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A short summary

e Our earlier studies on the long standing problem in ERG: gauge symmetry vs cutoff

— Using Batalin-Vilkovisky formalism,
we can write the quantum master equation (QME) X, = 0 for finite cutoff A.
Therefore, gauge symmetry is present even in the presence of a cutoff.
The 1Pl expression of QME is the modified ST identity.

e For anomalous theory, ¥4, the QM operator does not vanish.
YA = A ~ ghost x anomaly.

— A, a functional of fields. We discuss its properties for any A.
— Some thoughts on the Wess-Zumino condition.
— Concrete evaluation of the functional for a simple example.
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1.1 Path integral formulation

The cutoff function

K(p/N)

"2
0 1 P/ N2
The UV action with the cutoff Ag

Salo] = 500 K5'D 6+ Siafd]

Zl1) = [ Doexp (=Sulé)— KT 9)

Ko(p) = K(p/Ao)
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600 = [SLADDPE.  T0= [ SLIar

Introduce a cutoff A(< Ag) with K(p/A), and decompose ¢* into IR fields ®4 and UV
fields x4
KoD~' = KD~ ' + (K — Ko)D™!

Integration over the UV fields gives the interaction aciton S; [®]

1
exp (_SI,A[(I)]) — /Dxexp [_§X . (KO — K)_lD "X — S],AO[(I) ‘I‘X]

The Wilson action with the cutoff A is SA[®] =2® - K~'D - ® + S; ,[P]
and the partiction function is

Zo|J] = /DCD exp (—Sa[®] — K~'J - @)
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The two partition functions are related as

Zy|J| = NyZs|J],

The normalization factor N is given by

__ €A
InN; = ! 2> JAK; 'K YKy — K) (D—l)AB Jg .

where €4 is the Grassmann parity of ®4.
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1.2 Flow and composite operator

The gradual integration gives a RG flow, or the Polchinski equation

9 L 95

1 u (T -1 AB[ 0'Sy 975 _ 0'0" S
+§/p(—) (KD (1)) [ach(—p)c?(DA(p) 0P (—p)0®4(p)

with the initial condition

SA=Ag = SAg

The functional integration is equivallent to solving the Polchinski equation.
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The composite operator is a useful notion.

Equivallent definitions for the composite operator Oy |P|

1. Via the linearized Polchinski equation, with an initial condition at Ag

AaOA[ O] = —D Op|P]

OPB oPA  200BHPA

l ! r lar
D= /[ 1K<1>A8‘?DA+( )6A<KD—1)AB(C?SA8 1 00 )]

2. Given an operator Oy, |¢] at the UV scale Ay, the corresponding IR composite operator
Oa|P| may be constructed as

O[®] e 511 = / Dy Op [® + y] e~ 3 (Ko=) D= @+

3. The expectation values in the presence of arbitrary sources satisfy

<OA[(I)]>@,K—1J — NJ_l <OA0[¢]>¢,KO_1J
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Two important composite operators for later discussion:

K )
A _ 0xA —1\AB A
Pn = ?cp — (Ko — K)(D™") HDB’
oS
_ A . —1\AB I,A

and

K (G5t~ o)

for a composite operator O,.

These obeys the flow equation:

0
AQOp = —
5701 = —DO,
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2. Realization of symmetry: consider some transformation

ot — ¢ =+ 0x0?, 0 =80\ = KoRA g, Ag| M.

[ Do (57766 + 20,001 exp(~Snfé] -~ K57 -6) =0

where the quantity X,,[¢] is given as

The second term is the contribution from the functional measure D¢

87“
DA

87“
A A
5)\§b = !(Sgb )\

oxInDg = (=)

— Renormalization Group Approach from Ultra Cold Atoms to the Hot QGP at YITP — 11/32



o Y, ¢ =0 implies that the UV theory is invariant under d¢

e Appropriate to call ¥ [¢] as the WT operator

Let us see how the transformation and the WT operator changes as the scale changes.
To find d® and X5 at the scale A, use the definition of composite operator

(K160% g 1y = Ny (Kq'0¢%), o1,
Eal®e x-15 = NJ_1<EA0[¢]>¢,KO_1J
Starting from the transformation K; 'd¢ = R[¢; Ao
Ny UEG106%) , o1y = Ny RAKo0Y; M) Z6[J] = (N7 RAKod; Ao Ny ) ZaJ]

Writing the transformation of IR fields as §®* = K R4[®], we may equate the above
expression with the following

<K_15(I)A><I>,K—1J = R K Zs|J]

— Renormalization Group Approach from Ultra Cold Atoms to the Hot QGP at YITP — 12/32



We find the relation that gives transformation of the IR fields
RAIKOY,] = N7 'RA[Ko0Y; Ao) N

e Note here Ql] acts on N, that produces the scale change of the transformation.

Using the transformation 0®, we find the WT operator as

S (@] = 2 Su[®]spa _ 0

A
oPA 8<I>A5(I)

The relation

<EA[(I’]><I>,K—1J = Nj_l@l\o [¢]>¢,KO—1J

implies that if the WT operator vanishes at the scale Ay, it does at any lower scale.
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2.1 The anti-field formalism a la Batalin-Vilkovisky

For a classical gauge fixed action S.|¢] for a generic gauge theory, define an extended

action as

gcl [¢7 ¢*] Scl [¢] + ¢T45¢A

the canonical structure via the antibracket for any field variables X and Y, we define

X oY 0°X0oY
X,Y) = —
K= 55705, ~ 007,007

(S.1,Set) = 2(08, + ¢*0%0™)

Classical master equation (CME): (S, S¢;) = 0 < action invariance and the nilpotency.
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Generalize the consideration for S[¢, ¢*] that defines a quantum system via the functional
integration over ¢. Under the BRST transformation of fields

. 08
567 = (6%,5) = 55

the changes of the action and the functional measure are summed up to the quantum
master operator:

a5 S a1
or o
— (_\€atl
S T TS

— Renormalization Group Approach from Ultra Cold Atoms to the Hot QGP at YITP — 15/32



The system is BRST invariant quantum mechanically if the two contributions cancel:

X[¢,¢"]=0. (QME)

The quantum BRST transformation as

50X = (X,5) — AX

We have two important algebraic identities without assuming QME:

5Qi[¢7 ¢*] =0 )
0oX = (X,Z[¢, ¢"]).

The quantum BRST transformation is nilpotent if and only if QME holds.

Also useful to remember that QME = W identity + nilpotency
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2.2 The effective average action fB,A

exp( WBAqu /Dqﬁexp —%qﬁ (Kg— K)D - ¢ — SIB[gbgb] 1. gb)

- The modes with A% < p? < A3 contribute to the path integral
since the factor Ko — K ~ 1 for A* < p? < A3.

- SB, = % (Kog—K)D - ¢+ SI,B differs from Sp only in the kinetic term.
In A — 0, two actions are the same.

Define the effective average action as

8ZWB,A[J, O*]
0J(—p)

fB,A[(PA, "] = WB,A[J, ¢*] — KO_IJ " PA, pa(p) = Ko(p)

The limit of A — 0 leads to the ordinary generating functional and effective action
lim WialJ,6% = WplJ.¢"] . lim Talen, @] = Tslp, o]
where ¢ = limp_.g A
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QME and the modified ST identity

The path integral average of the QM operator £p[¢, ¢*]

Spalpa, ¢l = expWaalJ, ¢ / DoSn, [0, 6" exp(—Sp.alo, 67 — K5 - ¢)
87"1_“3 AE?ZI_“B A — _ al alfB A alI_‘B A
— ) ) R . F(2) 1 9 B ’
ook agy Pl (- plig e 0+ ek )
1 1
[RA(p)|Ba = DBA(p)(KO e K()) —0 as A — 0

- Ya,[¢, ¢*] = 0 implies the presence of a symmetry.

- Z_]}B}?/{ = 0 is the modified Slavnov-Taylor identity. (Ellwanger 1994)
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Since Rp — 0 in the limit of A — 0, we find

im ilPl _ arfB 8lfB

ilBPIE}\_)O B,A — aSDA a¢* .
A

Vanishing of the last expression is the Zinn-Justin equation for the effective action I'g.
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2. Anomaly

Where to find an anomaly?

The vanishing of the WT operator implies symmetry: > = 0 for an anomalous theory.

The WT operator X evolves as a composite operator.

ghost number of X =1

We will see in an example: ¥ [®] — ghost x anomaly as A — oc.

We also know the Zinn-Justin equation may be broken by an anomaly in a similar

Manner.
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3.1 QM operator as anomaly composite operator

The QM operator is a composite operator

) _
—A—
A A =D>p

In the UV limit, it becomes a ghost times an anomlay

lim lim X, = Al¢]

A—o00 Ag— o0
where ¢ is the bare field. This will be calculated explicitly later for a simple example.

Also known that

. O Tpd'Tlp
SET = lim X577 =

A—0
A’ satisfies the Wess-Zumino condition: (A',T'g), ¢+ =0
- Here, the antibracket is defined w.r.t. ¢, ¢*.

= A'[y]
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In the following we explain:

- The form of QM operator with finite A and its relation to A and A'.

- Algebraic relations satisfied by the QM operator and the effective average action.

- An explicit calculation of A
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The form of QM operator with finite A and its relation to A and A’.

The relation between ¥4 and Y3y,

Sal®, @] = SE e, 0], Kogh = KP4

AB 0'S

K, _
@fZ—O@AJr(Ko—K)(D D 9B

K

- Y is a functional of ¢, and ¢*, where , is a composite operator by itself.
Sa = Alpa, ¢ A]

The QM operator depends on A via @, and coefficients.
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Consider the flow equation for Afpy, ¢*; A,

5 )

where

9'S;n 88 19 O )

_ —1 AB
D=(D"4A) ( 908 9BA | 2958 HPpA

Since @, is a composite operator by itself, the other scale dependence of A[py, ¢*; Al
follows the equation

0\’ - -
(~As7) Alpa, @75 A] = D' Alpa, 6% Al

where

D/ — 1(_)€A—|—€B(€A—|—€C) (D_lA)AB(
2

Aoioeh) o o
04 DB/ 9pR 0§
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Make the loop expansion of A. Since there is no tree-level contribution, we find

(~A5) Ao, 6% 4] =0

for the one-loop contribution. At the one-loop level, the scale dependence originates

solely from ¢y .

Let us assume that the one-loop calculation is exact. Alpya, ¢*] is the functional such
that lima o Afpa, ¢*] = A'[¢] and limp o limp, oo Alpa, ¢*] = A[g].

All the known facts are consistent with the following expression for the QM operator,

Yal®, @7 = Alpa] -

The scale dependence comes solely through the composite operator 4.
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3.2 An algebraic relation

We will show the following relation for finite cutoffs A and Ay:
(AB,Aa 11}3,1\) o GWB’A/D¢(5QEB,A)€_SB’A_KO_1J'¢.
OAP*

Ap A stands for the quantity

5’Q and SB,A are the BRST transformation and QM operator defined with the action
SB,A respectively:

0o X (X,Spa) — AX |
1

5(53,/\, Sp.a) — ASp.A -

2B.A
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The difference between Sg and SB,A vanishes in A — 0. Therefore, in this limit,
5&2 — 00, E_]B,A — 5.
We also know that in the same limit,
Wea— Wg, Tpa—Tg

Sending A — 0, we find

(ij %lzf Ts) = / Do (8T )e™5n K0 00
A ®,

This relates the Wess-Zumino conditon and the algebraic relation on the QM operator.
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3.3 Evaluation of WT operator for U(1)y x U(1)4 gauge theory:
WT identities and BRST transformations

Two sets of gauge sector: (A, hyv,cy,¢y) and (B, ha,ca,Ca)

1

Saol9] = §¢Ko_1 D d 4 51,10(9)

K Do = | Ko [o(-pplo)
1

Ev
2
£
2

+ §Aﬂ(p25lﬂ/ — p,upy)AV — hy <ip A+ hv) + Ev’iPZCV

1 :
+ _B,u(p25,uu — pMpV)BV — hA (Zp - B+

5 hA) + EAipch}
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We will explain our calculation for the axial transformation.

The BRST transformation for axial gauge symmetry

0B,(p) = —iKo(p)puca(p), dca=1iKo(p)ha(p), dca(p)=ha(p)=0
SO(p) = —ieaKo(p) /k 25(p — K)ea(k),

op(—p) = —ieAKo(p)/k@(—p—k)cA(/f)%,

0Au(p) = 6bhv(p) =dey(p) =dev(p) =0

W' operator for axial transformation:

r [
05N 54 4 I spa

R = iler-0 = 552 HDA
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One-loop contributions

r (1) T l
aq _0'S 0" Sy M 1o (1)
Zy = 04 0"+ G PCDA} [aq>A5 A}

e The high mometum modes (A? < p? < A2) produce the one-loop action S( ),

o K 15®4 evolves as a composite operator. For example,

Sh(p) = —ieaK(p) / 25l — B)laca(k)

Ko(q) — K(q) 9'Sr.a
P Y (—q)

V)], = v+

— K(p) in d¢(p) restricts the momentum, p? < A?
— Propagators in S; A have Kg— K to allow only high momentum modes to propagate.
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The momentum integration in

[aalboo]”+ [ ]

p

is restricted to p? ~ A2,

A(1)

e |t was found that the above terms produce non-zero contributions to >, in

A, Ag — oo limit.

A(l €A

S0 = 4 [ ea@) e (L@ () + AFL @) Fib (@)
2

V(1 €A€ A

50— 2B @@L @)

Adding a counter term to the Wilson action, we may keep the vector symmetry.
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Summary

e >, changes along the flow as a composite operator.

e When a gauge symmetry exits, we find an expression, ¥, = 0.

— YAlgr=0 = 0 is the Ward-Takahashi identity (cutoff dependent).

e For anomalous symmetry, ¥, = A is the anomaly composite operator.

— If the one loop result is exact, the cutoff dependence of A comes solely from
— Discussed the Wess-Zumino condition
— An explicit calculation is explained.
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