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Abstract
| collect what has been known for the convenience of those who wish to
understand the formal aspects of ERG. With care | introduce an anomalous dimension
of the field to the ERG differential equation, and show that the anomalous dimension
at a fixed point of ERG is independent of the choice of a cutoff function.
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Introduction

1. Universality of the ERG formalism has been shown by Latorre and
Morris.[JHEP 2000]

2. We would like to improve their discussion on the universality of the
anomalous dimension.

3. We do two things:

(a) a self-consistent introduction of the anomalous dimension into the
ERG diff eq (based upon Appendix C of Igarashi, Itoh, Sonoda [PTPS
2009]

(b) show that the anomalous dimension at a fixed point is independent of
the choice of a cutoff function for ERG [HS 20117]
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Properties of the ERG differential equation

1. Consider a real scalar theory with a Wilson action [Wilson 1973; Polchinski

1983]

5= | Tlo7my 3P+ S1ald

2. The cutoff function K (x) has the properties:

K(z) = 1 (2*~0)
— 0 (2*>1)

The modes with p? > A? are
suppressed.

1

A

K( x)
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3. The A dependence of St A is [Polchinski 1983]

(9 A(p/A)l {53[,/\ (55],/\ 52S],A }
A _ -
AT /p P 2 56(0)50(—p) | 56(0)50(—p)

Alternatively, the A dependence of S, is

29, - /p[A(p/A) b(p) 05A

oA K (p/A)" " 06(p)
A(p/A)l{(SSA 5SA N 525 H
p* 2 |69(p)dop(—p) d9(p)id(—p)

where A(p/A) = AdxIn K (p/A).
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4. Connected correlation functions

(6(p1) - $(pn) b, O(p1 + -+ pn) = / 4] 6(py) - - d(py) €51

5. A independent correlation functions [HS 2007] (called ERG invariants
[Rosten 2008]):
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(6(pr) 60T, = (0p1)-6(a))s, / [T K i/
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Change of variables

1. Linear change of variables:

o(p) — ¢(p) + eF'(p)o(p)

The action changes by

5SA
69 (p)

“F-term”

5Sp = G/F(p)¢(p)

The correlation functions change by

(1 =2¢F(p)) {o(P)P(=p))s,

{ (0(P)O(=P) ) 5,453,
< (I —eXini F(pi) (o(p1) - <b(pn)>

¢(p1) - - ¢(—p) >SA+5SA
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. Change of variables by an equation of motion:

1 05

o(p) — ¢(p) + 6G(p>§5qb(p)

The action changes by

- 5Sy  0Sy 525, I
/ Gl { Y56 >+5¢(p)5¢(_p>} G e

where the second term is the jacobian.

Only the two-point function changes:

{ (P()P(=D) ) 5,165, = (@(D)O(=p))g, +€G(P)
(&(p1) - ¢(pn) >SA+5SA '
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3. The choice
A(p/A) _
K (p/A)’ p?

gives rise to the ERG differential equation:

F(p) =

p/A (5SA
p K ( p/A ¢(p)

F (p)

(p/A) 1 5SA (SS/\ 5251\
+/p, P ,2{ 56(p) 0 ¢<_p>+5¢(p>5¢<_p>}

G(p)

—A SA
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4. The corresponding changes in the correlation functions are

9, B A(p/A) A(p/A)
Mg (00)6(p))s, = 2 T (9B)S(D))s, + =
_Aa%<¢( )"¢(pn)>sA — —Z Z;ﬁ o(p1) - - ¢(Pn)>sA

This explains the A independence of

(<¢<p>¢<—p>>sA Ke/ A>) /K (/8)

<¢( pn SA/H pz//\

H. Sonoda



11

5. Equation of motion operator: With the choice

p/A) (1 — K (p/A))

Fip) = -1, Glp) = 22 WD

p
we obtain
0S5y = —e/gb(p)d(zbig)
_6/2K(p//\) (1—K(p/A))1{ 6Sn 0Sy  8%5, }
p p? 2 | 6¢(p)dd(—p) ~ d9p(p)dgd(—p)
= eN

This rescales the A independent correlation functions: (n = 2,---)

0(p(p1) - d(pn))g, =€ n{d(p1) - d(pn))s,

H. Sonoda



12

6. Since

(¢(p1) -+~ &) Vg, yenr = (L + 7€) (9(p1) -+ d(Pn) ) 5,

are independent of A, S + eN satisfies the same ERG differential
equation as Sj.
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Introduction of the anomalous dimension ~

Introduction by hand:

s = [ |[(ReA ) P50
;;/A {(;S(A) gf—Ap) +5¢(zf)5iﬁA(—p)H

where v is an arbitrary constant.
Disadvantage: the A independence of (¢(p1)---¢(pn))g, is lost.

An additional term is necessary to restore this independence.
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2. Alternative: introduce a scale for the wave function renormalization

(a) Expansion of S7 A in powers of ¢:

Sia /%An )56(0)6(~p)

1

/ O(p1+ -+ pa)Va(A; p1, - ,p4)4,
P11, P4

(b) Wave function renormalization at A = u:

0
apQVQ( ips=p)| =0

(c) Let Si , be a solution of the ERG diff eq and the above normalization
condition.
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(d) S pua—ar) = S+ At - YN satisfies the normalization condition at
A = p(1 — At) if we choose

A
—a02 J, T3V 4, —a, p. —p) o

’y:

9 _ 8(1992 fq 2K(Q/M)(;2—K(Q/M))%V4(M; q,—q,p, _p)

p?=0
which is 1 dependent.
(e) Thus, we have two solutions Sy ,,, Sa ,(1—ar) of the same ERG diff

eq: one satisfying the normalization condition at A = u, and the other
at A = p(1 — At).

(d(p1) - dpn))s, o ny = (L+AE-17) (d(p1) - blpn) )g,

are A independent forn =2, ---.

H. Sonoda



16

(f) Choosing A = 1, we obtain a new ERG flow

e (388

1 1 5Su,u 55%# (525”,“
o (A1) - 2 /(1 ~ K /) 3 { ot By S }]

A A=u(1-At )

o

...
-
= -

decreasing A \

new ERG fl ow

S/\, u(1-At)

Al
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(g) Under the new ERG flow,

—u% (d(p1) - d(pn) g, =ny(1) (d(p1) - d(Pn) ) g

Sp.p Sp.p

thanks to the extra G-term.
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ERG for a fixed point

1. For ERG to have a fixed point, we must rescale the momentum and field:

so that

We define

where = ppe™

{ p =4up
d(p) = p 2 ¢(p)

Sel8] = Su.ul¢l

L. (Trade u for t.)
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2. ERG diff eq for S;:

5.5, — /p{ﬁ-agb(p)ﬂL(w—v(t)Jrﬂ) ¢(p)} 55y

op 2 K(p) 6o (p)
1 1 0S; 05 625,
*fpz? (B(p) = (KL~ K(p) 3 {w(p) 5o(—p) 6¢<p>6¢<—p>}

where the bars above S}, ¢, and p are all omitted for simplicity.

3. The cutoff independent correlation functions satisfy

D +2

O (Dpre) - d(pne’) )5 = (D T (‘T + 7@))) (o(pre’) - d(pne') ),

forn=2,---.
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4. Fixed point S* with an anomalous dimension n = 2v*

(a)
. /p{ﬁ,aggu(g_yu%)as(p)}%
1 { 55* 65 528" }

1 *k
*/p? (B) =2 KA = KD 3\ 5oy 50(=p) T 50m)50(—p)

(b) Scaling relations for the cutoff independent correlation functions:

<¢(plet) - ¢(pne’) >:i = exp [t (D +n (—? + 7*))] (d(p1) - d(pn) ) o
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Dependence on K

1. Under an infinitesimal change of the cutoff function K by /K, Latorre
and Morris found

pou = [ [l 54

K (p/A) 69 (p)
5K(p/A)1{ SN  0S) N 525\ }]
p* 2 [06(p)dp(—p) 0¢(p)dd(—p)

This gives
0K (p/A)

(1 n 25K (p/A)

) (Sw)sp))s, —

(d(p)o(—p) >SA—|—5SA

(61 S(Pn) Vg, a5, = (1+Z5§(fi//f))>><<¢<p1>---¢<pn>>sA

H. Sonoda



22

Hence, for n =2, - - -,
(1) ¢(pn) >?A+5SA;K+5K = (o(p1) - d(pn) >§OA;K

. SA + 05 solves the ERG diff eq for K + 0 K.

. Even if S satisfies the normalization condition at A = i, Sx + 905 does
not.

. SA 4+ 0SpA + 02N satisfies the ERG diff eq for K + 6K and the
normalization condition at A = , if

0K
_8?92 fq ng/,u) %Vll(,u; q,—4q,p, _p)

2_8%92fq 2K(Q/M)(q12—K(Q/M))%V4(

p?=0

0z =

1 q,—q,p, —p)

p?=0
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5. Sff for K and SK+5K for K 4+ 0K, satisfying the respective ERG diff
eq and the normallzatlon condition at A = p.

(@(p1) -+~ d(pn) )sic = (1 =102) (¢(p1) -~ ¢(pn) ) gicon

A,

This is independent of A, and we can set A = u:

(D(p1) -+ d(pn) ) gie, = (1= nb2) ((p1) - ¢(pn) ) g yox

This is compared with the defining equation for the anomalous dimension:

—pg (Sp1) - d(pa) dgc, = ny(d(p1) - Bpn) )3k,
i (8(p1) - Do) )Thsox = nly+67) ($(pr) -+ b(pn) ) s
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Hence,

d
0y = —,u@&z

6. We wish to show v = 0 at the fixed point. Compare the expansions:

p’ , 1
Suuldl = /p (_K(p/u) + Va(p; p, —p)> 5¢(P)e(—p)

1
+/ S(pr+ -+ pa)Valps prs -+ pa) 70 (p1) -+ d(pa) + -+
—— |

Sl = /p(—Kﬁ(p) + Va(t; P, —ﬁ)) %cﬁ(ﬁ)&(—ﬁ)

_ 1 - _
‘|‘/ 6(pr+ -+ Pa)Va(t; o1, - - ’234)E¢(151) o @(pa) + -
D1, D4 !
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where

Vo(p;p, —p) = p*Va(t; p, —D)
Va(p;pr, -+ pa) = p* = PVa(t;p1, -+, Pa)

Hence, we can rewrite

apzf LIVt 0, — 7,5, —D)|

02(1) = 2K (@ (—K(@) 11 —

Under 0 K, ;
oy(t) = a&(t)

Since V4(t;p1,- -+, ps) is independent of ¢ at S*, we obtain

v =0
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Concluding remarks

1. Though we have only discussed a real scalar theory, the flow of discussion
applies to any theory (as long as it has a fixed point).

2. Because of a one-to-one correspondence

(1) 00n) ) g, x = (PP1) - O(Pn) )5, 455, K +5K

universality of critical exponents (other than the anomalous dimension
of the field) is almost obvious.

3. Is the formal understanding any useful for practical (and precise)
calculations of the critical exponents?
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Appendix A. Gaussian theory

1. Quadratic action

where Vs satisfies

0 A(p/A

oA

= 0 is given by
2=0

The solution satisfying 8%2122(/\;]0, —p)
p pu—

_(m2 +p4f(p)) p2—>\0
1 4 (m? —i—p4f(p))1_K(2p//\) ’ _<m2 +p4f(0>)

Va(Asp, —p) =

H. Sonoda



2. The A independent two-point function is

(D) (=) :

3. Rescaling gives

A m? o+ p? +ptf(p)

Vo(t; 9, —D) = p 2e*Vo(A = pe™"; ppe™", —pue™")
B —1
- 1 1—K(p)
thT—22+e‘2tﬁ4u2f(ﬁue‘t) P’
4. At the critical point m? = 0, Va(t; p, —p) i 0, and
oo & Pl
S; — 8" = - —-¢(P)p(—p)
D K(p) 2

28
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Appendix B. UV renormalizable ¢* in D = 3

. The ¢* theory in D = 3 is super-renormalizable.

. The renormalized theory has two parameters: a squared mass m? and a
self-coupling .

. In ERG formalism, we can introduce the parameters by

Vo(A=p,—-p)| , =~ = —-m’
p<=0
52 V2(A = i p, —p) ey = 0
Vi(A=p;p;=0) = =X\

where the second is a normalization condition.
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. UV renormalizability amounts to the following asymptotic behavior:

ST.A Ao /{IA—I—JlnA/u—I—zp2—|—w} %gb(p)(b(—p)

p

—\ /pl,---,m% (p1)9(p2)P(p3)d(—p1 — p2 — p3)

where I, J, z,w, A’ are constants independent of A.
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5. The u dependence is given by

(9 0
g = =Py S = By SA+7N

where 3,,, 3,7 are functions of m?, \, and p.

. ] 2
6. More precisely, i—?’g, g,fy are functions of % and %

7. The Wilson-Fisher fixed point is determined by the invariance of ZL—; and

.

o
2m* + Bm =0, A+B8=0
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8. The A independent correlation functions satisfy
0 0 0 0o o
gt Bz s+ B3 ) {0W1) - 0(Dn) Jinz xe = 7 (O(P1) -+ (D) Jin2 ni

9. Under 0K, the Wilson action changes by

0K (p/A) 05
8= RN ")
SK (p/A)1 [ §Sn  8Sa 525,
+/p p? {5¢(p) 6o (—p) i 5¢(p)5¢(—p)}
+oz N

where the last term is added to preserve the normalization condition.
(62, proportional to 6K, is now a function of \/u & m?/u.)
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10. Evaluating 0}, and 0V, at zero momenta, we obtain the following change
of parameters:

dm® = —&6Va(A = u;0,0)
1 1
— L 95am?_ / 5 10K (a/m) = 202K (a/w) (1 = K (a/m)} 3Va(1t3 0: 40, 0)
q
AN = —6V4(A =u;0,0,0,0)

—46z A — /% {6K(q/p) — 262K (q/p)(1 — K(q/p))} %Va(u; q,—q,0,0,0,0)

11. Thus, a different choice of the cutoff function K amounts to
reparametrization.

12. Critical exponents are invariant under a regular change of variables, hence
they do not depend on the choice of K.
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