting performed by subjecting the system to four cycles at 400% deformation
at a frequency of 0.10 rad s−1. The response, apart from the magnitude of the modulus, is
very similar to that of the 50% system. The short time response seems to soften while the
long time response seems to age. Again, we interpret this to be due to a separating of the
" relaxation and # relaxation during the aging of the colloid. Because of the closeness of
the two relaxations, a clear time-aging time superposition is not possible. We also note

FIG. 15. #Color online$ Aging response of the 50% PBD carboxylate system after a shear melting treatment at
the aging or waiting times tw indicated. The shear melting was performed by cycling the sample through four
cycles of 400% deformation prior to performing the single step “probes” at a strain amplitude of $=0.010.

506 McKENNA, NARITA, AND LEQUEUX

McKenna, Narita and Lequeux,  J. Rheol. 53, 489 (2009).
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アモルファス固体内部の不均一な力の場 

a) 粉体 b) 構造ガラス c)磁場中ジョセフソン接合配列
(電流パターン）

a) 粉体 ( 応力が掛かると屈折率が変わる光弾性体を用いたデモ (デューク 大 Behringer 教授の webpage http://www.phy.duke.edu/~bob/)
b) 構造ガラス (シミュレーション A. Tanguy, J. P. Wittmer, F. Leonforte, and J.-L. Barrat (2002) 
c) フラストレートした磁場中ジョ セフソン接合配列での電流鎖 (シミュレーション H. Yoshino, T. Nogawa and B. Kim (2009) 

応力鎖 (force chain) 理想化された「連続体」にはない。

http://www.phy.duke.edu/~bob/
http://www.phy.duke.edu/~bob/
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「固さ(rigidity)」の定義 : パラドックスと教訓
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1. 剛性：マクロとミクロ

2.  ガラス転移、スピングラス

ガラス転移

ケージ構造と2段階緩和

モード結合理論：（疑似）臨界温度Tc

Random First Order Theory : スピングラス平均場模型からの示唆

3. クローン液体の方法：液体論とレプリカ法の融合

4. アモルファス固体の剛性：クローン液体法による理論計算

5.  スピノダル点での固体の融解とRigidity crisis  :  平均場理論

6.  まとめと今後の展望
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C.7. What is the relation between secondary
relaxation in glasses due to fast-translating
species, on the one hand, and nontranslating
entities „e.g., side chains… on the other?

C.8. Other questions
C.8.1. Can comparisons of dielectric relaxation of

small dipolar molecules in molecular or
polymer glasses, and of ions in ionic glasses,
throw light on the origin of nonexponential
relaxation in ionic glasses; e.g., does CO in
o-terphenyl !OTP" give a nonexponential re-
laxation like Na! in Na2O•B2O3?

C.8.2. Can we compare mechanical relaxation due
to small atoms in met glasses, small mol-
ecules in polymers, and small ions in ionic
glasses?

C.8.3. What is the relation of the high frequency
constant loss in conducting glasses to the
high frequency loss in dielectric relaxation,
given that the first is a secondary relaxation
and the second one a primary relaxation?

Domain D: Short time dynamics

D.1. Boson peaks in raman and neutron scattering
D.1.1. How good are the data?

D.1.2. Is there a correlation of Boson peaks with
strong/fragile behavior in the longer-time
properties?

D.1.3. Is there a correlation with the structural fea-
tures responsible for the first sharp diffrac-
tion peak !FSDP"?

D.1.4. Do Boson peaks measure cluster dynamics or
cage rattling dynamics?

D.1.5. Are there relaxation dynamics at time earlier
than the Boson peak?

D.2. Extrapolated breaks in the Debye–Waller factor
versus temperature plot—what do they signify?
Are they related to FSDPs?

D.3. What is vibrational localization? What special
dynamical characteristics are associated with
localized modes? And how might it be
related to relaxation? Are there fractal dynamics
in disordered but Euclidean structures?
How helpful are photon echo studies?

D.4. What is the decay time for the FSDP in
relation to the wave vector Q0 , at the peak of the
structure?

D.5. What are the newest, and most important steps
forward?

A. RELAXING GLASSFORMERS IN INTERNAL
EQUILIBRIUM
A.1. The temperature dependence of transport
constants and relaxation times for various types of
perturbations and probes

A.1.1 Relevant measurements
!What are the most appropriate measurements for char-

acterizing the temperature dependence?"
Liquids of all classes, now including even liquid metals,

have been extensively characterized with respect to the tem-
perature dependence of their transport properties and their
relaxation times down to, and often below, their Tg . The
transport properties studied have been mainly viscosity # to
a lesser extent diffusivity D, and also conductivity $, where
appropriate.1

The relaxation times studied have been dielectric %D ,2
longitudinal !1, and sometimes shear mechanical %s
relaxations,3 and !with modeling" nuclear spin lattice corre-
lation %c ,n , and electron spin correlation %c ,e .4 Recently, en-

FIG. 2. Tg scaled Arrhenius plots for viscosities of different glassforming
liquids showing spread of data between strong and fragile extremes. Predic-
tions of mode coupling theory power law are shown by dashed line for two
cases. Inset shows the pattern of behavior obtained by varying the D param-
eter in the modified Vogel–Fulcher equation, Eq. !6".

3118 J. Appl. Phys., Vol. 88, No. 6, 15 September 2000 Applied Physics Reviews: Angell et al.
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Angel et. al. (2000)

粘性の急激な増大
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分子動力学(MD)シミュレーションで観測された自己中間散乱関数
 (W. Kob and H. C. Andersen (1995)) 
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Figure 10: The static structure factor - The static struc-
ture factor S(q) in a Lennard-Jones liquid at three different
temperatures. The relaxation time τR increases by almost 4
orders of magnitude, and yet the structure factor shows no
particular change. (Reprinted with permission from [8]).

on than what is shown in Fig.10. We conclude that it is
impossible to use the structure factor, or any other stan-
dard structural quantity, to understand whether or not
the sample is close to the glass transition.

The weak modification of the structure factor with
temperature also implies that any lengthscale that can be
reasonably extracted from S(q) or g(r) shows a depress-
ingly weak dependence on T near the glass transition
[45, 46, 47, 48]. This is surprising. The common wisdom
is that the presence of a sharply increasing (or diverging)
relaxation time should be associated to a sharply increas-
ing (or diverging) correlation length. The wisdom comes
mainly form the theory of critical phenomena [50], and
the argument is basically that a large relaxation time de-
rives from the need to rearrange larger and larger corre-
lated regions. Even though common indeed, such wisdom
deserve some carefulness anyway. First, we cannot stress
too much the (obvious) fact that in a system with a finite
number of degrees of freedom, the relaxation time must
be equally finite. A real divergence can only occur in
the thermodynamic limit and only in presence of a phase
transition. Still, the time can be very large, typically be-
cause of the presence of large energy or free energy bar-
riers to relaxation. In general, a barrier could arise from
an external potential, and in this case there is no need to
invoke the existence a large length scale. However, in all
interesting systems barriers almost invariably arise from
the internal interaction among the degrees of freedom. In
this case, increasing barriers (and thus increasing relax-
ation times), are indeed due to the increasing number of
degrees of freedom that must be rearranged together to
relax the system. Hence: large time, large length.

This argument makes sense, but of course in order to

detect a sharply growing correlation length, we need to
identify a suitable correlation function. This is the cru-
cial point: in very viscous liquids and glasses we are com-
pletely lost when it comes to identify the correct order
parameter. Structural correlation functions are not up to
the job and fail to provide any exciting characterization
of the viscous and glassy phase. This is unfortunately
true for all other standard static correlation functions.

The reason for this can be either because we are using
the wrong correlation function, or simply because there
is no sharply growing lengthscale (the common wisdom
could be wrong!). In fact, we will see at the end of these
notes that the first hypothesis is the correct one. For now,
we simply note that the standard structural observables
are not good enough to say something about the deeply
supercooled phase. Structure remains qualitatively the
same going through the glass transition. Supercooled
liquids and glasses are structurally unexciting.

E. Equilibrium fingerprint of glassiness: two steps
relaxation

The failure of a standard static approach to find a sig-
nature of the glass transition is, in fact, not surprising.
The very definition of the glass transition is purely dy-
namic in nature, and therefore if something new happens
close to Tg, the dynamics, rather than the static struc-
ture, should detect it. In particular, the viscosity, which
marks the onset of glassiness, is the integral over time
of a dynamic correlation functions, namely the shear re-
laxation function, see equation (11). The same is true
for the diffusion coefficient, related to the time integral
of the velocity-velocity correlation function (18). An in-
tegral wraps up an entire function into a single number,
thus loosing a lot of information. Hence, it seems a good
idea to check the dynamic correlation functions, rather
than their integrals, to see whether they show some qual-
itative signature of Tg.

Let us consider, in full generality, the dynamic corre-
lation function,

C(t1, t2) =
1

N

N
∑

k=1

〈ϕk(t1)ϕk(t2)〉 , (54)

where ϕk(t) is a generic quantity relative to particle k,
observed at time t. If the system is at equilibrium, then
time translation invariance (TTI) holds, and the corre-
lation function only depends on the difference of times,
t = t2 − t1, so that C(t1, t2) = C(t), and we can write,

C(t) =
1

N

N
∑

k=1

〈ϕk(t)ϕk(0)〉 . (55)

In liquids, a typical choice for ϕk(t) is the Fourier trans-
form of the density fluctuations of a tagged particle k,
δρk(q, t) = exp[−iq · rk(t)], at fixed momentum q. In

静的構造因子
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「ケージ構造、2段階緩和」

共焦点顕微鏡で捉えられた過冷却液体状態
にあるコロイド分散系での
粒子の運動 (E. Weeks and D. Weitz (2002)) 

ケージ構造



れなくなったのだ。そこで冷却速度 Ṫ をより遅くすると、ガラス化はもう少し低温で起こる。冷却速度
Ṫ は実験室の時間スケール、つまり人間の時間スケールで決まっているわけで、Tgは絶対的な意味を持
つ温度ではない。したがって、Tgから TKまでは、どうなっているのかまだ本当のところは何もわかっ
ていない区間である。この過冷却液体のライン上で知られている重要な「道しるべ」としてモード結合
理論 (MCT: mode coupling theory)の動的 (疑似)臨界温度 Tcがある。その意味は以下で説明しよう。

2.2 ケージ構造と 2段階緩和
　
過冷却液体状態では、粒子 (分子) がまわりの粒子に取り囲まれて自由な運動を阻害されている。この
囲い込みの構造は、高温の液体にはないもので、「ケージ構造」と呼ばれる。図 5にあるように、コロ
イドや粉体で実空間での粒子の運動を追跡すると実際に見ることができる。

図 5: 共焦点顕微鏡で捉えられた過冷却液体状態にあ
るコロイド分散系での粒子の運動 (E. Weeks and D.
Weitz (2002) [5]より転載)　体積分率 ⇧ = 0.52 (コロ
イド結晶への相転移密度 ⇧m = 0.42よりも高密度側、
ガラス転移密度 ⇧g ⇥ 0.58よりも低密度側にいる。)、
コロイド粒子の粒径は a = 1.18µ m。10分間 (この密
度での構造緩和時間 ⌅� の程度)での変位が相対的に
大きい粒子を明るい色で表示している。矢印は 0.2µm
以上変位した粒子について、その変位の方向を表わす
単位ベクトルを 2次元面に射影したもの。差し込み図
は、ある粒子の軌跡 (120分間)。ケージ内の運動に加
え、ケージの組み替えによる大変位が 1回見られる。
交流のシアで揺すった粉体でも同様な運動の階層構造
が観測されている [6]。

ケージ構造の存在は、マクロな動的観測量に特徴
的な「2段階緩和」として表れる。散乱実験、数値
シミュレーションでしばしば調べられる物理量とし
て中間散乱関数F (q, t)や自己中間散乱関数 Fs(q, t)
がある。これらは 2つの時刻での粒子の配位の相
関を見る時間相関関数で、

F (q, t) =
1
N

N�

i,j=1

exp(iq · (ri(t)� rj(0)))

Fs(q, t) =
1
N

N�

j=1

exp(iq · (rj(t)� rj(0))) (1)

のように定義される。ここでri(s) = (xi(s), yi(s), zi(s))
は時刻 sでの粒子の位置座標である。
図 6を見ると、平坦部 (plateau)が現れることが
注目される。これは粒子の配置が時間的に凍結す
ることを表わし、平坦部の高さはスピングラスで
提案された Edwards-Anderson(EA)秩序パラメー
タ qEA [7]に相当する。この平坦部に入って行く緩
和をベータ (⇥)緩和、平坦部を抜けて 0まで落ちて
行く過程をアルファ(�)緩和と呼ぶ。⇥ 緩和では、
粒子はケージ内で運動している。その運動によって
時間相関はある程度減衰するが、ケージが崩れない限り、0までは減衰しない。しかしケージは有限の
寿命で崩壊し、新たなケージが作り直される。この過程が �緩和で、その緩和時間 ⌅�は構造緩和時間
とも呼ばれる。

2.3 モード結合理論: (疑似)臨界温度 Tc

モード結合理論 (MCT)は過冷却液体におけるこの 2段階緩和を捉えることに成功した初めての微視
的な理論である [9,15](図 6 b))。MCTでは、上記の自己中間散乱関数 Fs(q, t)や中間散乱関数 F (q, t) の
ような時間相関関数の時間発展を自己無撞着に定めるMCT方程式と呼ばれる微積分方程式をある種の
近似のもとで導き、これを解析する。MCTの重要な帰結はある温度 Tcに向かって緩和時間 ⌅�が臨界
温度までの”距離”⇤ = |T/Tc � 1|のベキ乗で発散し、エルゴード性が破れる動的転移がある、というこ
とである。後述するように、これはMCTが本質的に平均場理論であることによっていて、実際には、
真の転移はそこにはない。3しかしこの Tcが、緩和の機構が切り替わるクロスオーバ-温度となっている

3ただし、現在の標準的なMCTは、まだそのままでは高次元極限で厳密になるような真の意味での平均場理論にはなって
いない [16]。 後述のクローン液体論についても、「ある種の平均場近似」である以上に、無限大次元で厳密になる真の意味で

中間散乱関数

図 6: 2段階緩和:　 a) 過冷却液体で
の自己中間散乱関数 Fs(q, t)の時間 t
依存性 (波数は静的構造因子 S(q)の
第 1ピークの波数 q = 7.25) (2成分
Lennard-Jonnes粒子系の分子動力学
(MD)シミュレーションW. Kob and
H. C. Andersen (1995) [8]より転載)
　 b) 中間散乱関数 F (k, t) につい
てのMCT方程式 (コロイド分散系)
の数値解 (宮崎州正 (2007) [9] より
転載) 　 MCT 臨界点に対する距離
� = 10�n (n = 1, 2, 3, . . .)での緩和
関数をプロットしている。

図 7: 線形粘弾性測定に現れる 2段階
緩和:　 a)過冷却液体 (フタル酸ジブ
チル DBP) の貯蔵弾性率の周波数依
存性。(Maggi et. al. (2008) [10]より
転載)　 Tm = 238 K、MCTによる
（疑似)転移温度は Tc � 226 K [11]。
b)コロイド分散系 (エマルジョン)の
貯蔵弾性率 (Eq. (16) を参照)の周波
数依存性 (Mason et. al (1997) [12]
より転載) 　縦軸は対数であること
に注意。MCTによる（疑似)転移密
度は ⇤c � 0.58。

図 8: 熱力学量の振る舞い: 急冷し
て作成したガラス (トルエン)を昇温
しながら測定した比熱 (白丸) (Ya-
mamuro et. al. (1998) [13] より転
載) 比較のために結晶化させた場合
のデータも示されている。(黒丸) b)
p=3 球形平均場スピングラス模型で
の熱平衡状態での比熱 (A. Crisanti
and H. -J. Sommers (1992) [14]より
転載)

との予想がある。すなわち、より高温側では、MCTの記述する臨界的なダイナミックス、低温側では、
MCTでは記述できない熱活性型のダイナミックスが緩和を主導するというものである [17,18]。そのよ
うなクロスオーバー温度の存在自体はMCT以前から推測されていた [19]。

2.4 線形粘弾性測定：プラトーモジュラス
結晶ではそれぞれの分子はまわりの分子に囲まれて作られた平衡位置を中心として熱振動している。
ケージ構造が有限の時間とはいえ、存在しているということは、過冷却液体は液体でありながら、構造
緩和時間 ⇥�よりも短い時間スケールでは「固体的」に振る舞うことを示唆する。実際、図 7にあるよ
うな線形粘弾性 (線形レオロジー)の測定を行うと、過冷却液体は力学的にまさに固体と液体の両方の
性格、すなわち弾性と粘性を併せ持っていることが明らかになる。線形粘弾性に詳しくはまた後で (3.3
節)議論するのでここでは大づかみの特徴を紹介しよう。測定方法は、系に弱いシア歪みを周波数 ⌅の
交流で掛け、応答として発生するシア応力を測定するというものである。図 7には貯蔵弾性率 (storage
modulus)と呼ばれる、摂動に対して位相の遅れのない応答成分を示している。(Eq. (16)参照) 明らかな
特徴として、中間的な振動数領域に平坦部 (plateau)がある。これはこの時間スケールで過冷却液体が
有限の剛性率 (shear modulus)を持つ弾性体として振る舞うことを意味する。この平坦部の高さで決ま
る「実効的な剛性率」をプラトーモジュラス (plateau modulus) と呼び、以下これを µ̂と記すことにす

の平均場理論になっている確証がまだない。(スピングラスの平均場理論はそうなっていると強く信じられている。)　高次元
極限で厳密に成立する過冷却液体・ガラスの理論の厳密な手続きによる導出は、理論としては重要で、興味深い課題である。

α緩和

β緩和
自己中間散乱関数
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��「構造緩和時間」は温度の低下とともに急激に増大
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モード結合理論(mode coupling theory)

Ex. 中間散乱関数についてのMCT方程式(コロイド分散系)　

(review) 「ガラス転移とモード結合理論」-最近の発展と課題 - 宮崎州正, 物性研究 88-5 (2007-8), p621

直接相関関数

Bussei Kenkyu

NII-Electronic Library Service

M(k, t) =
S(k)
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V 2
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(MCT転移温度）
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非エルゴードパラメータ
(スピングラスのEdwards-Anderson 
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Random First Order Theory : スピングラス平均場模型からの示唆

スピン si (i = 1, 2, . . . , N)

スピングラス：強磁性と反強磁性がランダムに存在する磁性体  (例：希薄磁性合金)

Edwards-Anderson模型(1975)

[Jij ] = 0 [J2
ij ] = J2正負ランダムなスピン間相互作用

T > TSG

T < TSG

常磁性相

スピングラス相

qEA = 0

qEA > 0

Ag1�xMnx

Edwards-Andeson 秩序パラメータ
（非エルゴードパラメータ)

qEA = lim
t��

1
N

N�

i=1

�si(t)si(0)� =
1
N

N�

i=1

�si�2

H = �
�

<i,j>

Jijsisj

さらに、レプリカ対称性の破れ 

(多数の乱れた準安定状態の出現) 

（ただし、現実の有限次元系では未解決）
の臨界ゆらぎ：非線形帯磁率の発散qEA

スピングラス転移「相関長」の発散を伴う、2次相転移



H = �
�

i<j<k

Jijksisjsk

Kirkpatrick-Thirumalai-Wolynessらが気がついたこと(1980年代)

「ある種の(1段階のレプリカ対称性の破れを示す)スピングラス平均場模型は、
構造ガラスと極めて良く似た現象を示す。」

0
静的なスピングラス転移

T

T
0

TSG Td

エルゴード・非エルゴード転移

Kauzmann転移

TK Tc

“Entropy crisis”

動的なスピングラス転移

モード結合理論の臨界点



                でエルゴード性の破れ

　動的なスピングラス転移

C(t) =
1
N

N�

i=1

�si(t)si(0)�
動的スピン自己相関関数

時間発展方程式 = MCT方程式！  → 2段階緩和

dC(t)
dt

= �TC(t)� 3
2T

� t

0
dt�C2(t� t�)C(t�)

(取り扱いを簡単にするためにspherical constraintによるスピンの規格化を行っている。)

N�

i=1

s2
i = N

MCTの遅い緩和ダイナミックスのメカニズム:

高次元位相空間の中、サドル（鞍点）にトラップされながら、次第に平坦になってゆくエネルギーランドスケープを   

ゆっくりと降下してゆくダイナミックス。 　Kurchan-Laloux (1996)

Td



状態方程式: Thouless-Anoderson-Palmer (TAP) 方程式

(spherical model)

準安定状態                              が、      で無数に出現� = 1, 2, . . .

�(f, T ) � 1
N
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�
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�(f � f�(T ))

Complexity (構造ガラスでの構造エントロピーに相当)

構造ガラスでのinherent structure (Stillinger (1995))に対応

状態α内で熱平均されたスピンの配位

自由エネルギー
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　静的なスピングラス転移

�(fSP(T ), T ) > 0 T > TSG

エルゴード性はすでにTdで破れているが 

「静的」には常磁性（液体）状態

lim
T�TSG

�(fSP(T ), T ) = 0

静的なスピングラス転移：”Entropy crisis” (Kauzman転移)

標準的な解釈: 　Tdでエルゴード性が破れてしまうのは、平均場理論の欠陥。現実の有限次元では、「準安定状態」間の
エネルギー障壁は無限大ではないだろう。（したがって「準安定状態」という考え方も現実にはwell definedではない。)

ただし、Tdを境にダイナミックスの「質」がMCT的臨界ダイナミックスから、熱活性型のダイナミックスに
クロスオーバーする、のではないか。。

complexity ��F = ln Z = ln
�

�

e�N�f� = ln
�

dfe�N(�f��(f,T ))



　エイジング効果                        T < Td

Dynamical mean-field spin-glass theory (Aging)     Franz-Mezard (1994), Cugliandolo-Kurchan (1994),..

�C(t, t�)
�t

= �[1� p��(t)]C(t, t�) + 2R(t�, t) + µ
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spherical p-spin mean-field 
spinglass model

C(t, t�) =
1
N

�
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�Si(t)Si(t�)�

R(t, t�) =
1
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�

i

��Si(t)�
�hi(t�)

2

Fig. 1.1 Typical behaviour of macroscopic two-time quantities during aging. (a) Auto-corre-

lation function C(t, tw); (b) linear-susceptibility χ(t, tw). The waiting time tw increases from

the left to the right curves, typically in a logarithmic scale such that, say, twk+1 = 10twk.
The α relaxation time, tα, or the time-difference needed to decorrelate significantly, is an

increasing function of tw and is indicated with an arrow in the left panel. The plateau in χ

occurs at χea = (1− qea)/T where qea is the height of the plateau in C.

(a), and the linear response of the same observable measured at t to a perturbation
that couples linearly to it between tw and t (b).

As shown in panel (a), the auto-correlation function exhibits a two-step decay. At
short time scales, say t− tw " tw, there is a relaxation towards a plateau that we call
the Edwards-Anderson (EA) order-parameter qea (see its precise definition in Eq. (6)).
The relaxation in this stage is essentially independent of the waiting time tw and time-
translational invariance (TTI) holds C(t, tw) = Cst(t− tw) to a certain accuracy. The
second relaxation at longer time scales, say t − tw # tw, exhibits tw-dependence and
is not stationary. The latter reflects the strong out-of equilibrium nature of aging. The
separation of time-scales is confirmed in panel (b) where we sketch the behaviour of
the susceptibility χ(t, tw). The plateau occurs here at χea = (1− qea)/T with qea the
value of C at its plateau and T the temperature of the environment that is henceforth
measured in units of kB , the Boltzmann constant.

The relaxation of the correlation in Fig. 1.1 (a) reminds us, in a sense, of the
two step relaxation in the supercooled liquid phase – the so-called α and β relax-
ations (7). Even more so, it is basically indistinguishable from the one found in phase
ordering processes after a temperature quench (see Sect. 3 for a detailed descrip-
tion of coarsening) (5). In such processes domains of the different equilibrium phases
progressively grow in competition. At each instant, the equilibrium order parameter is
essentially uniform within each domain. When only short time-differences are explored
the domain-walls are basically static and the correlations decay just as in equilibrium.

�(t, tw) =
� t

tw

dt�R(t, t�)待ち時間 tw

R(t1, t2) = �X(C(t1, t2))
�

�t2
C(t1, t2)Generalized fluctuation dissipation relation

�(t, tw)C(t, tw)

�EA = �(1 � qEA)

“α緩和” 「エイジング領域」

“α緩和” 「エイジング領域」

“β緩和”「準平衡領域」

t� tw t� tw

qEA
“β緩和”「準平衡領域」

(最近のreview) Corberi-Cugliandolo-Yoshino, in  "Dynamical heterogeneities in glasses, colloids, and granular 
media", Eds.: L. Berthier et. al (Oxford University Press) arXiv:1010.0149v1



1.剛性：マクロとミクロ

2.  ガラス転移、スピングラス

3.クローン液体の方法：液体論とレプリカ法の融合

基本的なアイディア

ケージ展開

4.アモルファス固体の剛性：クローン液体法による理論計算

5.  スピノダル点での固体の融解とRigidity crisis  :  平均場理論

6.  まとめと今後の展望



スピングラスの平均場理論 :  (Edwards-Anderson (1975), Sherrington-Kirkpatrick(1975),             

G. Parisi (1979),...)

1段階のレプリカ対称性の破れを示すスピングラス平均場理論と　　　　　　　　　　　　
構造ガラスの物理とのアナロジー   (Kirkpatrick,  Thirumalai,  Wolynes 1980’s)

✦ 動的なガラス転移              モード結合理論 (MCT) 

✦ 静的なガラス転移              Kauzmann 転移

レプリカ理論の発展

✦ Franz-Parisi ポテンシャル (1995)

✦ レプリカ法によるcomplexity (構造エントロピーの計算) Monasson (1995)

✦ クローン液体論  (Mezard-Parisi (1999), Parisi-Zamponi Rev. Mod. Phys. 82, 789 (2010))

動的不均一性

モザイク描像 - Adam-Gibbsの現象論の基礎付け   (Wolynes 1997, Bouchaud-Biroli 2004, Franz-

Montanari 2007), ..

ランダム系の統計力学：スピングラス、構造ガラス

�4

Tc

TK
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クローン液体論: 基本的なアイディア similar in spirit to Ramakrishnan-Yussouff (1977)  
for liquid-crystal transition

and Kirkpatrick-Wolyness (1987) for glass transition
M. Mezard and G. Parisi,  PRL 82 747 (1999) and  J. of Chem. Phys.  111 (1999) 1076
G. Parisi and F. Zamponi, Rev. Mod. Phys. 82, 789 (2010).

“Einstein model” for solids.

Let us find a “Debye model” for glasses!

秩序パラメータ　 ケージサイズ A

A =�液体 A <�固体
T = Tc

18

0 0.2 0.4 0.6 0.8 1A0/A
0

0.005

0.01

0.015

0.02

S

ϕ=ϕd
ϕd<ϕ<ϕK
ϕ=ϕK

FIG. 7 (Left) A molecule of the replicated liquid: each full (black) sphere of the original liquid is replicated m times (dashed red
spheres), and the m copies vibrate around the reference one. (Right) Replicated entropy as a function of the order parameter
A/A0, where A0 is some reference value. The full line is the mean field curve, while the dashed line take into account the finite
dimensional nature of the system (see Appendix A).

(x1, · · · , xm) in a volume V , and we put an harmonic
attraction between particles in a molecule. Particles be-
longing to the same replica interact via the hard sphere
potential. The replicated partition function is

Zm(ε) =
∞∑

N=0

zN

∫

V

dNx1 · · · dNxm

N !

∏

i<j

∏

a

χ(xai − xaj)

×
∏

i

exp

(

− ε

m
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(xai − xbi)
2

)

=
∞∑

N=0

∫

V

dN x̄

N !

∏

i

z(x̄i)
∏

i<j

χ̄(x̄i, x̄j)

(11)

where χ(x−y) = θ(|x−y|−D), χ̄(x̄, ȳ) =
∏

a χ(xa−ya),
and

z(x̄) = z exp

(

− ε

m

∑

a<b

(xa − xb)
2

)

. (12)

It is clear that the derivative of S(m, ϕ; ε) ≡
〈N〉−1 lnZm(ε) with respect to ε gives the average cage
radius, which is defined as the average distance of atoms
in two replicas a &= b:

A ≡ 1

2Nd

〈
∑

i

(xai − xbi)
2

〉

=
1

m(m − 1)d

〈
∑

a<b

(xa − xb)
2

〉

= − 1

(m − 1)d

dS(m, ϕ; ε)

dε
.

(13)

Note that this cage radius could also be measured as the
large time limit of the mean square displacement of a

single system (Angelani and Foffi, 2007). We are inter-
ested in the limit of zero coupling between the replicas.
If there is only one thermodynamic state, the liquid, then
the replicas will decorrelate for ε → 0 and A(0) = ∞. On
the contrary, if the are many stable states, an infinites-
imal coupling will be enough to send the replicas into
the same state; this will produce a correlation between
the replicas and A will be of the order of the cage radius
inside one state. This phenomenon can be better un-
derstood in term of the Legendre transform of S(m, ϕ; ε)
with respect to ε, which is a function of A defined by21

S(m, ϕ; A) = min
ε

[S(m, ϕ; ε) + (m − 1)dAε] , (14)

and is schematically drawn in the right panel of fig-
ure 7. As (m − 1)dε = dS(m,ϕ;A)

dA , the stationary
points of S(m, ϕ; A) correspond to zero coupling and in
fact S(m, ϕ) = minA S(m, ϕ; A). In the liquid phase,
S(m, ϕ; A) will have a single minimum in A = ∞, while
when glassy states are present, S(m, ϕ; A) will have a
secondary minimum at finite A. See (Mézard and Parisi,
2000) for a much more detailed discussion of the Legen-
dre transform with respect to ε.

We will discuss in the following some approximation
schemes to compute Zm(ε). For the moment, let us try
to give a “pictorial” representation of this method. A
way to visualize the partition function Zm(ε), Eq. (11),
is that the original system is represented by the reference
coordinates x1i of the first replica; around each reference
particle, m− 1 other particles vibrate on a small scale ∼
1/

√
ε. They are represented in Fig. 7 as dashed spheres.

21 Due to a global m− 1 factor, the minimum will become a maxi-
mum for m < 1.

Tk < T < Tc

F (q)

q � A0/A

T = TK

液体

ガラス

Franz-Parisi potential



クローン液体論 (mini review)

R. Monasson, Phys. Rev. Lett. 75 2847 (1995).

同じハミルトニアンに従うm個のレプリカ
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分子動力学(MD)シミュレーション
J. L. Barrat, J. -N. Roux, J.-P. Hansen and M. L. Klein,
 Europhys. Lett., 7 (1988) 707.

N = 3456

数値シミュレーションとの比較
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J. L. Barrat, J. -N. Roux, J.-P. Hansen, Chem. Phys., 149 (1990) 197.
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スピノダル点での固体の融解
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tron density is chosen to be an adjustable function, rather
than a superposition of atomic orbitals. Furthermore, angle-
dependent interactions could be very important in bcc solids.
For our simulations, we chose the many-body interaction

potential developed by Finnis and Sinclair25 !FS" and modi-
fied by Rebonato et al.26 FS proposed a way to incorporate
the delocalized physical nature of the metallic bonding and
the essential band character of bcc metals in a simple model.
The FS potential involves two short-ranged potentials: V
!V1"V2. The first potential V1 corresponds to an ion-ion
interaction:

V1!
1
2 #

i: i$ j

N

%!ri j", !1"

where %(r) is the two-body part !ion-ion repulsion" and N is
the number of atoms. The second potential V2 incorporates
the complex nature of metallic cohesion:

V2!#
i!1

N

U!ni". !2"

The function U(ni) is taken to mimic the results of the
tight-binding theory.25 It depends on the electronic charge
density ni around the atom i:

ni! #
j : i$ j

Ng

&!ri j", !3"

where Ng is the number of nearest neighbors of the atom i
and the function &(ri j) is given by

&!ri j"!! !ri j#d "2, ri j'd ,
0, ri j$d , !4"

where r ji is the distance between the atoms i and j, and d is
a fitting parameter. Explicitly, the many-body part U(ni) is
given by

U!ni"!#A!ni, !5"

where A is a fitting parameter.
Our molecular dynamics !MD" simulations with the FS

potential were performed using the Parinello-Rahman27
method, which allows simulation of fluctuations in the shape
and volume of the sample. The Nose-Hoover thermostat was
used to set the temperature.28,29
The equilibrium average shape and volume of the sample

obtained at a given temperature were used for calculation of
the shear modulus in a canonical (N-V-T)
ensemble30,31—i.e. at the fixed number of atoms, N, volume
V, and temperature T.
The samples used for the simulations contained 2000 at-

oms, initially arranged as a perfect bcc crystal of size 10
%10%20 unit cells. Periodic boundary conditions were ap-
plied in all three directions. Point defects were introduced
either by the insertion of extra atoms between the lattice sites
!self-interstitials" or by the removal of atoms from the lattice
!vacancies". Newton’s equations of motion were solved us-

ing a predictor-corrector algorithm.21,32 Throughout this
study, interactive visualization with the AVIZ program33 was
implemented.

III. VALIDATION OF THE POTENTIAL AND ORDER
PARAMETER

To learn about the capability of the potential, we exam-
ined some physical properties of a perfect crystal. First, we
calculated the thermal expansion at zero external pressure.
We found the thermal expansion coefficient at low tempera-
tures to be (c!(18&6)%10#6 K#1, in reasonable agree-
ment with the experimental value measured at room tem-
perature, (expt!8.6%10#6 K#1. Next, the thermodynamic
melting temperature for our potential was calculated, using
the method of Lutshko et al.,34 to be Tm!2220&10 K. This
value is close to the experimental value Tm!2183 K, despite
the fact that the FS potential was constructed by fitting its
parameters to room-temperature values of various physical
properties of vanadium !lattice constant, cohesion energy,
shear elastic moduli, vacancy formation energy, etc.".
In order to test the algorithm we calculated the shear

moduli as a function of temperature. The shear elastic coef-
ficients decrease with temperature as shown in Fig. 1. The
accuracy of the simulations was estimated by monitoring the
convergence of the shear elastic moduli calculated along
symmetrically equivalent directions. We found the difference
to be approximately 10%.
Following the validation that our potential can indeed re-

produce the physical properties of a perfect crystal with ac-
ceptable accuracy, point defects were introduced. These
point defects are distributed homogeneously throughout the
bulk of the solid. Only one type of point defects—e.g., va-
cancies or self-interstitials—were used in each run to avoid
their mutual annihilation.
The configurations of atoms in the vicinity of a point de-

fect inside the bulk at low temperatures were investigated by
means of the simulated tempering method.35,36 The most en-
ergetically favored configuration of an interstitial was found
to be the )011* dumbbell split interstitial with a formation

FIG. 1. Variation of C! !triangles" and C44 !squares" with tem-
perature. The error bars represent the statistical uncertainty.

V. SORKIN, E. POLTURAK, AND JOAN ADLER PHYSICAL REVIEW B 68, 174102 !2003"

174102-2

結晶の剛性率の計算例

MD Simulation (BCC crystal)
Sorkin-Polurak-Adler (2003)

c44
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M. Born,  J. Chem. Phys, 591 (1939)

Born’s criteria for melting µ = 0

Tm

T �
スピノダル温度

融点

注：cubic対称性のために2種類のshear-modulusが存在。
(等方的な系ではc’=c44)

G

T = Tm

� = N/V
�L�crystal

T = T �

自由エネルギー



4

FIG. 3: Square root scaling of contact number z with φ − φc

observed in the Durian bubble model (adapted from [25] —
Copyright by the American Physical Society).

random close packing density in two dimensions — here
the yield stress appears to vanish smoothly. (ii) The
contact number z smoothly decreases with φ. At φ = 1
the contact number equals six. This can be understood
by combining Euler’s theorem which relates the number
of vertices, faces and edges in tilings with Plateau’s rule
that for a two-dimensional dry foam in equilibrium, three
films (faces) meet in one point (vertex). When φ → φc,
the contact number appears to reach the marginal value,
four. (iii) The shear modulus decreases with φ and ap-
pears to smoothly go to zero at φ = φc (unfortunately
the authors do not comment on the bulk modulus).

In related work on the so-called bubble model de-
veloped for wet foams in 1995, Durian reached similar
conclusions for two-dimensional model foams, and more-
over found that the contact number indeed approaches
4(= 2d) near jamming, and observed the non-trivial
square root scaling of z − 4 with excess density for the
first time (Fig 3). All these findings are consistent with
what is found in closely related models of frictionless soft
spheres near jamming, as discussed in sections III.

Experimentally, measurements of the shear modulus
and osmotic pressure of compressed three-dimensional
monodisperse but disordered emulsions found similar be-
havior for the loss of rigidity [27, 28, 29]. The shear
modulus, (when scaled appropriately with the Laplace
pressure, which sets the local “stiffness” of the droplets)
grows continuously with φ and vanishes at φc ≈ 0.635,
corresponding to random close packing in three dimen-
sions. The osmotic pressure exhibits very similar scaling,
implying that the bulk modulus (being proportional to
the derivative of the pressure with respect to φ) scales
differently from the shear modulus — the difference be-
tween shear and bulk modulus is another hallmark of
jamming of frictionless spheres.

FIG. 4: Deformation fields of packings of 1000 frictionless par-
ticles under compression (a,c) and shear (b,d) as indicated by
the red arrows. The packings in the top row (a,b) are strongly
jammed (contact number z = 5.87), while the packings in the
bottom row (c,d) are close to the jamming point — their con-
tact number is 4.09, while the jamming transition occurs for
z = 4 in this case. Clearly, the deformation field becomes in-
creasingly non-a⇤ne when the jamming point is approached
(adapted from [30, 31] — Copyright by the American Physical
Society).

There is thus a wealth of simulational and experimen-
tal evidence that invalidates simple predictions for the
rigidity of disordered media based on our intuition for
ordered packings. The crucial ingredient that is missing
is the non-affine nature of the deformations of disordered
packings (Fig. 4). There is no simple way to estimate the
particles motion and deformations in disordered systems,
and one needs to resort to (numerical) experiments. Jam-
ming can be seen as the avenue that connects the results
of such experiments. Jamming aims at capturing the me-
chanical and geometric properties of disordered systems,
building on two insights: first, that the non-affine char-
acter becomes large near the jamming transition, and
second, that disorder and non-affinity are not weak per-
turbations away from the ordered, affine case, but may
lead to completely new physics [24, 27, 32, 33, 34, 35, 36].

III. JAMMING OF SOFT FRICTIONLESS
SPHERES

Over the last decade, tremendous progress has been
made in our understanding of what might be considered
the “Ising model” for jamming: static packings of soft,
frictionless spheres that act through purely repulsive con-

Ellenbroek W G, van Hecke M and van Saarloos W 
2009, arXiv:0911.0944
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図 10: ジャミング相図 (A.
Liu, S. Nagel (1998) [25]
より転載)

図 11: まさつのない理想的な粉体模型における接触点数 (contact number)z、
剛性率 µ(shear modulus) 体積弾性率 K (bulk modulus)の振る舞い。(M. van
Hecke (2010)を参考にした模式図 [26]) zc = 2d (dは空間次元)は、ジャミング
転移点直上での接触点数。弾性定数をスケールしている kは粒子の変形に対する
ポテンシャルの 2回微分 V

��
(r)の平均粒子間距離での値。

理論的にはまさつの無い理想化された粉体模型の研究が集中的に行われてきた。具体的には、粒子同士
は接触していなければ相互作用せず、粒子間距離 rがある閾値を越えて近づくと反発力（中心力)f(r) =
�dV (r)/drが働くという模型を考える。前述の通り、この系の非線形レオロジーを解析すると (図 9 b))、
⇥J ⇥ 0.64が臨界密度になっていて、その近傍での非線形レオロジーはある種の動的臨界現象になって
いる [19, 20, 21](図 9b)右図) 。
興味深いことに、静的な観測量から見ても密度 ⇥Jが臨界点になっていることがわかっている。この密
度 ⇥Jはジャミング転移点 (point-J)と呼ばれ、次のような特別な意味を持っている密度である [29]。N
個の粒子を箱につめて外から圧力 P を掛けることを想定してみよう。内部では粒子同士が互いに接触し
あって力の釣り合いの取れた静的なジャミングした状態が出来ているとする。このとき、1つの粒子が平
均して z個のまわりの粒子と接触しているとする。この zを平均接触点数 (average contact number)と
呼ぶ。この系の微小変形を仮想的に考える。どのような微小変形も (全体の回転や並進を除けば)、接触
する粒子間の距離の変化で表すことができるので、独立な自由度の数は接触しているペアの数 zN/2で
ある。微小変形についてのエネルギーを各粒子の変位について最小化させるとNd個だけ自由度が減り
(dは空間次元)、残る自由度は zN/2�Ndとなる。したがってもし接触点数が十分大きく z > zc = 2d
ならば、安定な配位を維持できることがわかる。ここで、外圧 P を準静的に減らすことを考えよう。こ
れによって体積分率 ⇥ = ⇥(P )は減少し、それにともなって z(⇥)も減少してゆく。あるところで z = zc

となり、これよりも減圧するとジャミングした状態が保てなくなる。このときの体積分率がジャミング
密度 ⇥Jである。図 11に示すように、zは ⇥Jで zcから 0までの不連続な飛びを示す [29]。
平均接触点数 zの不連続な振る舞いを見ると 1次転移的であるが、ジャミング転移は 2次転移的な臨
界特性を様々な形でしめす。平均接触点数の臨界値からの差 �z = z � zcは図 11に示すように臨界点か
らの距離 �⇥ = ⇥� ⇥Jに対して、�z ⇤

⌅
�⇥のようにベキ的に振る舞う。さらに自明な「ばね定数」kで

規格化した剛性率 µは �zに対して線形に 0になる。これらの性質はポテンシャル V (r)の形にはよらな
いユニバーサルな性質である [29, 26]。一方、興味深いことに体積弾性率K は不連続に振る舞い、臨界
的ではない。このように 1次転移と 2次転移の性格を併せ持った奇妙な転移は粉体模型に先駆けて、あ
わ (bubble)系の問題で最初に発見されている [30]。後述するように、構造ガラスにおいても Tc付近で
良く似た状況になっていると我々は考えている。

2.7 Random First Order Theory: スピングラス平均場模型からの示唆
Kirkpatrick-Thirumalai-Wolynesらは 1980年代後半に、ある一群のスピングラス模型が様々な意味
で構造ガラスと共通する性質を持つ事を一連の研究によって明らかにした [31, 32]。アナロジーをてこに
研究を開始することは、ちょっとずるいが物理学の常套手段である。彼らが注目したのはいわゆる 1段
階のレプリカ対称性の破れ (1step RSB)を示す模型で、Sherrington-Kirkpatrick(SK)模型など連続的な
RSBを起こすとは質的に異なる動的/静的性質を示す。例として次のようなハミルトニアンで与えられ

平均接触点数 剛性率 体積弾性率

k = V ��(rav)

“point-J”

非アフィン変形による補正を入れないと不連続。
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