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Figure 1.   The theoretical methods and computational techniques used to solve the nuclear many-body problem. On this chart of the nuclides in the
(N,Z)-plane, the black squares represent stable nuclei and the yellow squares indicate unstable nuclei that have been produced and studied in the
laboratory. The many thousands of these unstable nuclei yet to be explored are indicated in green (terra incognita). Except for the lightest nuclei, where it
has been reached experimentally, the neutron drip line (the rightmost border of the nuclear landscape) has to be estimated on the basis of nuclear
models—hence it is very uncertain due to the dramatic extrapolations involved. The red vertical and horizontal lines show the magic numbers, reflecting
regions where nuclei are expected to be more tightly bound and have longer half-lives. The anticipated path of the astrophysical r-process responsible for
nucleosynthesis of heavy elements is also shown (purple line). The thick dotted lines indicate domains of major theoretical approaches to the nuclear
many-body problem. For the lightest nuclei, ab initio calculations (Green’s function Monte Carlo, no-core shell model, coupled cluster method), based on
the bare nucleon–nucleon interaction, are possible (red). Medium-mass nuclei can be treated by configuration interaction techniques (interacting shell
model, in green). For heavy nuclei, the density functional theory based on self-consistent/mean field theory (blue) is the tool of choice. By investigating
the intersections between these theoretical strategies, one aims at nothing less than developing a unified description of the nucleus.

nucleon interactions offers promise to achieve
corresponding qualitative improvements in the
accuracy and applicability for nuclear physics.
Recognizing that the nucleus is composed of
fermions, neutrons, and protons, DFT is the only
tractable theory that can be applied across the
entire table of nuclides. The new challenges faced
by the nuclear DFT are the presence of two kinds
of fermions, the essential role of pairing, and the
need for symmetry restoration in finite, self-
bound systems. 

Practical Applications
Applications of nuclear physics in today’s global
economy and national security are numerous.
They include the nuclear power industry and
nuclear medicine, as well as national defense. As
has been illustrated many times in all fields of sci-
ence, improved understanding of the microworld
benefits society. Fusion and fission are excellent
examples. The description of these fundamental
nuclear processes is still very schematic, yet nuclear
fission powers reactors that produce energy for the
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Density functional theory
is built on theorems
showing the existence of
universal energy
functionals for many-
body systems.
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   Outline of the talk (1)

1.- Theory
 
    A.- Mean Field based approaches

          - The Hartree-Fock-Bogoliubov (HFB) approach and the      
             symmetry breaking mechanism.  
          - Symmetry Conserving mean field theory.     

     B.- Symmetry conserving configuration mixing approaches

          - The generation of configurations in the Generator 
            Coordinate Method:
             -- The β-γ coordinates (triaxial shape fluctuations)
             -- The β-Δπ-Δν  coordinates (shape and pairing
                 fluctuations)
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   Outline of the talk (2)

2.- Applications
  
   A.- The 54Cr nucleus.
         (Ingredients: VAP-PN, AXIAL-AMP and  β coordinate)

   B.- The 24Mg and the 126Xe nuclei.
          (Ingredients: VAP-PN, TRIAXIAL-AMP and β-γ coordinates)
     
   C.-  Pairing vibrations around N=30.
          (Ingredients: VAP-PN, AXIAL-AMP, β and Δπ-Δν coordinates)  
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Mean Field approach:   The HFB theory and the symmetry 
breaking mechanism

Let               be the particle operators which define the harmonic oscillator 
basis, and 

{ci, c
†
i}

αµ =
�

i U∗
iµci +

�
i V ∗

iµc†i ,

the most general Bogoliubov transformation.

 We are looking for the coefficients    and     such that the product many-
body wave function

U V

|ϕ� = αM . . .α1|−�,

minimizes the expression

δ�ϕ|Ĥ − λN̂ |ϕ� = 0,

the parameter     being determined by the constraint

�ϕ|N̂ |ϕ� = N,

λ

with N  the number of particles of our system.
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Projected Mean Field Theories

To recover the symmetries we  use the many-body w.f

|Ψ� = P̂ I
M . . . P̂N P̂Z |ϕ�

with       a projector on the corresponding symmetry.

we refer to it as  projection after the variation (PAV).

we refer to it as variation after projection (VAP). 

E = �ϕ|Ĥ|ϕ�
�ϕ|ϕ� .

EP = �ϕ|ĤP̂
I
M ...P̂

N
P̂

Z |ϕ�
�ϕ|P̂ I

M ...P̂ N P̂ Z |ϕ� .

✸   If       is determined by minimizing |ϕ�

P̂

 ✸✸  If       is determined by minimizing |ϕ�

IMPORTANT:          is always a product wave function.|ϕ�

martes 20 de septiembre de 2011



Symmetry conserving Configuration mixing approach

In this case the  the Ansatz is based in  the GCM :

with the projected norm and Hamiltonian kernels

���ΨN,Z
σI

�
=

�
dq fN,Z

σI (q) P̂ I
M ...P̂N P̂Z |ϕ(q)� ,

where          are the collective wave functions solution of the Hill-Wheeler
 

fN,Z
σI (q)

equation
�

dq�
H

N,Z
I (q, q�) fN,Z

σI (q�) = EN,Z
σI

�
dq�
N

N,Z
I (q, q�) fN,Z

σI (q�),

NN,Z
I (q, q�) = �ϕ(q)| P̂ I

M ...P̂N P̂Z |ϕ(q�)� ,

H
N,Z
I (q, q�) = �ϕ(q)| H P̂

I
M ...P̂

N
P̂

Z
|ϕ(q�)� .
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Theoretical Approach (2 steps)

|ΨN,J� =
�

f(q) P̂N P̂ J |ϕ(q)� dq,

E
N,J(qi) =

�ϕ(qi)|ĤP̂
N
P̂

J |ϕ(qi)�
�ϕ(qi)|P̂N P̂ J |ϕ(qi)�

|ϕ(qi)�

E
N (qi) =

�ϕ(qi)|(Ĥ − λiQ̂)P̂N |ϕ(qi)�
�ϕ(qi)|P̂N |ϕ(qi)�

1.- We generate a large set of highly correlated HFB wave functions             
by minimizing

with the corresponding constraint on    , i.e. in the PN-VAP approach.  

2.- We perform configuration mixing calculations

diagonalizing the Hill-Wheeler equation.

We can also have a look on the diagonal matrix elements projected onto 
good angular momentum and particle number, i.e.,

Q̂

        The calculations: 2 steps
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Interaction.- In the calculations the Gogny force with the 
D1S parametrization has been used. All exchange terms of
the force are considered to avoid divergences associated 
with the projections.

Configuration Space.- We take into account a relatively 
large number of  major harmonic oscillator shells.

Effective charges.- NO need of effective charges in the 
calculations of electromagnetic properties.

 

Details of the calculations
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The beta (q20 )  degree of freedom in 

the N=30 region

martes 20 de septiembre de 2011



      Potential Energy curves in the PN-VAP approach
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VAP-PN VAP-PN

        Examples of angular momentum 
PES and configuration mixing solutions
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T.R. Rodriguez and J.L.E.
Phys. Rev. Lett. 99, 062501 (2007)
martes 20 de septiembre de 2011



 Particle number 
and 

Triaxial Angular Momentum Projection

The nucleus 24Mg

See also the variations of
M. Bender and P.H. Heenen,  Phys. Rev. C 78, 024309(2008)
(Skyrme, LN + PNAMP)
J.M. Yao, J. Meng, P. Ring, and D. Vretener, Phys. Rev. C 81, 044311(2010)
(Relativistic, BCS+AMP)
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     The solution of the PN-VAP in the (β‚γ) provides
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24Mg
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P I
MK =

2I + 1
8π2

�
dΩDI∗

MK(Ω)R̂(Ω)

     Projection of a mean field wave function |ϕ(β‚γ)>

PN =
1
2π

� 2π

0
eiϕ(N̂−N)dϕ

�

KK�

�
H

I
KK�(βγ,βγ)− E

I,σ
N

I
KK�(βγ,βγ)

�
g
I,σ
K� = 0

O
I
KK�(βγ,βγ) = �Φ(βγ)|ÔP

I
KK�P

N
P

Z |Φ(βγ)�

=
2I + 1

8π2

�
dΩDI∗

KK�(Ω)�Φ(βγ)|ÔR̂(Ω)PN
P

Z |Φ(βγ)�

The projected wave function is given by

with the projectors

with the matrix elements 

Variation with respect to the coefficients  g
I
K  provides

|IM ;N,Z,βγ� =
�

K

gIKP I
MKPNPZ |Φ(β, γ)� ≡

�

K

gIK |IMK;N,Z,βγ�
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|IM ;NZσ� =
�

Kβγ

f I;NZ,σ
Kβγ |IMK;NZ;βγ�

|IMK;NZ;βγ� =
2I + 1
8π2

�
DI∗

MK(Ω)R̂(Ω)PNPZ |Φ(β, γ)�dΩ

O
I;NZ
KβγK�β�γ� ≡ �IMK;NZ;βγ|Ô|IMK

�;NZ;β�
γ
�
� =

2I + 1
8π2

�
D

I∗
KK�(Ω)�Φ(β, γ)|ÔR̂(Ω)PN

P
Z
|Φ(β�

, γ
�)�dΩ

�

K�β�γ�

�
H

I;NZ
KβγK�β�γ� − EI;NZ;σ

N
I;NZ
KβγK�β�γ�

�
f I;NZ;σ

K�β�γ� = 0

Projected Generator Coordinate  Theories

Ansatz : 

with : 

The variational principle provides the HW equation: 

with : 
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|IM ;NZ;βγ� =
�

k

gKP I
MKPNPZ |Φ(β, γ)�
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|IMK;NZ;βγ� = P I
MKPNPZ |Φ(β, γ)�

|IM ;NZ;βγ� =
�

k

gKP I
MKPNPZ |Φ(β, γ)�

|IM ;NZ;βγ� =
�

k

gKP I
MKPNPZ |Φ(β, γ)�

|IM ;NZ;βγ� =
�

K
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T. R. Rodriguez and J.L.E., Phys. Rev. C81, 064323(2010)

24Mg
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     Collective wave functions in the (β‚γ) plane

martes 20 de septiembre de 2011



The need of triaxiality: 
   
    126Xe as an example
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Axial calculations 126Xe
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the potential energy surface

✓ The collective wave function of the 
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✓ AXIAL calculations  

✓ TRIAXIAL calculations?
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Axial calculations 126Xe
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Triaxial calculations 126Xe in a reduced 
configuration space (seven shells)

✓ One single minimum in γ=30º and 
saddle points in the axial 
configurations

✓ PES very soft in the γ degree of 
freedom

✓ TRIAXIAL calculations  

✓ After GCM, there is not 
coexistence of prolate and oblate 
configurations for the ground state, 
just a triaxial state.
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T.R.Rodriguez and J.L. Egido, Journal of Physics: Conference Series (2011)

martes 20 de septiembre de 2011



Triaxial calculations 126Xe in a reduced 
configuration space (seven shells)

✓ One single minimum in γ=30º and 
saddle points in the axial 
configurations

✓ PES very soft in the γ degree of 
freedom

✓ TRIAXIAL calculations  

✓ After GCM, there is not 
coexistence of prolate and oblate 
configurations for the ground state, 
just a triaxial state.
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Triaxial calculations 126Xe

✓ Triaxial calculations are able to 
describe qualitatively the experimental 
data

✓ Branching ratios for the B(E2) 
nicely reproduced.

✓ TRIAXIAL calculations  
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Axial Triaxial Experiment

126Xe

of the band head of the quasi γ-band in the triaxial configuration mixing approach. For the
ground state we find a probability distribution centered at β = 0.2, γ = 30 very soft in the γ
direction. Looking at the corresponding wave function in the axial approximation, see Fig.3 we
also observe that in this approach the nucleus is described as a mixture of oblate and prolate
shapes.The probability distribution of the of the quasi γ band head display a broad maximum
at γ = 30 and a somewhat larger β deformation that the ground state, and a steeper decrease
in the γ direction. Both examples illustrate very clearly the relevance of the shape mixing in
these calculations.

Table 1. B(E2) branching ratios for 126Xe in the triaxial configuration mixing calculations
(third column) compared with experiment (second column).

Ii → If Exp. Theory

2+2 → 2+1 100. 100.
2+2 → 0+1 1.5 ±0.4 0.001

3+1 → 4+1 35.+10
−34 40.48

3+1 → 2+2 100. 100.
3+1 → 2+1 2.0+0.6

−1.7 0.000

4+2 → 4+1 76. ±22 80.6
4+2 → 2+2 100. 100.
4+2 → 2+1 0.4±0.1 0.007

5+1 → 6+1 75. ±23 59.6
5+1 → 4+2 76. ±21 90.6
5+1 → 3+1 100. 100.
5+1 → 4+1 2.9 ±0.8 0.02

6+2 → 6+1 34. +15
−23 27.1

6+2 → 4+2 100. 100.
6+2 → 4+1 0.49 ±0.15 0.003

7+1 → 6+2 40. ±26 45.11
7+1 → 5+1 100. 100.

In Table 1, finally, we show the B(E2) branching ratios in the triaxial configuration mixing
calculations and the experimental values [36]. In the table the maximal transition probability
of a given state has been set to 100, the other values have been corresponding scaled. It is very
remarkable that our results are in very good agreement with the experimental ones. As a matter
of fact, with the exception of the transitions which are smaller than 3% of the main transition,
all agree with the experimental values within the numerical uncertainties. In this nucleus, at
variance with 24Mg, we find strong interband transition probabilities.

4. Summary
In summary, we have presented two implementation of GCM-PNAMP method with fully triaxial
intrinsic wave functions found by solving the PN-VAP equations with the Gogny interaction.
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Triaxial calculations 126Xe

✓ Triaxial calculations are able to 
describe qualitatively the experimental 
data

✓ Branching ratios for the B(E2) 
nicely reproduced.
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of the band head of the quasi γ-band in the triaxial configuration mixing approach. For the
ground state we find a probability distribution centered at β = 0.2, γ = 30 very soft in the γ
direction. Looking at the corresponding wave function in the axial approximation, see Fig.3 we
also observe that in this approach the nucleus is described as a mixture of oblate and prolate
shapes.The probability distribution of the of the quasi γ band head display a broad maximum
at γ = 30 and a somewhat larger β deformation that the ground state, and a steeper decrease
in the γ direction. Both examples illustrate very clearly the relevance of the shape mixing in
these calculations.

Table 1. B(E2) branching ratios for 126Xe in the triaxial configuration mixing calculations
(third column) compared with experiment (second column).

Ii → If Exp. Theory

2+2 → 2+1 100. 100.
2+2 → 0+1 1.5 ±0.4 0.001

3+1 → 4+1 35.+10
−34 40.48

3+1 → 2+2 100. 100.
3+1 → 2+1 2.0+0.6

−1.7 0.000

4+2 → 4+1 76. ±22 80.6
4+2 → 2+2 100. 100.
4+2 → 2+1 0.4±0.1 0.007

5+1 → 6+1 75. ±23 59.6
5+1 → 4+2 76. ±21 90.6
5+1 → 3+1 100. 100.
5+1 → 4+1 2.9 ±0.8 0.02

6+2 → 6+1 34. +15
−23 27.1

6+2 → 4+2 100. 100.
6+2 → 4+1 0.49 ±0.15 0.003

7+1 → 6+2 40. ±26 45.11
7+1 → 5+1 100. 100.

In Table 1, finally, we show the B(E2) branching ratios in the triaxial configuration mixing
calculations and the experimental values [36]. In the table the maximal transition probability
of a given state has been set to 100, the other values have been corresponding scaled. It is very
remarkable that our results are in very good agreement with the experimental ones. As a matter
of fact, with the exception of the transitions which are smaller than 3% of the main transition,
all agree with the experimental values within the numerical uncertainties. In this nucleus, at
variance with 24Mg, we find strong interband transition probabilities.

4. Summary
In summary, we have presented two implementation of GCM-PNAMP method with fully triaxial
intrinsic wave functions found by solving the PN-VAP equations with the Gogny interaction.
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Triaxial calculations 126Xe

✓ Triaxial calculations are able to 
describe qualitatively the experimental 
data

✓ Branching ratios for the B(E2) 
nicely reproduced.

✓ TRIAXIAL calculations  
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Axial Triaxial Experiment

126Xe

of the band head of the quasi γ-band in the triaxial configuration mixing approach. For the
ground state we find a probability distribution centered at β = 0.2, γ = 30 very soft in the γ
direction. Looking at the corresponding wave function in the axial approximation, see Fig.3 we
also observe that in this approach the nucleus is described as a mixture of oblate and prolate
shapes.The probability distribution of the of the quasi γ band head display a broad maximum
at γ = 30 and a somewhat larger β deformation that the ground state, and a steeper decrease
in the γ direction. Both examples illustrate very clearly the relevance of the shape mixing in
these calculations.

Table 1. B(E2) branching ratios for 126Xe in the triaxial configuration mixing calculations
(third column) compared with experiment (second column).

Ii → If Exp. Theory

2+2 → 2+1 100. 100.
2+2 → 0+1 1.5 ±0.4 0.001

3+1 → 4+1 35.+10
−34 40.48

3+1 → 2+2 100. 100.
3+1 → 2+1 2.0+0.6

−1.7 0.000

4+2 → 4+1 76. ±22 80.6
4+2 → 2+2 100. 100.
4+2 → 2+1 0.4±0.1 0.007

5+1 → 6+1 75. ±23 59.6
5+1 → 4+2 76. ±21 90.6
5+1 → 3+1 100. 100.
5+1 → 4+1 2.9 ±0.8 0.02

6+2 → 6+1 34. +15
−23 27.1

6+2 → 4+2 100. 100.
6+2 → 4+1 0.49 ±0.15 0.003

7+1 → 6+2 40. ±26 45.11
7+1 → 5+1 100. 100.

In Table 1, finally, we show the B(E2) branching ratios in the triaxial configuration mixing
calculations and the experimental values [36]. In the table the maximal transition probability
of a given state has been set to 100, the other values have been corresponding scaled. It is very
remarkable that our results are in very good agreement with the experimental ones. As a matter
of fact, with the exception of the transitions which are smaller than 3% of the main transition,
all agree with the experimental values within the numerical uncertainties. In this nucleus, at
variance with 24Mg, we find strong interband transition probabilities.

4. Summary
In summary, we have presented two implementation of GCM-PNAMP method with fully triaxial
intrinsic wave functions found by solving the PN-VAP equations with the Gogny interaction.
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 Interplay of fluctuations in deformation 
and 

pairing  in the GCM framework
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�(∆N̂ )2� = 4
�

k>0

u2
kv

2
k = ∆2

�

k>0

1

E2
k

∝ ∆2 ∝ EPAIRING

δ = �(∆N̂ )2�1/2 ∝ (EPAIRING)
1/2(?)

        Preliminary considerations

How to constraint pairing degrees of freedom ?  In the case of space 
deformation we use  (β, γ)

For a pure monopole pairing force, one has state independent gap and 
the obvious choice is the pairing gap ∆

Which is the simplest choice for the Gogny force? We can have a hint 
from the monopole pairing case, in this case  (Ring-Schuck)

We will use as a constraint with Gogny force the quantity 
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δE�N [φ(q, δ)] = 0,

E
�N =

�Φ|Ĥ |Φ�
�Φ|Φ� − λq�φ|Q̂20|φ� − λδ�φ|(∆N̂ )2|φ�1/2,

|Φ� = P
N
P

Z |φ� (VAP) or |Φ� = |φ� and |φ� = |HFB�

�φ|Q̂20|φ� = q, �φ|(∆N̂ )2|φ�1/2 = δ.

        Variational Equations (I)

We proceed in two steps.  In the first one we determine the intrinsic wave 
functions by the minimalization principle

the constrained energy being given by

with

and the Lagrange multipliers determined by the conditions:
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In the second step we perform the configuration mixing calculations

|ΨN,I,σ� =
�

fN,I,σ(q, δ) P̂ I P̂N P̂Z |φ(q, δ)�dqdδ.

� �
H

N,Z,I(qδ, q�δ�)− EN,Z,I,σ
N

N,Z,I(qδ, q�δ�)
�
fN,Z,I,σ(q�δ�)dq�dδ� = 0,

        Variational Equations (II)

The mixing coefficients being determined by the Hill-Wheeler equation
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54Cr

δ = �(∆N)2�1/2 ∝ ∆ ∝ (−EPAIRING)
1/2
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One dimensional calculations for 54Cr
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 Wave functions in various approaches
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0+1 0+2 0+3
HFB+PNAMP (1D) EP (Z,N) −2.183, −2.227 −1.994, −2.639 −2.555, −3.339
HFB+PNAMP(2D) EP (Z,N) −3.604, −5.009 −2.484, −2.837 −2.884, −5.709

HFB+AMP(1D) EP (Z,N) −1.274, −1.977 −1.751, −1.686 −0.151, −3.165
HFB+AMP(2D) EP (Z,N)) −1.723, −2.989 −3.321, −4.073 −2.881, −5.466

VAP+PNAMP(1D) EP (Z,N) −4.756, −5.396 −4.848, −4.871 −4.404, −5.509
VAP+PNAMP(2D) EP (Z,N) −4.888, −5.613 −4.144, −3.942 −4.787, −6.939

1

 Pairing energies of the lowest 0+ states
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54Cr 52Ti

HFB                -470.097                   -448.234
PN_VAP         -473.066 (-2.97)        -450.534 (-2.30)
+AMP  (I=0)   -475.805 (-2.74)        -453.180 (-2.65)
+beta_fluc     -476.636 (-0.83)         -454.136 (-0.96)
+pair_fluc      -476.865 (-0.23)         -454.275 (-0.14)

 Energy convergence of the ground state

Approach            Energy (MeV)                Energy (MeV)
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Symmetry Conserving Configuration Mixing calculations provide a 
general and, at the same time, detailed description of atomic nuclei.

Pairing fluctuations play a fundamental role in the description of
excited states.

The small collectivity of the pairing correlations makes necessary the PN-
VAP approach for the configuration mixing calculations.

At least for the nuclei considered in this work the pairing vibrations are 
strongly damped by the deformation degree of freedom.

The ground state energy seems to have converged with the included
terms (the GCM contributions for additional degrees is negligible).

The breaking of the time reversal symmetry as well as two-quasiparticle 
admixtures will improve the quality of the calculations.

A fine tuning of the Gogny interaction for SCCM calculations would be 
desirable

Conclusions and outlook
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